Lecture Notes in Mathematics 1870

Editors:

J.-M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris






Vladimir I. Gurariy - Wolfgang Lusky

Geometry of Miintz Spaces
and Related Questions

@ Springer



Authors

TVladimir I. Gurariy Wolfgang Lusky

Department of Mathematics Institute of Mathematics

Kent State University University of Paderborn

Kent OH 44242 Warburger Str. 100

US.A. D-33098 Paderborn
Germany

e-mail: lusky @uni-paderborn.de

Cover: Blaise Pascal (1623-1662)

Library of Congress Control Number: 2005931756
Mathematics Subject Classification (2000):

ISSN print edition: 0075-8434

ISSN electronic edition: 1617-9692

ISBN-10 3-540-28800-7 Springer Berlin Heidelberg New York
ISBN-13  978-3-540-28800-8 Springer Berlin Heidelberg New York
DOI

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned,
specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, reproduction on
microfilm or in any other way, and storage in data banks. Duplication of this publication or parts thereof is
permitted only under the provisions of the German Copyright Law of September 9, 1965, in its current version,
and permission for use must always be obtained from Springer. Violations are liable for prosecution under the
German Copyright Law.

Springer is a part of Springer Science+Business Media
springeronline.com

(© Springer-Verlag Berlin Heidelberg 2005

Printed in The Netherlands

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws and
regulations and therefore free for general use.

Typesetting: by the authors and TechBooks using a Springer I&TEX package
Cover design: design & production GmbH, Heidelberg
Printed on acid-free paper SPIN: 11551621 41/TechBooks 543210



After the completion of our book the first named author,
Vladimir I. Gurariy, died. The world lost a great mathematician

and I lost a close friend.
Wolfgang Lusky






Preface

Let A = {A\z}2, be an increasing sequence of non-negative numbers:
D= X< <A< ...

Moreover let M(A) = {t*}22 be the sequence of the functions t** on [0, 1]
and let [M(A)]g be the closed linear span of M(A) in a given Banach space
E containing M (A). We call M(A) a Miintz sequence and [M(A)]g a Miintz
space.

In our book we shall be mainly concerned with £ = C := ([0, 1], the
Banach space of all realvalued continuous functions on [0, 1] endowed with the
sup-norm, and E = Cy := Cy0, 1], the subspace of C consisting of all those
functions f € C' with f(0) = 0. Furthermore we deal with E = L, = L,[0,1],
1 < p < o0, the space of all (classes of) realvalued measurable functions f on
[0, 1] with

1 1/p
|f||L,,—(/O lf(t)lpdt) <o if 1<p<oo.

If p = oo then we take for ||f||L.. the essential sup-norm instead.
We want to study geometric properties of the corresponding Miintz se-
quences and spaces. Let us begin with the famous Miintz theorem, [110]:
For E=Cor E=Ly, 1<p< o0, we have

[M(A)]g # E if and only if ) LIPS
M

(A proof of this fact in more generality will be given in 6.1.)
So, if Y72 1/A, < co we obtain new Banach spaces [M(A)]g. This sets
the stage for the central problem we discuss in (Part II of) our book:

What kind of Banach space [M(A)]g do we obtain depending on the given A
if Zzil 1/, < 07
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This problem is far from being solved. Here we present the known theorems
and prove new results in this direction. For example, if A is quasilacunary then
[M(A)]g, is isomorphic to I, for 1 < p < oo and [M(A)]c is isomorphic to co
(Sect. 9.1). But for non-quasilacunary A this is not always the case. There are
at least two different isomorphism classes for [M(A4)]¢ (Sect. 10.2). Moreover
there is a continuum of different isometry classes for [M(A)]¢ (Sect. 10.4). In
general, [M(A)]g can be regarded as a sequence space rather than a function
space. [M(A)]r, is always isomorphic to a subspace of I, and [M (A)]¢ is iso-
morphic to a subspace of ¢y provided that the Miintz condition ), 1/A; < co
and the gap condition infy (Ax+1 — Ax) > 0 are satisfied. In addition, [M (A)]r,
is always isomorphic to a dual Banach space (Sect. 9.1).

It is an open problem if every [M (A)] g has a basis. We discuss more general
bounded approximation properties in Chap. 9. However, [M (A4)]¢ can never
have a monotone basis (Sect. 9.4). In this context it is interesting to note that
M(A) is always a minimal system provided that the Miintz condition holds.
But M (A) is never a basis or even uniformly minimal in [M(A)]g for E = C
or E = L, unless A is lacunary (Sect. 9.3). In contrast to Miintz sequences
the trigonometric system {z*}22 _ on {z € C : |z| = 1} is uniformly
minimal and even an Auerbach system. The traditional bridge between the
trigonometric system and the classical Miintz system {t"}22 ;, the substitution
by Chebyshev polynomials [12], breaks down if we go over to subsequences of
{t"}%°,. So there is no way to relate a general Miintz sequence {t*"}2°, to
the trigonometric system.

It is even unknown in general if the finite dimensional Miintz spaces
[M({X0, A1, -, An})]c have uniformly bounded basis constants. In Sects. 10.3
and 12.2 we discuss some special cases and related questions. In Chap. 12 we
investigate phenomena which, we feel, deserve further investigation. Take a
Miintz sequence {t*}2° || fix n and put B, = span{t*m+1 ... t*m+n} in C.
Then, for many different A = {A\;}72,, the sequence of n-dimensional Banach
spaces { B, }2°_; converges to the subspace span{t,tlogt,...,t" !logt} of C
with respect to the logarithm of the Banach-Mazur distance. This might be
helpful for gaining further insight in the isomorphism character of [M(A)]c.
In Chap. 11 we treat more general classes of subspaces of C[0, 1] which have
many common features with [M(A)]c.

It is well-known that there is a close relationship between the theory of
Miintz spaces and fields like approximation theory, harmonic analysis and
functional analysis. The first major contribution to this theory after the sem-
inal papers of Miintz [110] and Szdsz [136] was given by L. Schwartz [128]
and Clarkson and Erdés [19] who established the fact that, for integer A,
each z(t) € [M(A)]c has an analytic continuation to the open complex unit
disk. This means, for example, that [M(A)]c consists entirely of functions
which are real-analytic on ]0,1[ provided that the Miintz condition and the
gap condition hold! (See Sect. 6.2.)

In our book we want to change the accent from an analytical to a more
geometrical approach and attempt to put well-known and new results into the
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perspective of a geometrical framework. At the same time we do not pretend
completeness, we rather want to put the emphasis on unsolved problems,
conjectures and ideas according to the taste of the authors. Although there is
a natural overlap in this book with portions from excellent books such as [12]
and [22] we present this material here from our geometric point of view. It
seems to be the first time that Miintz spaces are treated under strict geometric
orientation.

We assume that the reader has a basic knowledge of functional analysis.

The book is divided into two parts and twelve chapters. The first part
contains the preliminary material from the geometry of normed spaces which
is then applied to concrete Miintz spaces in Part II and which the authors
believe to be promising for further investigation.

Both parts are essentially selfcontained and can be read independently of
each other. In the summary Part I we skip some of the proofs and refer to the
literature instead while, as a rule, in Part II we work out the proofs in full
detail.

But Part I is more comprehensive than necessary for a simple outline of
the preliminaries to Part II. There we give a systematic treatise of classi-
cal Banach space notions such as opening and inclination of subspaces (in
Chap. 1). Moreover we introduce the projection function and projection type
of a Banach space (1.6) and discuss their relation to Banach spaces with or
without bases. Here the study of dispositions of subspaces in Banach spaces
plays the main role.

In Chap. 2 we deal with general sequences in Banach spaces and properties
such as minimality, completeness or stability. After the introduction of basic
notions such as isomorphisms and the Banach-Mazur distance in Chap. 3
we study spaces which are (almost) universal with respect to a given class
of Banach spaces and similar notions for bases in Chap. 4. Finally, Chap. 5
is devoted to a discussion of approximation properties centered around the
commuting bounded approximation property (CBAP).

All our Banach spaces are assumed to be real unless indicated otherwise.
(But almost all proofs in the following can be taken over literally to the
complex case.) If E is a Banach space let E* denote its topological dual
space, i.e. the space of all linear bounded functionals on F.

Kent, Paderborn Viadimir I. Gurariy'
May 2005 Wolfgang Lusky

! Supported by Deutsche Forschungsgemeinschaft
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Part 1

Subspaces and Sequences in Banach Spaces



2

In the first part of our book we will be concerned with dispositional properties
of a Banach space F, i.e. the geometry of E and its subspaces. They are
important tools for the analysis of E and the study of phenomena such as
basic decompositions, approximations etc. A special role is played by the
connection between “dispositional” properties (in terms of angles, etc.) and
“distancional” properties (in terms of Banach-Mazur distance) which were
discovered and developed in the sixties, [43,82,116].

In Chap. 1 we introduce the basic notions of the subspace disposition
theory (see [43]) while in Chap. 2 we deal with applications to sequences in
normed spaces. We will mention some often used technical theorems in the
spirit of “planimetry” or “stereometry” in normed spaces.

The emphasis of Chap. 3 lies on isomorphisms and embeddings of Banach
spaces. In Chap. 4 we study Banach spaces with almost universal disposition.
Finally, Chap. 5 is devoted to bounded approximation properties properties of
normed spaces involving various operators of finite rank (FDD, CBAP, etc),
see [99-101].

So Part I is related to questions which, besides being of independent inter-
est, also will lead us to the study of the geometry of Miintz and Miintz-type
sequences in Part II.
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Disposition of Subspaces

In this chapter we discuss how two or more subspaces in a Banach space affect
each other by their position in a Banach space and we give applications in the
geometry of Banach spaces.

We start with a discussion of well-known different definitions of opening
and relate these notions to the inclination of subspaces. This leads, for exam-
ple, to conditions for the closure of the sum of two subspaces. Finally we focus
on operator theoretic aspects. We introduce projection constants and discuss
the notions of load and projection function which turn out to be important
tools for the analysis of a Banach space.

1.1 Different Definitions of the Opening of Subspaces

M. Krein, M. Krasnoselskii and D. Milman introduced in [74] the following
definition of the opening of two subspaces U and V' in a Banach space E:

o, V) :max{ sup  p(x,V), sup ply, U)} .

zeU,||z||=1 yeV|lyll=1

(Here p(-,-) denotes the distance with respect to the metric given by the
norm.)

A significant part of the applications of this concept is based on the fol-
lowing theorem proved in [74] (see also [44]). Recall, the density character of
a Banach space E is the smallest cardinality of a dense subset of E.

Theorem 1.1.1 Assume that, for the subspaces U and V of E, one of the
following conditions holds:

(i) The density characters of U and V' are different.

(ii) One of the spaces U and V is infinite dimensional and the other one is
finite dimensional.

(iii) Both spaces are finite dimensional and their dimensions do not coincide.
Then we have

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 3-21 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005



4 1 Disposition of Subspaces

OU,V)>1/2.

If in addition at least one of the subspaces U and V' is finite dimensional or

E is a Hilbert space then ©(U,V) = 1.

If E is a Hilbert space and dim U = dim V then O(U, V) can be quite small
(see 1.3.1).

I. Gohberg and A. Marcus [32] changed the definition of sphere opening
by introducing the spherical opening @ in the following way:

6(w.v) = max{ sup pla.5y). sup ply.5)}
reSy yESy
where Sy is the unit sphere in U, i.e. the set of all elements x € U with
[|z]| = 1. Analoguously, Sy is defined. They established the following

Theorem 1.1.2 The set of all closed subspaces in a Banach space E is a
complete metric space with respect to the spherical opening ©(U, V') as metric.

It is easy to see that

O, V)<1 and O(U,V)<OUV)<20(U,V).
(Use the fact that p(x,V) < p(z,Sy) < 2p(z, V) and p(z,U) < p(z,Sy) <
2p(x, U) for [[z|[ = 1.) Theorem 1.1.1 and, accordingly, 1.1.2 become incorrect

if one replaces © by © and © by O, resp.

Examples. a) Take R? with the Euklidean norm and put U = {(z,0) : z €
R} and V = R2. Then, according to 1.1.1, (U, V) = 1 but O(U, V) = V2.
b) Now let E = R? be endowed with the norm ||(z,y)|| = max(|z], |y|). Put

U= {(m3) een) v={(e) s ren)

and W = {(2,0) : = € R}. An elementary computation shows OW,U) =
1/4, (W, V) =1/2 and O(U,V) = 1/6. Hence

OW,U) +O(U,V) < = =O(W,V)

N =

which proves that © is not a metric.
Let us introduce a third definition of opening for which the statements of
both theorems are correct.

Definition 1.1.3 [43] The ball opening of the subspaces U and V in a Ba-
nach space E is defined by the following quantity

o(U,V) = max{ sup pl(a, By), sup p(y,BU>} ,
QTEBU yEBv

where By is the unit ball in U, i.e. the set of all elements x € U with ||z|| <1
and likewise for By .
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We derive from the definitions

Lemma 1.1.4 We have

oU, V) <1 and

Proof. (a) is a direct consequence of the definitions.
(b): If ||z|| = 1 and y # 0, then we obtain

y
||x—m|l <=yl + 11 =1yl | < 2llz -yl -

Hence p(x, Sv) < 2p(x, By) and, similarly, p(y, Sv) < 2p(y, By). This implies

e(U,V) < 20(U,V). For arbitrary « € By with x # 0 we have

€T 1 T
By) = By ) <o
pla By) 'x””(uxwuu V)—"<|x||’SV>

and similarly p(y, Bu) < p(y/||y||, Su). Hence
O, V) <O, V)<20(U,V). 0

If F is a Hilbert space then p(z, U) is the norm of the orthogonal projection of

2 with kernel U. This implies that O(U, V) = ©(U, V) for all closed subspaces
of Hilbert spaces.

Theorem 1.1.5 For the ball opening ©(U, V') the statements of both Theo-
rems 1.1.1 as well as 1.1.2 are valid.

Proof. The statement of Theorem 1.1.1 for ©(U, V) follows from 1.1.1 and
the fact that @ < © < 1. To prove the assertion of Theorem 1.1.2 for the
ball opening ©(U, V), in view of the inequalities in 1.1.4 (b), it is sufficient to
observe that, again, © is a metric, i.e. the triangle inequality

O(Uy,Us) < O(U1,Us) + O(Us, Us)

is satisfied. This follows by direct verification. O

1.2 Inclination

Now we discuss a related notion.

Definition 1.2.1 [43] Let U and V be subspaces of a Banach space E such
that U # {0}. The inclination of U to V is defined by

(ZT/ = inf z, V).
( ) zeU,||z||=1 p( )
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If V is spanned by the element x € E we will use the notation ((7;:) instead

of (U/,T/) Then we speak of the inclination of U to x. Analoguously we define
the inclination of an element to a subspace and the inclination of an element
to an element of E.

Let UNV = {0} and let P : U +V — U be the projection with P(u+v) =v
for all u € U and v € V. Then we easily obtain (U, V) = [|P||~!. Indeed

-1
||m+y||) 1

Pl — =il
1Pl = = —
seUyev [z +yll  \ecUyev  |[z(| (U, V)

(This even includes the case of unbounded P where (U,V) = 0 and distin-
guishes inclination from many other definitions of “angle between two sub-
spaces”.)

The definition of inclination has wide applications in the theory of bases
(see, for example [53]) which is mainly due to the following criterion proved
by Grinblum in equivalent terms (see [35, 36]).

For a given sequence & = {¢;}32; of elements in a Banach space E let us
denote by L; ; the span of e;,e;41,...,¢€;.

Definition 1.2.2 € is called complete in E if closed span {e;}2, = E.
€ 1s called basis of E if each x € E has a unique representation as x =
o2, aie; where the series converges in norm.

For more details about these notions see Sects. 2.3-2.5

Theorem 1.2.3 [35] Let € = {e;}32, be a complete system in a Banach
space E such that e, # 0 for all k. Then the following are equivalent

(i) € is a basis of E

(i) There is some (3 > 0 such that

—

(L1, Lix1,5) > >0 whenever i < j

(#ii) There is a constant 3 > 0 such that, for all choices of oy,

i J
E AK€ E QKCk
k=1 k=1

Proof. The equivalence between (ii) and (iii) follows from the definition of
inclination and the remark following 1.2.1

(i) = (iti): Let @ € E, say x = >, ageg. Put |||z]|| = sup, || > r_; axexl|.
Then, by assumption, ||z|| < |||z||] < oo. An elementary computation shows
that F is complete under ||||||. So the open mapping theorem yields a constant
B > 0, independent of =, with g|||z||| < ||z|| < |||z|||. Taking z = Y7 _, akex
we obtain (iii).

(#91) = (i): Using (iil) we see that

3 < whenever © < j
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oo
{m Cr = E agey for some a with norm converging series}
k=1

is a closed subspace of E. Since € is complete we obtain that every x € E has
a representation of the form @ = Y7, ayex. This representation is unique.
Indeed if 0 = >"77 | agey then (iii) implies that oy, = 0 for all k. Hence € is a
basis of F. a

The supremum of all  in the preceding theorem will be called the index of
the basis {e;}$2; and denoted by v({e;}52;).
We also want to define the index y({ex}32,) for a general sequence in E:

y({ertrzy) = inf{(Ll,ia/L\iH,j) i<j}.

The notion of inclination is non-symmetric, i.e. we have (U/,T/ ) # (17,?])
in general. The following proposition gives the value of the “degree of non-
symmetry”.

Proposition 1.2.4 Let U and V be non-zero subspaces of E. If ((ZT/) =9
then (V,U) > (1 +6)716. If E = C[0,1] then this inequality is sharp for any
d €10,1].

Proof. Let y € V, |ly|| = 1, € U. We shall evaluate ||z + y||. Consider two
cases:
Case 1. ||z|| < (1 +6)~ L. Then

o+ gl = gl = llal | 21— —— = ——
Tyl =1y = 146 1446
Case 2. ||z]| > (1 +6)~L. Then
1 )
> - > - —— = —.
2+ il > llgl] = llal| > 1= 1= = 17
Case 2. ||z|| > (14 8)~!. Then
2+ 9l > p(, V) 2 (@ V)llall 2 1 -

The elements x € U and y € V are chosen arbitrarily. Therefore, we have

5
V,U) = inf >
V.0) meU,yé$,||y||:1”x+y” “1+4

To show that this inequality is sharp consider the following two functions
in B = C[0,1]: z(t) = 1, and y(t) = (1 — §) + 20t. We check directly that
(7,9) =6 and (y,7) = (1 + )~ 15. Thus the theorem is proved. O

Proposition 1.2.4 and Definition 1.2.1 imply the following
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Corollary 1.2.5 If (ﬁ/) >0 then, for each x € U and y € V, we have

o+ 311 max (8lell. 3511

In Hilbert spaces we have symmetry.

Theorem 1.2.6 Let E be a Banach space with dim E > 2. Then we have
(U V)= (V U) for any two non-zero subspaces U and V if and only if E is
a Hilbert space.

Proof. [42] At first assume (U/',T/ ) = (‘7,?]) for any two non-zero subspaces
U and V of E. Let @Q be a three-dimensional subspace of E and P a two-
dimensional subspace of (). Obviously there is an element z € @ such that
(x P) =1 and so, by assumption, (P, x) = 1. This means that the cylindrical
surface with directional line Sp (the unit sphere in P) along x supports the
unit ball Bg of Q. Since P is arbitrary this implies that Bg is an ellipsoid
(see [6]). Hence @ is a Euclidean space which implies that E is a Hilbert space
( [20], p. 151).

Conversely, let E be a Hilbert space and assume that P, @) are subspaces
of E. Obviously, for any given ¢ > 0, there are one-dimensional subspaces
Py C P and Q1 C @ such that

(P.Q) > (Pr,Qi) — e
We clearly have that (P;\Ql) = (Ql/,\Pl) > (@73) This implies

(P.Q) > (Q.P)—e
Sin/_c\e ¢ > 0 was arbitrary we obtain (EZ)) > (Q/,—F) Similarly, we infer
(Q, P) > (P, Q) which completes the proof of 1.2.6. O

We remark that there exists a two-dimensional non-Euclidean space with sym-
metric inclination where the unit sphere is a hexagon [61].

Theorem 1.2.7 Let {e;}32, be a complete sequence in a Banach space E with

e; # 0 for all i. Assume that (L1 ;,e;41) =03, 1 =1,2,.... If B = H;’il B; >0
then {e;}2, is a basis in E and v({e;}32,) > f.

Proof. Let x € L1 ; and y € L;11; such that y = Zi::i+1 arer. Then

j—1
o+l =|lz+ 3 axer+aje;|| > o+ Z anex| - (L1j1re5)
k=i+1 k=i+1
> x + Z ALCL Ll,j 2,€J 1) (Ll’jfl,ej)z...
k=i+1

> [|2][BiBis1 - Bi—1 = |l]18

Since (L, “Lzﬂ j) = [ whenever ¢ < j Theorem 1.2.3 implies that the se-
quence {e;}5°, is a basis of E. O
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A sequence {ex}%2, of elements in a normed space will be called normalized
if ||ex|| =1 for all .

Definition 1.2.8 The normalized sequence {e;}32, in the Banach space E is
called §-minimal for some 6 > 0 if p(e;, L1;—1 + Lit1,00) > 0,7 = 1,2,....
Here Lj o = span {e;,e;i1,...}.

We shall discuss minimal sequences in more details in Sect. 2.2. Here we prove

Theorem 1.2.9 [43] Every normalized basis {e;}°, with index v is §-
minimal where § = (1 + v)~'42. In particular we have, for any x =

D he1 Kk,

1
| < %Hx”, k=1.2,....

Proof. Let x € Ly j—1, Yy € Li11,00. Using Proposition 1.2.4 we have

—

lle: + @ +yl| > [lel| - (i, Lii—1) - (L1, Lit1,00)

which means that {e;}°; is §-minimal with § = y2(1 +~)~L. ]

Besides inclination sometimes other versions of an angle between subspaces
are used. Usually all of them are equivalent. Here we mention some of them
as examples.

For non-zero elements z,y € E we define an angle between x and y by

i

x y ‘
lzl| [yl

o(z,y) = '
and an angle between subspaces U and V' by

UV)= inf .
(U, V) Iebflyevw(:r7y)

It is easy to obtain the relation
(U.V) < (U, V) <20, V).

For a Hilbert space H we define the cos-angle as

C(z,y) = eyl and C(U,V)= sup C(z,y).
(|- llyl| seUyeV

For a sequence € = {e;}$2, it is natural to introduce the angle index as
o(6) = inf (span{ei}iy, span{ei) T )

and cos-index as
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C(e) = sup C(span{e;};;,span{e;}i~, 1)

n<m

In connection with the notion of angle we will introduce in Chap. 12 the
concept of angle-convergence for a sequence of elements in a Banach space.
We conclude this section with an extension of the definition of inclination.

Definition 1.2.10 Let A and B be two subsets of E such that x/||z|| € A
whenever x € A and x # 0. Then the inclination of A to B is defined to be

(A,B) =inf{p(z,B) : z €A, |jz]|=1}.

Note that this definition does not contradict 1.2.1 in the case that B = {z}
and A is a subspace. We distinguish between (A, {z}) and (A4,x), i.e. the
inclination of a subspace A and a singleton {z} and the inclination of A and
span{z}.

1.3 Connection between the Opening and Inclination

The following inequality is obvious
O, V)<ew,V).

In a Hilbert space we sometimes have equality. For example, if U and V' are
orthogonal then (U, V) = O(U,V) = 1. If U and V coincide then we always
have (lf,T/) = O(U,V) = 0. It turns out that in a Hilbert space, for any p
with 0 < p <1 one can find subspaces U and V with dimensions larger than
one which satisfy -

(U, V)y=0U,V)=np.

This is a particular case of the following

Theorem 1.3.1 [43] In every infinite dimensional Hilbert space, for any
integer n > 1 and numbers p, q with 0 < p < q <1 there exist n-dimensional
subspaces U and V' such that

(U, V)=p and O(p,q) =q.
Assuming p = ¢ we obtain

Corollary 1.3.2 In every infinite dimensional Hilbert space, for every num-
ber p with 0 < p < 1 and integer n > 1, there exist n-dimensional subspaces
U and V' such that

p(x,V):p(y,U):p foranyx e U, yeV withe #0#y.

|| [yl
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Proof. Take U and V as in 1.3.1 for p = gq. We have, for x € U with x # 0,

- Vv
p=@) < 28D <ow.v) =
x
and hence equality. Similarly we obtain p(y,U)/||ly|| =p for y € V. O

Theorem 1.3.1 is also true for infinite dimensional subspaces.
The following indicates the continuous dependence of the inclination on
some parameters, [57].

Lemma 1.3.3 Let U, V and U, 14 be non-zero subspaces in a Banach space
E such that (U, V) >« >0 and O(U,U) < 6, O(V,V) < 6. Then

(U V)>a—25 and (U,V)>a—26.
Proof. Take x € U with ||z|| = 1 and take z € V. Then we obtain

e =2l 2 (V) = p(,V) 2 (T,V) = OV, V)] ]|
> (U,V) = O, V)]l > o =]

This implies (U, V) > o — 25. (U, V) > a — 26 can be proved similarly. O
As a consequence we have

Theorem 1.3.4 The inclination ([ZT/ ) is a uniformly continuous function
of the non-zero subspaces U and V with respect to the metric defined by the
ball opening ©.

Proof. Let € > 0 and put § = €/4. Consider sukfgaces U,U,Vand V of E
with ©(U,U) < § and O(V,V) < 6. Put @« = (U, V) and use 1.3.3 to obtain
(U/F/) > a—44. Hence (ﬁ)—(ﬁ) > —e. Putting next o = ((7,?/) and ap-
plying 1.c.3. again we see that ((ZT/)—(U/}/) > —e. Thus |(17,T/)—(U/,?/)| <e.

|

Corollary 1.3.5 The distance p(x,V) from an element x € E to a subspace
V C FE is a continuous function in x and V.

Proof. Fix 2 and V and take x,, € F, V;, C F such that lim, o ||z —z,|| =0
and lim,, ., O(V,V,,) = 0.
Case x = 0: Here we have p(z,V) =0 and

p(@n, Vi) < |z — ||+ p(z, V) < |lzn — 2l + OV, Vi) .

This shows that lim, . p(2n, Vy) =0 = p(z, V).

Case  # 0: Then z,, # 0 for large n. Put U = span{z} and U, =
span{x, }. Since x # 0 we obtain lim,_,., O(U,U,) = 0. We have p(z,V) =
[|z||(U, V) and p(xn, Vi) = ||zn]|(Un, Va). Thus, by 1.3.4, lim,, . p(zn, V3)
plx, V).

ol
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1.4 Conditions for the Closure of Sums of Subspaces

Now we apply the preceding notions. We consider

Definition 1.4.1 Let U and V be closed subspaces of the Banach space E. If
UNV ={0} and U +V is closed then U+ V is called direct sum and denoted
byUes V.

IfunV =40} and U +V is not closed then U + V is called quasidirect
sum and denoted by U + V.

It is obvious that U+V is closed if U and V are finite dimensional. For infinite
dimensional U and V' the sum U + V is not always closed. It is possible to
reformulate the well-known geometric closure criteria of direct sums (see, for
example, [36]) in terms of inclinations in the following way.

Theorem 1.4.2 Let U, V be closed subspaces of a_Banach space such that
UNV ={0}. Then U +V is closed if and only if (U, V) > 0.

Proof. Let P : U+ V — U be the projection with P(x 4+ y) = z for every
r € U and y € V. From the definition of inclination and the remark after

1.b.1. we obtain that P is bounded if and only if (ﬂ) > 0. Then we have
1
1Pl = (U, V) .
So, if U + V is closed then it is complete and the closed graph theorem
tells us that P is bounded. Hence (U, V) > 0.

Conversely, if (U/,T/ ) > 0 then P is bounded and (id— P) is bounded. Since
U and V are complete the space U + V must be complete and hence closed.
O

Before we begin to formulate the main results of this section we mention the
following useful

Proposition 1.4.3 Let U, Uy, Uy, V, V1, V5 be subspaces of a Banach space
satisfying U = Uy +Us, V. =V + Vo and

UL U +V)=a,  (B,Va+U) =45, (Us, Vo) = 7

for some a >0, 8 >0, v>0. Then we have

5 afy
(U.V) = a+B+aB+ay+ Py

Proof. Let w € U, v € V, u; € U; and v; € V;, © = 1,2, be such that
u = uy +uz, v =wv1 + vy and ||u|| = 1. Moreover, let a be the root of the
equation

V(a+5)
a+B+af+ay+ 8y’

a

=(1—a)y—a, thatis a=
P (I—a)y
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Observe that 0 < a < 1. To estimate ||u + v|| we consider two cases:
Case 1. ||u1|| + [|v1]|] > a. Here we have two subcases:
Either ||ui|| > /(o + 3). Then we obtain

a3
u—+ || = ||ur + (u2 +v1 +v2)|| 2 ||Jur]|a >
[lutvll = llua + (uz + o1+ 02} 2 [furfle = 7775
Or ||u1]| < aB/(a+ B). This implies ||v1]| > a — ||u1]| > aa/(a + ) and
aa 3
[l ol = lfor + (wr + vz + 02l 2 ]I = 277

Since 0 < a < 1, case 1 yields

aofS oy
a+fB  a+B+aB+ay+ By

llu+of| =

Case 2. ||u1]| + ||v1]| < a. Here we obtain |Juz|| > 1 — |Juz|| > 1 — a and
lu+ol| = [luz +va| = ([Jua || + [[or]]) = [luzlly —a = (1 —a)y —a

By the choice of a we have ||u + v|| > afy/(a+ 8+ af + ay + (7) in this
case, too. In view of the definition of (U, V') this yields Proposition 1.4.3 O

Proposition 1.4.4 (“Almost orthogonality”) Let U be a finite dimensional
subspace of an infinite dimensional Banach space E. For arbitrarily given
positive 3 < 1 there exists a finite codimensional subspace Vg of E with

(Uv VB) > 3.
Proof. Fix v with 8 <~ < 1. Find e],..., e} € E* of norm one such that

sup |er(u)] > v||ul]| forall uwelU
k

Such elements exist since U is finite dimensional. Let V' C E be the intersec-
tion of all kernels of the e;. Then V is finite codimensional in E. If u € U
and ||u|| =1 then, for any v € V, we have ||u — v|| > sup,, |ej(u)| > . Hence

(U, V) =2~ > B. O
Now we introduce essentially non-isomorphic Banach spaces.

Definition 1.4.5 (a) We call two infinite dimensional Banach spaces U and
V partially almost isometric (partially isomorphic, resp.) if for any n > 1 (if
for some n < oo, resp.) there exist infinite dimensional subspaces U, C U,
V,, CV and isomorphisms T : U,y — V;, such that max{||T||,||T*||} < 7.
IfU and V' are not partially almost isometric (partially isomorphic, resp.)
then they are called essentially non-isometric (essentially non-isomorphic,
resp. )
(b) A bounded linear operator T : U — V is called strictly singular if, for no
closed infinite dimensional subspace E C U, T|g is an isomorphism.
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In the following we frequently consider the classical sequence spaces

co = {{alpha,};>y + ap € Rforall n, lim a, =0}
¢ = {{alphan}o2, @ a, € Rfor all n, lim «, exists}

loo = {{alpha,}o2y @ o, € R for all n, sup|a,| < oo},
n

endowed with the norm |[{alphay,}5 || = sup,, |an|, and, if 1 < p < oo,

I, = {{alphan}ff_l : a, €R forall n, Z lan [P < oo}

n=1

endowed with

o 1/p
\{alphan}iy|| = (Z |an|”> ~

n=1

Take ey, = {alphay »}7%2, with oy, = 0if n # k and o, , = 1. We sometimes
refer to the corresponding sequence {ex}72, as the unit vector basis of ¢y or
I, (if p < 00).

To illustrate Definition 1.4.5 let, for example, E be one of the spaces ¢ or
lp, 1 < p<oo,andlet U and V' be infinite dimensional subspaces of . Then
U and V are partially almost isometric. [, and [,., for 1 <p < o0, 1 <7 < 00,
p # 1, as well as [, for 1 < p < oo, and ¢y are examples of essentially
non-isomorphic (therefore essentially non-isometric) Banach spaces. All this
follows from the fact that, for every infinite dimensional subspace U of E
and for every 1 > 1 there is a subspace £, C U and an (onto-)isomorphism
T : E, — E with max(||T]|,||T7"]]) < n. ( [84], I Propositions 2.a.1. and
2.a.2.)

We mention two more results in this direction without proofs.

Proposition 1.4.6 [8// Every linear bounded T : 1, — l,,, where p1 # pa,
1 < p1,p2 < o0, 1s strictly singular.

The following theorem is based on the fact that [,, and [,, are essentially
non-isomorphic if p; # pa, 1 < p1,p2 < 0.

Theorem 1.4.7 (See [25]) Every complemented subspace of 1, &1,, for p1 #
D2, 1 < p1,p2 < 00, is isomorphic either to Iy, orl,, orly @ lp,.

Using Proposition 1.4.3 one can prove the following theorem ( [43], indepen-
dently obtained by H.P. Rosenthal, [124], in terms of “totally incomparable”
Banach spaces).

Theorem 1.4.8 Let U and V be closed subspaces of a Banach space E such
that U NV = {0}. Moreover assume that U and V are essentially non-
tsometric. Then U +V is closed.
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Proof. (a) At first we claim the following.

Let Uy C U and V; C V be finite codimensional subspaces. Then ((ZT/ )=
0 if and only if (U:T/l) = 0. (Here the fact that U and V are essentially
non-isometric is not needed. We only use U NV = {0}.)

To prove the claim we observe that, if (U;\Vl) = 0, then (ﬁ/) = 0 follows
directly from the definition of inclination.

To prove the converse let (U/,T/ ) =0 and assume (UY,\Vl) > 0. Find finite
dimensional Us C U and Vo C V with U = U;® Uy and V = V] & V5. We have
that Uy + V3 is finite dimensional and (U; + V1) N (Uz + V2) = {0}. By our
assumption and 1.4.2 the space Uy +V is closed. Hence (U1 + V7 )+ (U +V2) =
U +V is closed. According to 1.4.2 this contradicts (ﬁ/) =0.

(b) Now suppose that U +V is not closed, hence (U/,T/) =0.Fixee]0,1[.
Choose sequences {epsilon;}° and {beta;}°,; of numbers from ]0, 1] which
satisfy

ﬂ._gﬂ,>0 and ;ez< 115
Since (IZT/) = 0 there are elements e; € U and g1 € V such that ||e;|| = 1 and
[ler — g1]| < e1. By 1.4.4 there is a finite codimensional subspace Uy in U such
that (e;\Ul) > (1. Now (a) yields (UT,\V) = 0. Hence we find es € U; and
g2 € V with [|ea|| = 1 and ||ez — ga|| < €2. Obviously, (e, e2) > (e1, U1) > .
Put Ly 2 = span{ey,e2}. Find a finite codimensional subspace Us C U with
(ng,\Ug) > (5. Again, (a) yields (U;\V) = 0. Continuation of this procedure
provides us with sequences {e;}5°, of elements e; € U and {g; }$2; of elements
g; € V such that

Hei||:1, (Ll,,’,eﬁ_l)Zﬂi and ||ei_gi||<€i7 i=1,2,...,

where L1 ; = span{es,...,e;}.

Put Uy = closed span{e;}5°, and V = closed span{g;}°,. Then {e;}32,
is a basis of Uy in view of 1.2.7 with y({e;}2,) > (. Define T : Uy —
Vo by T(3 pey aker) = > pey akgr. In view of 1.2.9 we obtain, using the

assumptions on ¢; and [3;,
o0
. 1+
I —idll <3 —ei<e
i=1

This implies ||T]| <1+ e. Moreover, 7' is invertible and
- =1 1
1T~ < ZHZd—THk ST
k=0
Hence max(||T||,||T~||) < 1+¢€/(1—e¢). Since € was arbitrary we arrive at the

contradiction that U and V are partially almost isometric. Thus (U/,T/ ) >0
and U 4 V is closed, 0O
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The argument of the last part of the proof of 1.4.8 will be used again for the
proof of the stability Theorem 2.7.2.

1.5 Projection Constants

If X is a complemented subspace of the Banach space E then it is natural to
determine the “quality” of this complementation by introducing the relative
projection constant (see [81] and [138])

MX,E) =mf{||P|| : P:E — X is a bounded projection} .
It is obvious that for X C Y C F “monotonicity” holds:
AMXY) < ANX,E).

We also define the absolute projection constant of X as a quantity which
reflects the “worst” embedding of X into a Banach space Y:

A(X) =sup{A(X,Y) : Y a Banach space containing X} .

If there is a Banach space Y O X in which X is non-complemented then we
put A(X) = oo. Recall that \(X) < oo whenever X is finite dimensional.
Obviously, for every Banach space Y D X, we have

AMX,Y) < A(X).

For a compact Hausdorff space K we denote by C'(K) the Banach space of all
realvalued continuous functions on K endowed with the sup-norm.

Proposition 1.5.1 Let E be a C(K)-space where K is a compact Hausdorff
space and let X be a finite dimensional subspace of E. Then we have

AX,E) = A(X) .

Proof. We always have A\(X, F) < A(X).

To prove the opposite inequality let E O X be a C'(K)-space and consider
a bounded projection @ : F — X. Now let Y be any Banach space containing
X. We claim that, for every € > 0, there is a linear operator 7' : Y — E with
[IT|]| <1+ € and T|x = idx. Indeed, using a suitable partition of unity, we
find finitely many fq,..., f,, € E with

> awfn

k=1

ml?x\ak| < < (1—|—e)m;3x|ak\

for all choices of ay, such that X C F := span{fi,..., fo}. Let f; € E* be
linear functionals with ||f;|| =1 and
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) ={57 e

Such f; exist by the Hahn-Banach theorem. Fix an arbitrary bounded pro-
jection @ : E — X and let yi,...,y: € Y be such that y;|x = fi|x and
llyill = 7] x|| <1 forall k. Put Ty = > _;_, yi(y) fr. This implies Tz = x if
z € X and ||Ty|| < (14 €)||y|| for all y € Y. Define P: Y — X by P = QT.
Then P is a projection onto X and we have ||P|| < (1 + €)||@||. We conclude
AMX) < (1+e)A(X, E). Since € was arbitrary we infer A(X) < AM(X,E). O

Kadec and Snobar [69] proved that for any n-dimensional Banach space X,
we have \(X,,) < v/n, n =1,2,.... Konig [73] showed that this inequality is
strict for n = 2,3,...: A(X,,) < /n.

Let us give the values of A(X,,) for some finite dimensional spaces ( [37,
126,138] Theorem 32.6):

Theorem 1.5.2 For any positive integer n we have

Aly) ~vn if1<p<2,
A(ly) ~ ntP 2 < p< oo, and
A(I%) = 1.

Here [ is the space R™ endowed with the norm

(s )| = { (Zgzl o, |P)1/P %f 1 Ep < 00

supy, |al if p=oo
The only trivial part in the preceding theorem is A(I%) = 1. Indeed, let FE
be a Banach space with £ D [ . Consider the elements e;,...,e, € [
with || >"p_; aker|| = maxy |ay| for all ay and find, using the Hahn-Banach
theorem, functionals ef,..., e} € E* with |lef|| = 1 for all k and ej(e;) =

e n
1,5 = .
{O,Jelsek' Put, for e € E, Pe = >, _,ei(e)ey. Then P : E — 1% is a
projection with ||P|| = 1.
% is indeed the only finite dimensional Banach space with projection
constant 1.

Theorem 1.5.3 Let X be an n-dimensional Banach space with \(X) = 1.
Then X is isometrically isomorphic to l7,.

Proof. Let Bx« be the closed unit ball of X* and exBx- the set of extreme
points of Bx«. (a is an extreme point of the convex set A if a = b = ¢ whenever
b,c € Aand 0 < A < 1 such that a = Ab+ (1 — X)c.) Denote the w*-closure of
exBx~ by K. Hence we have K = — K. Let

Y ={f: f: K — R continuous and f(z*) = —f(—2") whenever 2* € K}
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Y is a closed subspace of C'(K). We may identify 2 € X with the function
Z € Y where Z(x*) = 2*(z), * € K. Then we have ||Z|| = ||z||. Hence we can
identify X with the subspace X = {& : 2 € X} of Y.

We claim that X =Y. To prove the claim fix z* € exBx~ and put

Foo ={peCK)" : ||g||=1and pu(z) = 2" (x) for all z € X} .

Since z* is an extreme point of By« the set F,« is a face of the unit ball of
C(K)*, i.e. whenever 11,15 € C(K)* and 0 < A < 1 such that ||i4]], ||re]] <1
and A\vy 4 (1 — N)vg € Fp« then vy, 15 € Fpv. Moreover F,« is w*-compact and
convex. Hence by the Krein-Milman theorem F,- has an extreme point. The
face property of F,- implies that every extreme point of F,- is an extreme
point of the unit ball of C(K)*. The latter extreme points are of the form
+d;, for some k € K, where 6;x(f) = f(k), f € C(K). We conclude that
exFp« = {deltay«, —0_,~} and

Fpo={A0pr —(1=XN)J_p : 0< A< 1},

We have 0,+(y) = —d_5-(y) for all y € Y which implies F,-|y = {delta|y}.

By assumption we find a linear P : Y — X with P2 = « for all z € X
and || P|| = 1. The adjoint operator P* maps Bx~ onto a w*-compact convex
subset of By, the closed unit ball of Y*. We even have P*Bx+ = By-.
Indeed otherwise, by the separation theorem, we find y € Y with ||y|| >
SUD,cerBy. 27 (Py)|. But for 2* € exBx~ we have z* o P € Fy»
x* o P = §,+|y, and thus

Y, i.e.

lyll = sup [y(k)| = sup [(z" o P)(y)|
keK r*CexBx*
since exBx~« is dense in K. We arrive at a contradiction which shows that
P*(Bx~) = Byx. Therefore P : Y — X is an isometric isomorphism proving
our claim.

For any z§, 27, ..., 2}, € exBx- with a] # +a7 if i # j the Tietze exten-
sion theorem yields a function f € C(K) with f(+zg) = £1 and f(&z}) =0
if j > 0. Let y € Y be the function with y(z*) = 271 f(z*) — 271 f(—a*),
r* € K. Then y(zg) = 1 and y(z}) = 0 if j > 0. Since ¥ = X was
n-dimensional we conclude exBx- = {pmaz7,...,+x;} for some z} and
Y =C{xy,...,25}) =1%. ]

A more elaborate version of the preceding proof shows that an arbitrary Ba-
nach space X satisfies A\(X) = 1 if and only if X is isometrically isomorphic
to a C(K)-space with an extremally disconnected compact Hausdorff space
K (i.e. where the closure of any open subset of K is open again), see [71]
and [34,111].

A compactness argument involving families of projections onto finite di-
mensional subspaces yields the next proposition.
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Proposition 1.5.4 Let £y C FEy C ... be a sequence of finite dimensional

subspaces of E with U2 | Ey = E. Then
lim A(Ey, By) = \(Ey, ).
Proof. By assumption we have
AME1, Ey) < ANE1,E3) <...<AF,P) <.
Hence lim,,_, A(F1, E,) exists and satisfies

lim A(E1, En) < ME, E) .

n—oo
Conversely, take, for each n, a projection P, : E, — E; with ||P,|]| <
AE1, En) + 1/n. Hence sup,, ||P,|| < AM(E1, E) + 1. Let

K={(\E,E) + 1)z : v€E, ||Jz]| <1}.

Then K is compact since E; is finite dimensional. Let Br be the closed
unit ball of E and consider the element 7, := {P,e}ecp, of KPE. Since
KBE is compact we find an accumulation point {z.}.cp, of the sequence
{gamma,};2 . Define, for e € E'\ {0}, Pe = |le||zc))j¢)- Then P : E — E;
is a bounded projection with ||P|| < limsup,,_, ||Ps]| < lim,—oo A(E1, Ep).
This implies A\(E1, E) < lim,, ., A(E1, E,,) and completes the proof. O

Definition 1.5.5 For a complemented subspace X C E the quantity
I(X,E) = AMX, E)/MX)

will be called the load of X in E.

If, for a € [0,1], I(X, E) < o then X is called a-unloaded in E.

If I(X,E) =1 then X is called loaded.

A sequence of subspaces X1 C Xo C ... in E is called unloaded if
limk*,oo l(Xk7 E) =0.

Proposition 1.5.1 tells us that each subspace of a C'(K)-space is loaded.
The notion of load will be used in 10.4. There we need some facts about
the behaviour of A\(X), A(X, E) and [(X, F) under isomorphisms.

Proposition 1.5.6 (a) Let S : X — Y be an isomorphism between the Ba-
nach spaces X and Y . Then we have

ASX) < (ISI1-IISTHDAX)  and - A(X) < (S]] [[STHDASX)

(b) Let X be a complemented subspace of the Banach space E. Furthermore
let F' be another Banach space and assume that T : E — F is an (onto)-
isomorphism. Then we have

NTX,F) < (IT]]-ITHDAX, E) - and  (TX,F) < ([|T]|-1T7H])*U(X, E)
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Proof. (a): We may assume without loss of generality ||.S|| = 1. Then we have
L<|[S]]-1IS7HI = IS~

We claim that, for any Banach space £ O X, there is a Banach space F' D
SX and an (onto-)isomorphism T : E — F with T|x = S and ||T|| = ||S]],
T = (157

Indeed, let U = {(e, Sz) : e € E,x € X} be endowed with ||(e, Sz)|| =
llel] + [|Sz||. Consider the subspace V of U defined by V = {(z,—Sz) : = €
X}. Put F =U/V. Identify y € SX with (0,y) + V in F. This identification
is an isometry. Indeed, we have

o1l = 11(0,) + VI = inf (|fe]] + lly — S]]
(Ul + iyl = 1311 1)

Y

inf
reX
[yl

From now on we regard SX as a subspace of F. Define T : F — F by
Te = (e,0)+V, e € E. Then, if x € X, we have Tz = (0,Sx) + V which
corresponds to Sz. Moreover, for a general element e € ' we obtain

> — i —
llell = || Te]] xlg;(lle || + [|Sz|])

1 1
in lell = —=—|le]] + ]ISz |)
zex(nsw TR
1

oy el

>
— IS

Y

This proves the claim. The claim yields A\(X) < [|S]] - [|ST!|A(SX). By ex-
changing X and SX we infer A\(SX) < ||S]] - ||S™H|N(X).
(b) is an easy consequence of (a). O

The argument of the proof of 1.5.6 (a) will be used again in the proof of
Lemma 4.3.1.

1.6 The Projection Function of a Banach Space

For a given infinite dimensional Banach space E we define the following pro-
jection function for t € [1, 00[ [48]:

fe(t) =inf{\(X,FE) : X asubspace of E, dim X < oo, A\(X) >t}.

The definition of fg(t) makes sense for every ¢ > 1 since every infinite di-
mensional Banach space E contains a finite dimensional subspace X with
A(X) > t. Indeed, a famous theorem of Dvoretsky [24] states that, for every n
and every € > 0, there is a subspace X C E and an isomorphism S : X — [%
with [|S]] - |[S7|| <1+ e. Hence we obtain
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sup{A(X) : X a subspace of E, dim X < oo} = o0

in view of 1.5.2 and 1.5.6.

If fr(t) ~t, ie. if fr(t) is asymptotically equivalent to ¢ for t — oo, then
E is said to have the C-projection type. If fg(t) is bounded, i.e. if fg(t) ~ 1,
then F is said to have the L-projection type.

In view of Proposition 1.5.1 every C'(K)-space has the C-projection type.
On the other hand, [, 1 < p < oo, has the L-projection type. This follows
from the fact that A(l;;,1,) = 1 but sup, A(l)) = oo according to 1.5.2.

A Banach space which has either C- or L-projection type will be said to
have standard projection type, otherwise it will be of non-standard projection
type.

It is not clear whether a Banach space of non-standard projection type
exists at all:

Problems 1.6.1 Does every infinite dimensional separable Banach space
have standard projection type?

A Banach space with non-standard projection type cannot have a basis.

Proposition 1.6.2 Let E be a Banach space with basis. Then E has standard
projection type.

Proof. Let {er}72, be a basis of E and put L, = span{er,...,e,}. 1.2.3
implies that sup, A(L,,E) < oo. So, if sup, A(L,) = oo, then E has L-
projection type.

Now assume that ¢ := sup,, A(L,) < oo. Fix ¢ and consider any finite
dimensional subspace X C E with A(X) > t. In view of 1.5.6 we may assume
that X C L, for suitable large n. Let Y be a C'(K)-space with Y D L,, (for
example, take K to be the closed unit ball of L} under the w*-topology).
With 1.5.6 we conclude

AMX)=MX)Y) < MNX, L)ALy, Y) < ANX, E)e < eA(X) .
Hence, in this case, F has C-projection type. O

Proposition 1.6.2 is actually true under weaker assumptions (see the end of
Sect. 5.1).

Pisier, [121], constructed a separable Banach space F in which every n-
dimensional subspace X, satisfies A\(X,,, F) ~ /n. In view of the result of
Kadec and Snobar mentioned in Sect. 1.4 this space E has C-projection type.






2

Sequences in Normed Spaces

Here we study, among other things, completeness and minimality of sequences
in Banach spaces. This includes a discussion of bases and finite dimensional
Schauder decompositions. Moreover this gives rise to the introduction of uni-
formly convex and uniformly smooth Banach spaces.

2.1 Complete, Supercomplete
and {c}-Complete Sequences

For a given sequence € = {e;}72, in a normed space E we sometimes write
L, (é) = span {ex}}_,. Two sequences € and g in E will be called similar if
Lo(®) = La(g) n = 1,2,...

As an example we mention the similarity of two sequences of polynomials
{pn(t)}22, and {q,(t)}52, with degree p, = degree ¢, = n in C[0,1], say.
This simple fact will be used in Part II in connection with various Miintz
sequences.

Recall (see 1.2), a sequence € in F is complete if span(€) is dense in FE.

Definition 2.1.1 The sequence € in E is called supercomplete if {ex}32,, is
complete in E forn=1,2,...,
hypercomplete if each subsequence of € is complete in E.

Using the Weierstral theorem we see that {t*}2, in C[0, 1] is supercomplete
but not hypercomplete since {t*’ 72 is not complete in C[0,1] (see 6.1.5).
The first known examples of hypercomplete sequences were the sequences
{tAe}2e where Ag = 0 and A T A for some A > 0. (The hypercompleteness
is a consequence of the Miintz theorem 6.1.5).

Lateron it turned out that there exist hypercomplete sequences in any infi-
nite dimensional separable Banach space. In particular, we have the following

Theorem 2.1.2 For each complete linearly independent sequence € = {e,}7° |
in an infinite dimensional separable Banach space E let

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 23-43 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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- e

- Z " I eJ

=1 /

Then g = {gn}>2 s a hypercomplete sequence which is similar to é.

Proof. Consider g, = Z?:l J "e;i/llejll, n=1,2,.... Clearly g = {gn}5%; is
similar to €. We claim that g is hypercomplete. To this end let {gn, }3>, be
an arbitrary subsequence of g. If e* € E* is such that e*(g,,) = 0 for all k
then we have > 7%, j="*e*(e;/|le;||) = 0. Hence

Nk
)| =2 e el < [le”]]
(Ilelll)‘ ZJ”"‘ H@jl\ Z 2’“

=2

for all k. This implies e*(e1) = 0. Similarly we obtain

es o 1 ej 2\
e (12| = |2 3 e (7)< 2 (2) e
(||e2||>‘ j;]”’“ (||€j|| 3

for all £ and hence e*(e2) = 0. Continuing in this fashion we arrive at
e*(ex) = 0 for all k£ and thus e* = 0 since € is complete. The separation
theorem implies that Span{g,, }3>, = E which shows that g is hypercomplete
and proves the theorem. 0

We note the following straighforward

Proposition 2.1.3 (a) Similar sequences € and § are either simultaneously
complete or non-complete in E.
(b) If € is complete and ey, € span(g) for each k then g is complete, too.

For a dual Banach space E* the following notion is close to the concept of
“completeness”.

Definition 2.1.4 The sequence of functionals e}, € E* is called total if, for
each x € E, the condition ej(x) =0, k=1,2,... implies x = 0.

We derive easily

Proposition 2.1.5 If the sequence e* = {ej}32, C E* is complete in E*
then it is total.

Completeness of a sequence € does not imply essential geometric properties
of € such as being a basis for . This is shown by the following

Proposition 2.1.6 For any element x of an infinite dimensional separa-
ble Banach space E there is a hypercomplete sequence {gn}5e, such that
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Proof. Assume at first that x # 0. Let {ej }72 ; be a complete linearly indepen-
dent sequence in E with e; = x. Put g, = ||| 227_, 77 "¢;/[le;]|. According
t0 2.1.2, {gn }52, is hypercomplete. We have ||z — g, || < ||z||(n—1)/2". Hence
lim,, o0 gn = .

If 2 = 0 then take any hypercomplete system {g}7°, and put

In

gn = = -
" nllgall +1

If 2 # 0 the sequence g = {g,}52; in 2.1.6 satisfies

-

Hence g cannot be a basis in view of 1.2.3 or 1.2.7 .

Completeness of a sequence € = {ex}3>; in E can be considered as an
abstract version of the Weierstraf3 approximation theorem:

Given x € F and € > 0 there exists a “polynomial” P, . = ZZLZI arep, such
that ||z — Py.|| < e

Now consider a sequence ¢ of positive numbers ¢, such that, for any € E
and any € > 0, we find an approximation of = by P, . as before where in
addition |ax| < ¢il||x|| for all k. Then € is called ¢-complete. If we always find
P, . with |ag| < ¢ for all k then e is called super ¢-complete.

. H In+1 9n
11m T
n=00 ||||gn+1ll  [gnll

Theorem 2.1.7 (See [55]) FEach complete (supercomplete) sequence € in
an infinite dimensional separable Banach space E is ¢-complete (super c-
complete, resp.) for some sequence ¢ = ¢(€) of positive numbers.

Proof. Let € = {ey}72, be complete. We may assume that € is normalized.
a) At first we claim, there are positive numbers ¢ such that, for any n, any
z € F and € > 0 there is y = > ;- agep with ||z — y|| < e, m > n and
lag| < égllx|| for k=1,2,...,n.

Indeed, put Lj41,00 = closed span{egt1,exto, ...+ and di = (€x, Li+1.00),
k=1,2.... Let k1 < kg < ... be the indices with dkj # 0. Then define

¢1=...=Cky—1=0and é&, = 1/dy,. This clearly settles the case n = k;.
Now assume that the claim is true for some n = k,,_1 with respect to
ClyvoyChyp -

Puté,=0if k1 +1<k <k, —1and

Fom—1 ~
& = 2+ Zk21 Ck
" d,,

Then we obtain the case n = k,,.

Indeed, fix z # 0 and find, for each € € |0,1[, an element y = >, arey
with ||z — y|| < €||z|| and |ax| < &|lz||, k = 1,..., km_1. Since di,,_,+1 =
... =d,,—1 = 0 we may assume that o, ,41 =... = a,—1 = 0. Then we
have
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km—l
2l > Iyl = || S aner+amnenn + Y axer
k=1 k>km
km—l
> |o,, |dk,, — Y &l
k=1
which implies |ay,, | < ¢, |||

If dj, = 0 for all k then take ¢4 = ¢, =...=0.
b) To show the general case take the sequence {¢;}72, of a) and consider a
dense sequence {z;}7°; in E with x) # 0 for all k. Find y; = Y ;1 a1 kex
with [|z1 — 1] < [|z1]] and | 1| < é||z1]]. Put

g =26 and ¢ =2max(loqkl,Ck), k=2,...,n1.
Assume next that we have already ny <ng < ... <mng,_ijander,...,cn, -
Then considelr~ Ym = 2 opry Qo i€k WIth 1y > N1, |2 — Y| < [|zm|]/m
and | k| < Ellxml], k=1,...,nm_1. Put

cr = 2max(Cg, lamil) U npmo1 +1<Ek<n,.

Now, if x € E'\ {0} is arbitrary and € € ]0,2[ then find m with ||z — z,,|| <
e||z||/2 and 1/m < e/4. We obtain ||x,,|| < 2||z|| and hence

Mom

1
2 = ymll <ellzll, ym =D omrer and om il < Sexllml|
k=1

forall k = 1,...,ny,. Since ||zm|] < 2|z|| we conclude |ap, k| < ckl|x|| for all
k. This proves the first part of 2.1.7.

¢) Now let € be supercomplete. Let ¢, > 0 be such that, for any z, any n and
any € > 0, there is y,, = >\~ an ke With ||z —y,|| < € and |ay, 1| < e il
The existence of the ¢, j, follows from b) and the fact that {e; }72,, is complete.
Fix N > ||z|| and put y = N~} Zf:]:l Yn- Then we have ||z — y|| < € and
y=>,N! Zg;nl(k’]v) Q. €. We obtain

1 min(k,N) 1 k k
N > ank Sﬁzcn,kIIx\ISch,k.
n=1 n=1 n=1
Put ¢ = Zszl Cn,k- This shows that € is super ¢-complete. O

In 6.4 we give estimates of the possible numbers ¢ for the system {tk}?:o in
1o, 1].

We finish this subsection with the follwing simple but useful observation.
A sequence {e}7° | is called repeating if, for each k, there is a subsequence
{en, }j’;l such that lim; . €,, = ex.

As a direct consequence of the definitions we obtain
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Proposition 2.1.8 Any complete repeating sequence is supercomplete.

We leave it to the reader to construct, with Proposition 2.1.8, examples of
supercomplete sequences.

2.2 Minimal and Uniformly Minimal Sequences

Let € be a sequence of non-zero elements in a Banach space E and put
L) = closed span {€1y ey Cho1y €hit1s €hp2y - ] -

Recall, we defined L; ; = span{e;, e;41,...,e;} and
L; - = closed span{e;, e;41,...}.

Definition 2.2.1 € is called 6-minimal if (ej,, L)) > 6, k = 1,2,..., for a
sequence & = {0 }32, of non-negative numbers.

€ is called minimal if it is d-minimal for some § = {6}, of strictly
positive numbers dy.

If, in the preceding definition , 6, > 6 > 0 for all k and some 6 > 0 then
€ is called uniformly minimal or §-minimal (see 1.2.8). A 1-minimal system
sometimes is called Auerbach system.
€ is called separated if inf; 4 (ej,ex) > 0.

Finally, € is called closing if

—

lim (ek, €k+1) =0.
k—oo
Obviously, we have
(“uniformly minimal” = “separated”) and (“closing” = “non-separated”) .

As a direct consequence of the definition we obtain that
€ is minimal if and only if, for any k, L(¥) ; closed span(e)
which explains the name.

Example. Consider ¢ = {th}zozl in C[0, 1]. Tt will be shown in 6.1.5 and 9.2.2
that € is minimal but not uniformly minimal. On the other hand {tk}2° | is
not minimal in C[0, 1] although it is linearly independent. This is an easy con-
sequence of the Weierstrafl theorem. {tk}zozl is even w-linearly independent.
(A sequence € = {ej}72 is called w-linearly independent if >~ | axer = 0
always implies a3 = as = ... =0.)

Proposition 2.2.2 Let e = {ex}3°, be a sequence in E with ey, # 0 for all k
and assume that § = {6k }52, is a sequence of positive numbers.
(a) Then the following are equivalent.

(i) &= {ey}22, is 6-minimal.
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(ii) For any x =), arey, (finite sum or convergent series) we have

|||
AL | S k:1,2,...
S Felleall
(b) Let T = {1}, be such that
—— n_l 7‘,
(ks Ln+1,00) > Tnyn=1,2,..., and 7 =01, 5n§TnH T l_ n=23,...
PN

Then T is 6-minimal.

Proof. (a): Let @ : span(e) — span{ey} be the projection with

ep, if =k
er:{o’“ y

else

Then, according to 1.2, we have (ey, L(*)) = ||Q||~!. From this we infer im-
mediately Proposition 2.2.2 (a).
(b): By assumption we obtain

1+T Zakek < Z Qe for all af, andn > 2.
n=lils, E>n—1

Using induction we see that this implies

n—1

I

Z ager|| < Z Qe for all f, andn > 2.

j= k>n E>1
Hence
e—l—Zae >e+Zae 71_[1 i >7'n1:[1 T o>y
n ﬁgn]j n J>njj 1+ nj:11+7_j_n.
We obtain (en,/L\(”)) which proves (b). ]
Let € be a given sequence. Then Lq,, = span{es,...,e,} will be called the

n’th natural projection subspace (or Fourier projection subspace).

vn(€) = vy = (L, n,LnHm) is the n’th natural inclination number and
T (€) = 7, = 1/v, the n’th natural projection number ( [42], for the definition
of L; j see 1.2.2).

In the preceding proof we already used the following fact for a minimal
sequence e:

Let P, : span (é) — L1, be the projection with P,(e;) = 0 for j =
n+1,n+2,.... Then we have m,(e) = || P.]|.

We easily obtaln the following
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Corollary 2.2.3 For a 6-minimal system & we have
min{dg }7_
Vn(é) > { k}k_l
n

In particular, if € is 6-minimal for some § > 0 then

4] n
n_>* d n_S*
V(e)_nan 7 (€) 5

Proof. Let P, : span(é) — Lj, be the projection with P,e; = 0 if j > n.
2.2.2 implies

1Pall € = 4ot < —
e T S, T min{)n
Hence
B — 1 min{dx } 71—
Vn(e) = (Ll,n;LnJrl,oo) - HP || > " k=1 (]

So, for a 1-minimal system we have v,(€) > 1/n and m,(e) < n. Sometimes
we obtain better estimates.

For example, consider the trigonometric system in E = C[0, 1] where eq =
1, eg, = cos(2mkt) and egpy1 = sin(27kt), k = 1,2,.... Then € = {e, } 72, is 1-
minimal since for every f =", apey in C[0, 1] the Fourier coefficients satisfy
lak] < ||f]]- Tt is known that ¢ilogn < m,(€) < cologn for some absolute
constants ¢; > 0 and ¢3 > 0, [12].

Proposition 2.2.4 The sequence e = {e;}7° | is minimal if and only if there
exists a sequence e* = {e}}3>, C E* of functionals such that

. Lif i=j
61(63):{0 Zf Z#]
In this case € is 0-minimal with 8, = (||ex|| - ||e])

Proof. Let € be 6-minimal for some 6 = {53}, with positive d;. Then & must
be linearly independent. Fix k& and define the linear functional e} on span(e)
by e; (> ajej) = ag. Then, according to 2.2.2, ||e;|| < (dx||ex||)~*. Hence e}
can be extended to a bounded linear functional on E. We have e (e;) = 0 if
k#j.

Now assume that functionals e} € F* exist as indicated in the proposition.
Put =) aje;. We obtain

|| = ep.(z) <] - [[ex]] -

Hence, by 2.2.2, € is 6-minimal with &, = (||ex]| - |lef|]) 7 O



30 2 Sequences in Normed Spaces

The sequence e* is called conjugate to € and the sequence of pairs (ej,e;f)
is called biorthogonal. If € is complete in E then the conjugate sequence is
uniquely determined.

In the preceding example where € is the trigonometric system in C[0, 1]
let

e;;(f)z/o F(B)dt and e;;(f)zz/o FBen(®)dt for all f e C0,1] .

Then e* = {e}}72, is conjugate to €. Here € is even complete in C0, 1] and
e* is total.

Definition 2.2.5 [52] If € is a complete minimal sequence in E such that the
conjugate sequence e* is total then € is called Markushevich basis or M-basis.

In general, a Markushevich basis is not a basis. The preceding trigonometric
system in C]0,1] is a counterexample. Here € is not a basis since there are
continuous functions whose Fourier series do not converge uniformly.

The following is due to Markushevich [102].

Proposition 2.2.6 Fach separable Banach space has a Markushevich basis.

Proof. Let E be a separable Banach space. Fix {zx}72, in E such that
span{zy 72, is dense in E and z, # 0 for all k. Moreover, let {z}}32, be a
total system in E* which must exist since E is separable. (Here the unit ball
Bpg- of E* is w*-metrizable and w*-compact. Take, for example, {z}}7°, to
be w*-dense in Bg-.)

Define {ex}32; and {e} }32; by induction. Take e; = x1. Let a be an index
such that 2% (x1) # 0 and put ej = a7 /x(x1). Then let b be the smallest index
with x} & span{e}f} and put e5 = z} — z}(e1)e]. Next let ¢ be any index with
e5(x.) # 0 and define ey = (2. — €j(zc)e1)/es(x.). Then we have

e;(ei)z{l ifi=j fori,j=1,2.

0 else
Now assume that we have already ey,..., ez, and ej,...,e5, with
" 1 ifi=y
J 0 else
and xy,..., 2, € span{e; }32,, o}, ..., @}, € span{e}}57,.

Let p be the smallest index with x, € span{e; }?21 and put

2n
€2n+1 = Tp — Z ej(@p)e; -

=1

Fix zj such that z7 (ean+1) # 0 and define
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*

(& =
2n+1

rh(eant1

1 2n
) xh — Z ah(e;)es
j=1

Finally, let u be the smallest index with z}, ¢ span{ej }?2‘1 and put
2n+1
Conpz = 25— Y wules)e] .
j=1

Fix xz, such that e3, ,,(z,) # 0 and define
2n+1

1
€omt2 =~ | To — Z 6;(%)61‘

€;n+2(wv) j=1

Then we obtain

e*(ei):{l iti=j fori,j=1,...,2n+ 2

J 0 else
2n+2 2n+2
and 21,...,&nq1 € span{e; }501%, af, . ah € span{e;}jf{ .
Thus, by construction, in view of 2.2.4, {e;}72; is a Markushevich basis
of E. a

2.2.6 can be extended. To this end we need the following

Definition 2.2.7 A Markushevich basis € = {e};>, with conjugate func-
tionals e} is called hereditarily complete or strong if, for each x € E,

x € span{ ey : ei(x)#0 }.
One can prove the following stronger version of Proposition 2.2.6

Theorem 2.2.8 (See [50, 137]) Fach separable Banach space has a strong
Markushevich basis. If the Banach space is infinite dimensional then it also
has a Markushevich basis which is not strong.

An important case of a uniformly minimal sequence € is an Auerbach sequence,
i.e. a I-minimal sequence.

Theorem 2.2.9 (See [3]) In each n-dimensional Banach space there exists
an Auerbach system.

Proof. Let x1,...,x, be a basis of the n-dimensional space E. For any set
of elements y; = > _, a;jpxy with [|y;]| < 1,7 =1,...,n, let A(y1,...,yn)
be the determinant of the matrix with the entries ok, 7,k = 1,...,n. Since
the closed unit ball Bg of E is compact A attains its maximum at some
n-tuple (eq,...,e,) where e; € Bp. The multilinearity of A ensures that
llei]| = ... =|len|] = 1. Define
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ep(x) = Aler, ..., €k—1,T, €511, 6n)/Aler, ... en) .
. 1ifk=j . .
Then we obtain e (e;) = 0 else for all k and j and ||ej|| =1 for all k.
2.2.2 shows that {ex}}_; is an Auerbach system. O

It is completely unknown whether the infinite dimensional version of Theorem
2.2.9 is true. However one can show that every separable Banach space, for
any € > 0, has a Markushevich basis {ej}?°; with conjugate system {ej}7° ;
such that ||ex|| - [lef|| <1+ € for all k (see [114]).

2.3 Bases

Let € = {ex}32; be a sequence in E with ey, # 0 for all k. In 1.2 we introduced
the index -

’y(é) = inf{(Ll,i,Li+17j) < ]} .
We call v(e) = 1/v(e) the characteristic of the sequence € and put v(e) = co
if v(e) = 0 [42].

If € is linearly independent then we can define the following projections
Py, : span(e) — Ly, with P, (3", axer) = > po, ager. The definitions imply
that

€)= sup P

(see the remark after 1.2.1). With 1.2.3 we obtain

Proposition 2.3.1 € is a basis of closed span(e) if and only if v(€) < co. In

this case we have
n oo
E QL€ E Q€L
k=1 k=1

for all n and all choices of ay.

<wv(e)

If € is a basis of closed span(e) C E then € is called basic sequence in E.

If € is a basis of F and e* is the sequence conjugate to € then 2.3.1 implies
that e* is a basis sequence in E*.

The characteristic v(€) of a basic sequence, for obvious reasons, is also
called the basis constant of e.

Moreover, let

~v(E) =sup{y(é) : € a complete sequence of non-zero elements in F}

be the index of E and v(E) = 1/v(FE) the characteristic of E.

In 1972 Per Enflo constructed a separable Banach space E such that
v(E) = o, i.e. this E does not have a basis, [27]. This gave a negative solution
to the famous “basis problem.”
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Theorem 2.3.2 There exists a separable Banach space without basis.

But the “popular” Banach spaces have bases and sometimes even bases with
special features. One is the the following

Definition 2.3.3 Let u = {ux}72 | be a sequence of pairwise distinct elements
of a compact metric space K. A basis € = {ey}72 is called interpolating at the
nodes @ if for any f = Y po, agey € C(K) the n'th partial sum interpolates
fatuy,... u,, i.e. if

f(uy) = (Zak€k> (uj), j=1,....n, n=12,...
k=1

It is easy to see that in this case necessarily @ is dense in K. Indeed, by
definition, for any m > n, with f = e,,, we obtain e,,(u,) = 0. We claim,
em (Um) # 0 for all m. In fact, otherwise let mg = inf{m : e, (u,,) = 0}. Find
g € C(K) with g(um) = 0 for m < mg and g(mg) = 1,say g = >_p; Brer. We
obtain 0 = g(u1) = P1e1(ur) which implies §; = 0. Continuation yields 5, =
Ba=...=0Bme—1=0and 1 = g(tmy) = BmgCmo (Um,). Hence e, (tm,) # 0,
a contradiction. Thus e, (u;) = 0 if m > j and e, (uy,) # 0 for all m.

If @ were not dense in K we would find f € C(K), f # 0, with f(u,) = 0 for
all n. By the preceding we would get f = Ziozl ager with g =ag = ... =0,
a contradiction.

On the other hand we have

Theorem 2.3.4 [46,97] If 4 is a dense set of nodes in the compact metric
space K then there exists a monotone basis of C(K) which interpolates at 1.

Here a basis ¢ is called monotone if y(e) = 1. By definition this means,

n o]
E QpCr E 09150
k=1 k=1

The proof of 2.3.4 is long and involved. We want to illustrate 2.3.4 with an
example. Take K = [0,1] and fix a dense sequence @ = {uy}72 , in [0, 1] such
that uy = 0, up = 1 and w, # u; if j # k. Let P, be the operator which
assigns to each f € C[0,1] the piecewise affine function P,(f) with nodes
at uy,...,u, such that P,(f)(ug) = f(ux), k = 1,...,n. It is clear that P,
is linear in f and that ||P,(f)|| < ||f]| for each f € C0,1]. If ey, is the
piecewise affine function with nodes at uq,...,u, such that

< for all n and all scalars ay, .

1,7 =k
ek,n(uj)_{o ;75]4?’ k=1,....,n,

then P, (ex,n) = ern. We obtain that E,, := P,C|0,1] = span{ei n,...,enn}
Hence P, is a projection onto F,, with ||P,|| = 1. If we put e,, = e, for all
n then e = {e;}72, is a basic sequence with basis projections {P,}72; since
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em ifm<n
Fnem = { 0 else

(in view of 2.3.1). Clearly, lim,, o || P (f) — f|| = 0 for any f € C]0, 1]. Hence
€ is a monotone basis of C[0, 1] which interpolates at @.

Theorem 2.3.4 states that a similar construction of a basis is possible over
any compact metric space for any prefixed dense set of nodes.

2.4 Uniformly Convex and Uniformly Smooth Spaces

Here we mention some basic facts about uniformly convex and uniformly
smooth Banach spaces. Then, in the next section, we discuss bases in these
special Banach spaces.

Definition 2.4.1 The following function on E is called the modulus of con-
vexity of E

. 1
6E(w) =inf{l-— 5”33""3/” P ry € E? ||‘TH <1, HyH <1, HSC _yH Zwe,
0 <w < 2. F is called uniformly convex if dg(w) > 0 for all w > 0.

The modulus of smoothness of E [79] is the function

z+yl|+||lx —
UE(T):sup{” y”2” l 2,y € E, |ly|| <1, ||x|<7},T>o.

E is called uniformly smooth if lim, g og(7)/7 = 0.

It can be shown that in the definition of g the inf can be taken over all x,
y with ||z|| = ||y|| = 1 and ||z — y|| > w without changing dg. Similarly, in
the definition of o the sup can be taken over all  and y with ||z|| = 1 and
[ly|| = 7 (see [84], II p.60).

Classical examples of uniformly convex spaces are L, and [, for 1 < p < o0.
Their modulus of convexity is

-1 2 1 P
5E(w)~p7(g) if1<p<2and5E(w)~:;(%) ifp>2),
see [18].

The notions of uniform convexity and uniform smoothness are in a way
dual to each other. The following proposition is due to Smul’yan, [133].

Proposition 2.4.2 A Banach space E is uniformly convez if and only if E*
18 uniformly smooth.
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Proof. [79] We claim that
1
op-(1) = sup{zToj —dp(w) : 0<w<2 } for all 7 > 0

Indeed, we have

20p-(7) = sup{[|z” + 7y*[| + [[z" — Ty"[| = 2 ¢ 2", y" € ET,
¥ < L [ly"|l < 1}
= sup{z"(2) + 7y"(z) + 2" (y) —7y"(y) =2 : zE€E,y€E,
lzll < L[yl < 1,2 € E*,y" € E*, [|z7[| < L, |ly"|| < 1}

sup{||z +y|[ + 7llz —yl[ -2 : z€ E,y € E,

[ < 1, [lyll < 1}
=sup{|lz +y||+T7w—2 : zeE,ye E,||z|| <1,|ly|]| <1,

lz —yll 2 w,0 <w <2}

=sup{tw — 20p(w) : 0 <w <2}

If E is uniformly convex then we have dg(w) > 0 for all w. By definition,
dg(w) is increasing. Fix € > 0 and consider 7 with 0 < 7 < dp(¢e). We obtain
wﬁQe#—Mng—i—M fe<w<?2

T T
and, clearly, w < 2e + 20g(w)/7 if 0 < w < e. We conclude, using the claim,
that og«(7)/7 < €. Hence lim,_,g op~(7)/7 = 0 and E* is uniformly smooth.
Conversely, if E* is uniformly smooth then, for every w € ]0, 2[, there exists
a T > 0 such that o« (7) < 7w/4. The claim yields that Tw/2 —dg(w) < Tw/4
ie. dp(w) > Tw/4. Hence dg(w) > 0 for all w > 0 and E is uniformly
convex. 0O

Uniform smoothness and uniform convexity are properties which depend on
the isometric character of a Banach space. They may get lost if we go over
to isomorphic Banach spaces. However, we have the following fundamental
result, due to Enflo, [26].

Theorem 2.4.3 A Banach space E is isomorphic to a uniformly convex space
if and only if E is isomorphic to a uniformly smooth space.

A Banach space F which is isomorphic to a uniformly convex space is called
superreflexive.

Proposition 2.4.4 [106] Every uniformly convex Banach space is reflexive.

Proof. Regard E as subspace of E** in the canonical way. Fix a norm one
element z** € E** and find a directed set {2, }aca of elements in E with

w* — limy o = 2** and ||z,]] < 1 for all a. Hence lim, gllze + 25| =
2||z**|| = 2. The uniform convexity of E implies lim, g ||zo — 2g|| = 0. This
means that {z4}aeca converges in norm and lim,, ||z, —2**|| = 0, L.e. ** € E.

Hence E = E**. 0
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Let E be a uniformly smooth Banach space. Then, using the w*-density of
the unit ball of F in the unit ball of E** (if we regard E as subspace of E**)
we see that E** is uniformly smooth, too. Hence E* is uniformly convex by
2.4.2. We conclude with 2.4.4 that every uniformly smooth Banach space E
is reflexive, too (since E* is reflexive).

Finally, we note the well-known result of the existence and uniqueness of
best approximation in uniformly convex spaces.

Proposition 2.4.5 Let E be a uniformly convexr space and X C E a closed
subspace. Then, for any element e € E, there exists a unique element xo € X
of best approzimation, i.e.

- = inf |le — || .
le ol = it |le ~al|
Proof. Assume that e € EF'\ X. Find z,, € X with
. 1
[le — z,|| < inf |le —z||+ — .
reX n

Hence {x,}52, is bounded. Since E, and therefore X, is reflexive we find
a weak accumulation point zop € X of {x,}52,. We clearly have b :=
lle — zo]| = infrex |le — x| > 0. Now let yo € X be another element with
lle — yol| = infrex ||e — z||. If 2o # yo then, in view of the uniform convexity,
we obtain, with w = |le —xo — (e — yo)||/b = ||xo — yo||/b > 0, that dg(w) > 0.
Hence |le — (xo + y0)/2|| < b which contradicts the fact that z¢ and yo were
optimal already. Thus xy = . 0

2.5 Bases in Uniformly Convex Spaces

Here we collect some classical theorems about bases in uniformly convex
spaces.

The proof of the following theorem is based on the interplay between the
positivity of dg(w) and the positivity of the angle index ¢g(€) of 1.2.9. Recall,

x Yy m
— — ——| : z € span{e;}/t,, x #0,
||zl ||y||H et

v (e) —inf{‘
y € span{e; ;1';;’“, y#O,n,m:l,Z...}

If v(e) is the index of € then we easily obtain

(e) < pr(e) < 2(e) .

Hence, by 2.3.1, € is a basic sequence if and only if pg(€) > 0.
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Theorem 2.5.1 [40] Let E be a uniformly conver space and € = {ex}7
a normalized basis of E. Then there exist exponents 1 < 7 < p < oo and
numbers A, B > 0 (depending on €) such that, for any element x =), oyey,
the following inequalities hold

B (2}; Iak|p> ” <] < A (2}; IakT>

Proof. We need to show the right-hand inequality only. Indeed, then by du-
alizing, involving the conjugate sequence, we see that the left-hand inequality
holds for any normalized basis in a uniformly smooth space. An application
of 2.4.2 finishes the proof.

To prove the right-hand inequality let A = 2(1 — dg(pg(€)/2)) and fix a
number 7 with 1 < 7 < log2/log A. Observe that we have ¢g(€)/2 < 1 by
definition. Hence dg(¢r(€)/2) < 1/2 and A > 1.

We claim that there exists n = (7, A) € ]0, 1] such that, for z,y € E with
2]l < 1 and ||yl < 1 and [z — y]| > 95 (e), we have

1/7

[lz+ty]|” <1+4+t" whenever |1 —t| <n.

Indeed, the definition of §g implies ||z + y[| < A. Moreover we have A7 < 2
since A > 1. This proves the claim for ¢ = 1. Since ||z + ty||” < (A + |1 —¢])7
and (A+ |1 —t¢|)” and 1+¢7 are continuous in ¢ we derive the claim for ¢ close
enough to 1.

To finish the proof of the theorem let = " | ae;. Put A = 4/n. Then
we show ||z|| < A (3", ai|7)1/T by induction on m.

If m = 1 then the assertion is clear since A > 1.

Suppose now that, for some n, ||z|| < A (37", |ai|T)l/T for all m < n and
all choices of «;.

Then, finally, consider = = Z?Ill ae;. We distinguish between two cases.
Case 1: There is ig < n + 1 such that 47 19||z|| < |a;,|. Then we have

n 1/7
4 g (it
||9CH§5|O%|§5 Z|ai|

i=1

which proves step n + 1 of the induction in this case. So we are left with
Case 2: || < 471n]|z|| for all i. Put

i n+1
T = Zaiei and y; = Z aze; and zo = 0 =y, 41
i=1 i=j+1
Then we obtain x = z; +y;, j = 0,1,...,n+ 1. Moreover we have

llzoll = llwoll <0 < [lznsall = [lyntall
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(provided that x # 0) and
[Nzl = Nl 1< Jllall and |yl = llusl] | < 3
sl =llzsll T < o llell and |yl = llysl] | < llll -

Let r =sup{j : [|lz;]| — |ly;|| < 0} 4+ 1. Then

n
llzr—all = llyr-all <O <{lar|l = llyrll < ller—all = llgr—1ll + 5lll -
Hence 0 < ||z, || — ||y-|| < 27||z||. In particular ||y,.|| < ||z.|| and 0 < 7 <
n + 1 since 0 < n < 1. We may assume without loss of generality ||z,|| = 1
(otherwise take x/||z,|| instead of z). Then we have, with ¢ = ||y,||,0 < 1—t <
n since ||z|| = ||, +y,|| < 2. The claim yields, since ||z, — ||y, || " y-|| > v&(€),
y T
Ieil” = flee 4t <27 =l
T

Including the induction hypothesis we obtain

r n+1 1/T
||x||§A<Z|ai|T+ S |ai|f>
i=1

1=r+1
which concludes the proof. O

Since ), k77 < 00 if 1 < 7 we obtain

Corollary 2.5.2 Under the assumptions of the preceding theorem the har-
monic series y_, er/k converges in norm.

In a Hilbert space H, which is of course uniformly convex, one can give a
quantitative generalization of Parseval’s theorem with a proof which is similar
to that of 2.5.1. In fact one can show:

Theorem 2.5.3 [51] Let € be a normalized basis of the Hilbert space H.
Assume that there is n € [0, 1] satisfying C(€) > n where C(€) is the cos-index
of 1.b. Then the inequalities of Theorem 2.5.1 hold with

2 2 1— 7
- = A=1+5y7, B=—YL.
Tiegwm P Vi 1+ 57

In particular, for an orthonormal basis in H we have C(€) = 0. Hence in this
case 2.5.3 yields the Parseval theorem.

A normalized basis in an arbitrary Banach space is called p-Besselian (or
T-Hilbertian, resp.) if it satisfies the left-hand side (or right-hand side, resp.)
of Theorem 2.5.1.

It was shown by Szarek [134] that C[0, 1] does not have a basis which is
p-Besselian for some p. Combining this with 2.5.1 we obtain
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Theorem 2.5.4 A sequence of continuous functions x,(t) on [0,1] with

0 < inf irtlf |z, (t)] < supsup |z, (t)| < oo
n

n t

cannot be simultaneously a basis in C' and in L, for any p € |1, 00].

Proof. Assume that {x,}°2; is a basis in C as well as in L, for some
p € ]1,00[. Let || - [|c be the sup-norm in C and || - ||z, the norm in L,.
Then {z,/||zn||c}o; is a normalized basis in C' and {x,,/||z,|[z, }nz; is a
normalized basis in L,. By our assumption we find a constant b > 0 with
b < ||xnl|L,/l|Tnllc for all n. Since L, is uniformly convex, according to 2.5.1,
we find some p > 1 and a constant B > 0 with

o (; |ak|p> v (Z (o ||xk|Lp>”> "

N\ e

T
D

—~ " lzelle

Ty
> anmo—
k

k|l

Ly

for all choices of ;. Hence {x,,/||zn]lc}52, is a p-Besselian basis in C' which
is impossible. 0O

From 2.3.3 we obtain the result, due to Olevskii [113], that a uniformly
bounded sequence of continuous functions f, on [0, 1] which is orthonormal
in Ly cannot be a basis in C[0, 1]. This applies in particular to the trigono-
metric system (see 2.2). As a corollary we obtain the classical result that
there are continuous functions on [0, 1] whose Fourier series does not converge
uniformly.

Definition 2.5.5 A basis € = {ex}72, in a Banach space E is called un-
conditional if, for any permutation 7 of the indices, the series ), 0ur(k)€x(k)
converges whenever Y, apej converges.

Theorem 2.5.6 [66] Let {ex};>, be a normalized unconditional basis in
a uniformly convex space E. Then, for each x = ), arer, € E, the series

> w 0e(Jak|) converges.

Proof. [83] Assume that for some z=3 ", ayer € E wehave >~ 0p(|ay|)=
o0. Choose signs ¢, € {1, —1} and put S, = Y, _; exaiey such that

[|Sn—1 + €nanen|| > ||Sn—1 — €nanen|| for all n.

By assumption, S := lim, S, exists in E. We may assume without loss of
generality ||S|| = 3/2 such that 1 <|]S,]|| < 2 for large enough n. Put

Sn—l — EpQip€n

1]l

and z, =

n
y =
T ISkl



40 2 Sequences in Normed Spaces

Hence ||yn|| = 1, ||zn|| < 1 and ||yn — zn|| = 2|an|/||Sk||- This implies, since
dp is increasing,

5p(lan]) < 35 (

2|an|> <1— ||yn+zn|| -1 ||S7l—1|| < ||S || _ HS 1||
— - — n n—

1] 2 |15l

for large enough n. We obtain

> du(laxl) < [1Sall = 115k,

k:’rLo

if ng is large enough. Now }7°  dg(|ag|) = oo contradicts the fact that
lim,, ||Sy,|| exists. Hence the theorem follows. O

In [16] the result of 2.5.6 was extended to normalized monotone bases. In [23]
and, independently, in [119] it was shown that, in case of E = L, or E =,
for 1 < p < oo, monotone bases are always unconditional. We have

Theorem 2.5.7 FEach monotone basis in L, orl, for 1 < p < oo is uncon-
ditional.

2.6 Bases of Subspaces

Let {Ex}72, be a sequence of closed subspaces of a Banach space E. {Ep}72
will be called basis of subspaces for E if each € F has a unique representation
as
T = Zek, where e, € Fy, k=1,2,... .
k
Then we sometimes write £ = Zk @ FE,. If all E), are finite dimensional we
also call {Ey}32, a finite dimensional Schauder decomposition (FDD), see
Definition 5.1.1.
Repeating the argument of the proof of 1.2.3 we obtain

Proposition 2.6.1 Let {E}}7°, be a sequence of closed subspaces of E. Then
the following are equivalent

(i) {Ek}i2, is a basis of subspaces of E

(1) There is some 6 > 0 such that

(B1+Es+ ...+ E,Eyi1+Epyo+ ...+ Epym) >0

whenever m and n are positive integers.
(i1i) There is a constant 6 > 0 such that, for all choices of ey, € Ey and
all indices m and n,
m-+4n

>
k=1

0 <

n
D
k=1

Combining 1.2.3 with 2.6.1 we obtain
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Theorem 2.6.2 Let {E}52, be a basis of subspaces of E such that all Ej,
are finite dimensional. Moreover, let ey = {ey ;};2 be bases of Ey with
infy, v(éx) > 0. Then

€1,15-+,€1,m1,€2,15---3,62my, €315

s a basis of E.

Let E, k=1,2,..., be a sequence of Banach spaces. For 1 < p < oo put

<Z @Ek> = {{ek}io_l e, € Ey, for all k,z llex||P < oo}
(1)

k=1 k=1

and consider the norm

o] 1/p
I{er}3ll = (Zmnp) .

k=1

Moreover we define

( E @Ek> = {{ex}72, : exr € E for all k,sup ||eg|| < oo}
k
k=1 (lso)

endowed with the norm ||{e;}?° || = supy, ||ex|| and

<Z @Ek> = {ewtizi € (Z @Ek> : lim fleg || =0
k=1 (co) (loo)

k=1

Clearly, if sup, dim Ey < oo then (), ®FEy)q,) is isomorphic to [, and
(>"k ®Ek) (co) is isomorphic to ¢o. Similarly we define (3, _; ©Fk) ) for any

P
positive integer n.

2.7 Stability of Sequences

We conclude Chap. 2 with some stability results. At first we introduce

Definition 2.7.1 Let ¢ = {ex}32, and g = {gr}i>, be sequences in the
Banach spaces E and F', resp. Then, for some a > 1, € and g are called
a-equivalent if there is an isomorphism T from closed span(€) onto closed
span(g) such that Tey = gy for k =1,2,... with ||T|| - ||T~| < a.

If a =1 then e and g are called isometrically equivalent.

Then we prove a stability result for basic and minimal sequences.
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Theorem 2.7.2 [75] Let € = {ex}72, be a d-minimal sequence in E where
0 = {0k}, has positive .
(a) For some a > 1 let € = {e,}72 | satisfy

= -1
I
1 Ok a+

Then § is a minimal sequence which is a-equivalent to € whenever g = {gi}7 4
is a sequence of elements in E with ||gr — er|| < e for all k. If € is a basic
sequence in E then g is a basic sequence, too.

(b) For any o > 0 there is € = {e }72, such that for any sequence § = {gi}7>,
in E with |ler, — gil| < er, k=1,2,..., we have O( span(€),span(g) ) < a.

Proof. We prove (a). (b) can be shown with similar arguments.

Let 0 < e < 1 be such that (1 +¢)(1 — €)™ < a. Assume that € is J-
minimal with § = {0;}3%,. Fix €4 > 0 such that Y ;= ||ex||ex/dr < € and
take a sequence g with ||e — g || < € for all k. Consider z = >"}'_, axe), and
define Tz = ZZ:l agr. Then we obtain, using 2.2.2,

n n
[lex|l
|l — Tz|| < Z|ak|6k < (Z Wék ||| < ellx]] -
k=1 k=1

Hence (1 — o)|jz|| < ||Tz|| < (1 + ¢)||z||- This implies that T can be
extended to an isomorphism 7' : closed span(e) — closed span(g) with
[|T||-[|T7| < (1+€)/(1—¢€) < a. As a consequence of 2.2.2 the sequence g is
minimal, too. If € is a basic sequence then g is a basic sequence which follows,
for example, from 2.3.1. 0

Sequences € and g with ||eg — gi|| < € for all k will be called é-close.
There is a similar result for the stability of complete sequences. We have

Theorem 2.7.3 [55, 56] Let € = {er}7>, be a normalized c-complete se-
quence for some sequence ¢ = {c,}3>, of positive numbers. If for some se-
quence € = {e, }72, of positive numbers the condition ), cyer, < 1 holds then
each sequence g which is €-close to € is complete in E, too.

Proof. Let g be é-close to é. Fix € > 0 such that € < 1 — )", crex. Assume
that X := closed span(g) # E. Then E/X # {0}. Hence we find y € E with

1=lly+X||= inf [ly—zf and |lyll<1+e.

Since € is é-complete there are oy, k= 1,2,...,n for suitable n, such that
y_kz_:lo‘kek 35 and |ag| < exlly|| for all & .

We obtain, with zg = Y ,_; @k gk,
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2 n
;+Z}mw%—%|

2 n
<;+;%mw

€2

< —+1-€<1
_2+ €

[y — o <

contradicting inf,ecx ||y — x|| = 1. So X must be equal to E. O

We conclude this section with the following theorem due to Paley and Wiener,
[115].

Theorem 2.7.4 Let e = {e}}2, be an orthonormal basis in a Hilbert space
H and assume that 0 < 0 < 1. If the sequence § = {gi}3>, C H satisfies the

condition )
> aklgr —er)|| <0 Jaxl
k k

for all scalars oy, then g is a Riesz basis of H, i.e. a basis of H which is
equivalent to an orthonormal basis.

Proof. Put T(Y po aker) = > pey akgk. From our assumption we obtain that
T is well-defined and that

||z —Tx|| <0||z|| forall z € H.

Hence S :=id + Y .-, (id — T)* converges in the operator norm and S sat-
isfies T'S = ST = id. This means that T': H — H is an onto-isomorphism.
Thus g is a basis of H which is ||T|| - ||T~!||-equivalent to the orthonormal
basis e. O






3

Isomorphisms, Isometries and Embeddings

Problems of isomorphisms and isometries play a central role in the theory of
normed spaces. While two isomorphic normed spaces are identical from the
linear point of view two isometric normed spaces are identical from a geometric
point if view.

In this chapter we discuss basic notions such as almost isometries and
Banach-Mazur distance. We also mention the largely unresolved connection
between Banach-Mazur distance and projection constant. Finally we deal with
polyhedral spaces and limiting spaces.

3.1 Classical Isomorphisms

We start with basic definitions.

Definition 3.1.1 Two normed spaces E1 and Ey are called a-isomorphic for
some a > 1 if there is an onto-isomorphism T : E1 — Es with

171 T < a

Then T is called an a-isomorphism. (1 + €)-isomorphic for all € > 0.

There are well-known examples of almost isometric Banach spaces which are
not isometric. The following example was communicated to us by P. Enflo.

Example. Let p; be positive numbers with p; T co. Put

E=|Y ol and F = (%@ E)q, .
= (12)
Then E satisfies ||z + y|| < ||z|| + ||y|| whenever z,y € E are linearly inde-

pendent. This is not true for F' in view of the first component of F. Hence FE
and F' are not isometric. On the other hand, fix € > 0. Then there is jy such

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 45-51 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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that there exist isomorphisms 77 : lg#l — lf,j, 7 >joand Tj : lgj — 12, with

T3 - [|IT; ] <14€ j =0and j > jo. Define T': E — F by
T{x]’};’il = (Toxjoa Ljyyeeey Ljo—1, Tjoxjo+1a Tjo+1$j0+2v . ) :

Then we obtain ||T|| - ||T~}|| < 1 + €. This proves, since € > 0 was arbitrary,
that E and F' are almost isometric.

There are even examples, due to Benyamini, of Banach spaces X and Y
such that X* and Y* are isometrically isomorphic to /; and X and Y are
almost isometric but not isometric.

However for Hilbert spaces we have

Proposition 3.1.2 Let E and F be almost isometric Banach spaces. If F is
a Hilbert space then E is a Hilbert space.

Proof. Let Bg be the closed unit ball of E. Fix a sequence of (1 + 1/n)-
isomorphisms T,, : ¥ — F' and consider the elements

Yo = {{Tnw, Tpy) }x,yeBE

in K = [-2,2]B2XBe_ Since K is compact we find an accumulation point

v € K of {v,}0%,, say v = {v(2,y)}s,yeBy. For arbitrary z,y € E put
({z,y)) =0if z =0o0r y =0 and

(o) = Nl - (7 7

if x #£ 0 and y # 0. It is easily checked that ((-,-)) is a scalar product in E

with ||z|] = /{{z,z)) for all z € E. O

There are other Banach spaces different from Hilbert spaces which have a
corresponding property. For example, let G be the space of almost universal
disposition which we shall discuss in the next chapter. Then any Banach
space E which is almost isometric to G is already isometric to G. (This is a
consequence of 4.3.3.)

It is a well-known fact that all separable infinite dimensional Hilbert spaces
are isometric.

If T is an isomorphism (isometry) from E; onto a subspace X of Es we
call T an isomorphic (isometric) embedding of E; into Es. X is then called
isomorphic (isometric) copy of Fj.

The following amazing fact is due to Milutin which we mention without
proof.

Theorem 3.1.3 [108] For any metric compact space K whose cardinality is
that of the continuum the space C(K) is isomorphic to C10,1].

Here we prove a classical fact concerning C'(K)-spaces.
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Proposition 3.1.4 Let K be a metric compact space, fiz k € K and put
Cr(K)={f : feC(K), f(k)=0}.

Then Cy(K) is always isomorphic to C(K) provided that C(K) is infinite
dimensional. In particular, Cy[0,1] is isomorphic to C[0,1].

Proof. If dim C(K) = oo then K has infinitely many points. Let d be the
metric on K. If k is the only non-isolated point in K then C'(K) is isomorphic
to ¢ and Cy(K) is isomorphic to ¢y and hence both spaces are isomorphic. So
assume that there is a non-isolated point h € K \ {k}. Using induction we
define a sequence {f;}32; of elements in Cy(K) vanishing at h.

Consider a closed infinite subset H; of K with diameter less than one
containing h and fix an element ky ¢ Hy U {k}. Find a norm one element
f1 € Cy(K) with fi|m, =0 and fi(k1) = 1.

Assume next that we have already ky,...,k,_1 € K, a closed infinite
subset H,,_1 C K with diameter less than (n — 1)~! containing h and norm
one elements f; € Cyx(K), j=1,...,n—1, with

1j=1 ‘
f](kl)_{()’?#la fj|Hn_1:03 l,j:]-a"'vnflv

H,,_; with diameter less than 1/n containing h and fix an element k,, € H,,_1\
(Hno U{k}). Put A={s: s €K, Y 7}|f;(s)] > 27"}. In particular we
have k1, ..., k,_1 € A. Find, using the Tietze extension theorem, f, € Cj(K)
with f,, (k) =1= || fall and fylaum, = 0. Then we obtain > 7, |f;| <
1+37% 277 on K and

and E;:ll Ifil <1+ Z?_ll 277, Then consider a closed infinite subset H,, C

_JLi=y .
f](kl)_{o’l#]’ l,j—l,...,n.

Hence

n
sup o | < || a;fy]| < 2sup oy
J

j=1 J

for all n and all choices of a;;. Moreover, since lim,, .o, diam H,, = 0 we have
lim,, o0 kp = h.

Put X = closed span {f;}32;. Then X is isomorphic to cg. Moreover, we
have X C Cy(K) and X is complemented in C(K). In fact, for f € C(K)
define

o0
Pf=2 (k)= [()f; -
j=1
Since lim; k; = h, P is a well-defined projection onto X with ||P|| < 2. Let

Y = (id — P)Cy(K). Since Cy(K) is complemented in C(K) and R @ ¢ is
isomorphic to ¢y we obtain
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CK)=R&CH(K)=ROXBY ~RBcg®Y ~cg®Y ~ C(K) .

“

Here “ ~” means “is isomorphic to.” O

3.2 The Banach-Mazur Distance

For any two isomorphic Banach spaces F; and E5 put

d(Ey, Ey) = inf{||T|| - ||T7"|| : T:E, — E> an onto-isomorphism} .

Definition 3.2.1 d(E, E») is called the Banach-Mazur distance of Ey and
E,.

Originally Banach and Mazur studied log d(E1, E2), [3], which has the prop-
erties of a pseudometric but it is more convenient to deal with d(Ey, Es)
instead, [53]. (We have logd(E;, F2) = 0 whenever E; and F, are almost
isometric.)

Let us give (without proof) several exact or approximate values of Banach-
Mazur distances for finite dimensional spaces.

Theorem 3.2.2 [69] Let E be an n-dimensional Banach space. Then we
have
d(ly, E) <v/n,  d(l%,E) <n,

d(l;;llal;lz) = n\l/pl—l/p2| Zf 1 S P1, P2 S 2 or2 S P1, P2 <00,

d(n 1) ~ max{pl V271 plU2=1ely i (py — 2)(py — 2) < 0.

With Proposition 1.5.6 we obtain

Proposition 3.2.3 The Banach-Mazur distance satisfies the multiplicative
triangle inequality

d(Ey, E3) < d(Ey, Es) - d(Es, E3)

for any isomorphic Banach spaces F1, Ey and Fs. Furthermore we have the
following relation between the Banach-Mazur distance and the projection con-
stant

AMEL) £ A(E2) - d(Ey, Es)

We finish this section with a fundamental conjecture concerning the relation-
ship between the projection constant of a finite dimensional Banach space
and its Banach-Mzur distance to an [7 -space. Conjecture. There exists a

real-valued continuous function f(t) on [1,00[ with f(1) = 1 such that, for
any n-dimensional Banach space X, we have

d(X,15) < FOAX))

Only a few partial results related to this question are known. In 1.5.3 we
showed that the conjecture is true in ¢ = 1. This can be extended to values of
t close to 1 which we mention without proof:
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Theorem 3.2.4 (See [1/5]) For some constant Ao > 1 there exists a function
on [1, \o] satisfying the preceding conjecture on this interval.

Some more results suggesting a positive answer to the preceding conjecture
were obtained by Bourgain, [7].

3.3 Minkowski Representation
of n-Dimensional Banach Spaces and Limiting Spaces

Let {ux}}_, be the unit vector basis of R", i.e. uy = (0,...,0,1,0,...,0).
——

k—1
Furthermore let E be any n-dimensional Banach space with normalized basis
e = {er}r—;- We introduce a new norm || - [|(g ¢ in R" as follows. For each

vector x = Y.}, apuy we put

llz|l(E,e) =

n
E A€l
k=1

Rig o) = (R™,[|-|[(,e)) is called the Minkowski representation of (E,&). This
way we have defined a canonical isometry T : E — R?E’é) with T'(ex) = uy
for all k. The unit sphere in Ry, . is called the Minkowski surface of (E,e)
(and Minkowski curve if n = 2).

In the following we always identify F with a Minkowski representation.
Then the norm of each n-dimensional Banach space corresponds to a norm
on R™.

Proposition 3.3.1 The set M"™ of all n-dimensional Banach spaces is a
compact space with respect to the pseudometric logd(-,-) where d(-,-) is the
Banach-Mazur distance.

Proof. Take E,, € M"™, m = 1,2,.... According to our remarks preceding
3.3.1 we can E,, identify with (R™,|| - ||n) where || - ||, is a certain norm on
R"™. We can even choose an Auerbach system € = {ex}}_, in E,, (see 2.2.9)
and arrange || - ||,, such that

H(a17"~7an>”m: for all Q.

n
E QkCk
k=1

(Recall that log d(E,,, E,,) = 0 if E,, is isometric to E,,). Let

B:{(ala"'aan)eRn : mgx|ak|§1}

Then B is compact and
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B, :={zeR" : ||z|l, <1} CB.
Consider the element 7,,, = {||2||;m }zep in [0,1]5. Since [0, 1]7 is compact we

find an accumulation point v = {v(z)}zep of {vm}5_,. We easily check that

lz]]| = M (%) ifz e ABand z #0
- 0 ifzx=0

defines a seminorm on R"™ with

mgx|ak| <|l[(a1,...,an)l[| forall ay .
Hence ||| - ||| is a norm on R™. Put E = (R™, ||| |||). We obtain that, for each
€ > 0 and mg > 0, there is m > mg such that supy| <1 | [[|2[[|=[z]|m | <e
Hence log d(E, E,,) < ¢ which implies that M™ is compact. O

We call M™ the Minkowski compact. Since compact metric spaces are separa-
ble we obtain from 3.3.1 a sequence of n-dimensional Banach spaces E,,, such
that, for any n-dimensional Banach space E and any € > 0, there is a suitable
index mo with

d(E,Epn,) <1+e€

Definition 3.3.2 A (not necessarily finite dimensional) Banach space X is
called polyhedral if the Minkowski curves of any two-dimensional subspace are
polygons.

Clearly, if Y is a two-dimensional Banach space and a Minkowski curve of
Y (with respect to a given normalized basis in Y) is a polygon then the
Minkowski curve of Y with respect to any other normalized basis of Y is a

polygon.

Proposition 3.3.3 A Banach space X 1is polyhedral if and only if, for each
linearly independent x and y in X, there exist ap > 0 and B, > 0 such
that ||ax + By|| is additive in o and 8 on each of the four domains («,3) €
10, oz [x]0, By [, (e, B) € | =, 0[x]0, By, (o, B) € ]0, az[x] =Py, 0 and (o, B) €
| — s, 0[x] — G,,0][.

Proof. The condition indicated is certainly equivalent to the additivity of

[lax + By|| on the domains of the form Jag, ag + G1a1[Xx]B0, Bo + 02051], for

any 61,05 € {1,—1} and any «ag, 8y € R with respect to suitable o; and

(in view of the homogeneity of the norm, consider apz and [yy instead of x

and y). Hence the condition in Proposition 3.3.3 is equivalent to the situation
Y

where
B ER? ¢ ot 45 L :1}
{(“ p)e H“Hxﬁ%n

is a polygon. Then the proposition is a direct consequence of the preceding
definition. 0
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Let 2 be a metric space. We consider a family F, = {(E.,,€.,)}wecn where
E,, are n-dimensional Banach spaces and €, are normalized bases of E,. Fp
is called totally minimal with respect to p, for some p > 0, if each e, is p-
minimal (see 1.2.8). We denote the norm of the Minkowski representation of
(Bw,ew) in R™ by [| - |-

Fq is called converging in w € (2 if, for each sequence w = {wi}32, C 2
with limy oo wr, = w and for each x € R™, limy_, ||7||., exists and does
not depend on w. We denote this limit by |[z[|..). Then, obviously, || - [ is
a seminorm on R". Let us point out that || - ||« is not necessarily equal to
| llw- |- [l@w) will be called limiting (semi-)norm.

Example. Let 2 =[0,1], &g = {1,t} € C[0,1] and &, = {cos(wt), sin(wt)} C
C[0,1] if 0 < w < 1. Here we have

[|(ar, B)||lw = sup |acos(wt) + Bsin(wt)] f0<w <1

te[0,1]
and |[(a, B)||o = sup,¢jo 1) [ + Bt[. Hence || -[|(o) exists but it is different from
[ 1lo- [| - [0y is not a norm since we obtain lim,, ¢ [|(0,1)|[., = 0.

Theorem 3.3.4 Let the family Fq, be converging at w € (2. Then the limiting
seminorm || - ||y is a norm provided that Fgq is totally minimal.

Proof. Let Fp be totally minimal with respect to some p > 0. For each
x = (o1,...,0p) # 0 there is at least one ko with ay, # 0. If w, € 2 and
limg_, 0o wr = w then we have, by 2.2.2,

zllw, = ll(ea, .. s am)llw; = plak,| >0, j=1,2,....
We obtain for the limiting seminorm
zll(w) = plok,| > 0.
Therefore || - || (. is a norm. a

The converse of 3.3.4 is also true in the following sense:

If || - ||(w) exists and is a norm then there is a neighbourhood U of w in {2
such that {(E+,&;)}rev is totally minimal.

This is again an easy consequence of the definitions.

R" endowed with a limiting norm || - [|(,,) will be called limiting space of
the family Fj,.
If || - ||(w) exists and is a norm then we obtain for the Banach-Mazur

distances, if limyg_. o wg = w,
Jim log d((R™, |- [lwy ), (R™ [ []())) = 0 -

The notion of limiting spaces will be used in Chap. 12, for studying limiting
Miintz spaces.
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Spaces of Universal Disposition

A Banach space U is called universal (for all separable Banach spaces) if for
each separable Banach space X there is a subspace Y in U such that X is
isometric to Y. Banach and Mazur showed [3] that C' = C[0, 1] is a universal
space. Pelczynski proved the same result for the disk algebra A = closed span
{z¥:k=0,1,...} C Cc(T) where T = {2z € C: |z| = 1} and Cc(T) is the
space of all complexvalued continuous functions on T.

Here we want to study spaces U which are universal with respect to em-
beddings of Banach spaces X C Y where X and Y belong to special classes.

4.1 Coincidence of Embeddings

Let U be a Banach space and F a subspace of U. Furthermore let X be a
given class of Banach spaces, F the class of all finite dimensional spaces and
S the class of all separable Banach spaces.

Definition 4.1.1 We shall call U a-universal relative to X if for any X € X
we can find a subspace F in U and an isomorphism T from X onto F with
max{||T||, |T7|} < a. If U is a-universal relative to X for all a > 1 (resp.,
for a=1) we call U almost universal (resp., universal) relative to X.

For example, C' = C[0, 1] is universal relative to S and A is universal for the
class of all separable Banach spaces over C. However, here we only deal with
the real case.

Proposition 4.1.2 ¢y is almost universal relative to F.

Proof. Fix € > 0. Let X € F. Since dim X < oo the closed unit ball of X is
compact and we find finitely many «7,...,z}, € X* with ||z}|| < 1 for all k
such that
(1 —e)||z|| < sup |z(x)] < ||z||] forall z € X
k<m

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 53-60 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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Define T': X — ¢o by Tz = (25 (x),..., 2% (x),0...). Then we have ||T]| <1

m

and ||[T71| < (1—¢)~L. O
Now we want to introduce a much stronger property.

Definition 4.1.3 We shall call E a subspace of a-universal disposition in U
relative to X if for any pair of Banach spaces X € X and Y € X, where
X CY and X is isomorphic to E, and for any isomorphism T : X — E there
are a subspace ' O FE of U and an onto-isomorphism T:Y — F such that

TIX=T and |T||<a||T|l, [T7<allT"".

If E is a subspace of a-universal disposition in U relative to X for all a > 1
(resp., for a = 1) we shall call E a subspace of almost universal disposition
(resp., universal disposition) relative to X .

So we have the following diagram

x>x T EcU
N N

x>y T FcU

In other words: F in U mimics almost exactly all possible embeddings
defined by X.

Definition 4.1.4 We shall call U a space of a-universal (resp., of almost
universal, universal) disposition relative to X if any subspace E in U is a
subspace of a-universal (resp., almost universal, universal) disposition in U
relative to X .

For example a Hilbert space is a space of universal disposition relative to the
class of all Euclidean spaces. In the next sections we discuss spaces of almost
universal disposition relative to F.

4.2 Existence of Spaces of Almost Universal Disposition

The main theorems about existence and non-existence of universal spaces
relative to F are the following.

Theorem 4.2.1 [/5] There exists a separable Banach space of almost uni-
versal disposition relative to F.

A proof for 4.2.1 will be given in the more general context of 4.3.2.

Recall that z is a smooth point of the Banach space X if there is exactly
one element z* € X* with ||z*|| = 1 and z*(z) = ||z||. It is well known that
the set of all smooth points in a separable Banach space is a dense subset [103].
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Theorem 4.2.2 [45] There does not exist a separable Banach space of uni-
versal disposition relative to F.

Proof. Assume that U is a separable Banach space of universal disposition for
F. Then let 2 = {,}22, be dense in U. Assume that Ey, F; C U are finite
dimensional subspaces of U such that there is an isometry T3 : E; — F;. Fixn
and put Fy = span{z1,..., 2, }+F;. Find an isometric extension Ty : Fy — U
of Ty. Then put Fy = TFE5 and F3 = span{xy, ..., 2, } + F>. Find an isometric
extension T:’,_l : Fy — U of TQ_I. Continuing in this fashion (letting n — o0),
by induction starting from E; = F; = {0}, we find a surjective isometric
extension Tw, : U — U of Ty. This implies that every z € U with |[z|| = 1
is a smooth point of U. Indeed, let zy be a smooth point with ||zo|] = 1
and put E; = span{xo}. Take any other point x € U with ||z|| = 1 and
put F; = span{z}. According to the preceding argument we find an onto-
isometry T : U — U with Txy = x. Hence z is a smooth point, too. On the
other hand, let B = R? be endowed with the norm ||(s,t)|| = max(]s], |[t|). Put
A ={(s,0) : s € R}. Fix € U with ||z|| = 1 and define T'(s,0) = sx. Then
T : A — U is an isometry which can be extended to an isometry T:B—U
by assumption. Since (1,1) is non-smooth in B, T'(1,1) must be non-smooth
in U, a contradiction. 0O

4.3 Uniqueness and Universality of Spaces
of Almost Universal Disposition

We start with a technical

Lemma 4.3.1 Let G be a Banach space such that, for any E,F € F with
E C F and dim F/E =1, any isometry T : E — G and any € > 0 there is
a linear extension T : F — G of T with ||T|| - ||T~Y|| < 1+e. Then G is of
almost universal disposition relative to F.

Proof. Let X,Y € F such that X C Y and assume that there is an isomor-
phism S : X — G. We claim that, for any € > 0, we can extend S to an
isomorphism S : Y — G with ||S|| < (1 +¢)||S]| and [|S~Y| < (14 €)[|S7Y].
Without loss of generality we can assume that dim Y/X = 1.

Endow Y @ G with the norm ||(y,9)|| = ||yl| + ||g|| for y € Y and g € G
and put V = {(z, —||S||7'S2) e Y &G : € X}. Definei: G — (Y &G)/V
by i(9) = (0,9) +V and j: Y — (Y & G)/V by j(y) = (y,0) + V. We obtain

ol > (o)1 = int, (Jell + la = 5
§ 2 [l

)2|g||forallg€G.

Hence i is an isometry. Moreover, since ||S|| - [|S~Y| > 1,

|Sx||> oIl

> forally e Y .
151l S]] 1]

> |7 = inf —
ol = 1)1 = i, (I = ol +
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Finally, we have j(z) = (z,0) +V = (0,]|S]|7'Sz) + V for all z € X. Put
E = jX and F = jY. Then dim F/E = 1. Let T : E — G be defined by
Tjx =i tjx =||S||71Sz. Then T is an isometry and we find, for any € > 0,
an isomorphic extension 7' : F — G with max(||T||,[|T~"|]) < 1 + e. Define
Sy = ||S||Tjy, for y € Y. Then S extends S and we obtain ||S|| < (1+€)]|9]|.
Finally we have

Is)
7]

- . |lyl|
ISyl > i)l =
1S~

R |vasil]
which implies [|S=1|| < |IS~Y| - [|T-Y] < (1 + €)[[S1]]. O

In the following theorem we consider a general Lq-space, i.e. the Banach space
of (classes of) absolutely integrable functions f : 2 — R, where (£2, X, i) is
a given measure space, endowed with the norm ||f]| = [, |f|dp.

Theorem 4.3.2 [141] Let X be a separable Banach space whose dual X* is
isometric to an Li-space. Then there is a space G D X of almost universal
disposition relative to F and a contractive projection P : G — X.

Proof. [92] a) Let X be a separable Li-predual space. It was shown in [80]
that it satisfies the following intersection properties of balls:

Whenever z1,...,2, € X and r1,...,7, > 0 such that ||z; — ;|| < r;+7;
for i # j then there is an element v € X with ||u + ;|| < r; for all i. (Here
—u lies in the intersection of all closed balls with center x; and radius r;.)

For a general Banach space Y let B(Y) be its closed unit ball. For A C Y
let absconv(A) be the absolutely convex hull of A.

b) Now fix an arbitrary separable Banach space Y and a countable dense
subset A of Y. Let {2 be the collection of all finite sets {(yx, \i)}7_, where

Yis--5Yn € A,m=1,2 ... and the \; are rational numbers such that
eyl oL 1y oy
‘ Vb b + y whenever k # j .

Then (2 is countable, say 2 = {w, }oo_; with wy = {(Ym,k, Am,k) - Let
U be the space of all finite sequences (i, ..., ay,0,...) with a € R, n =
1,2,..., and put ug = (0,...,0,1,0,...). Let
——
k-1
Bi={(y,0)eYaU : [jyl[ <1}

and define I'(Y") to be the space Y & U endowed with the gauge functional of

By := absconv <31 U U {Ym s Amktm) + E=1,... ,nm}>
m=1

as norm. Identify y € Y with (y,0) € I'(Y) and v € U with (0,u) € I'(Y).
Hence Y becomes a subspace of I'(Y). We claim that (after the identification)
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B> N'Y = By which shows that the identification of Y with a subspace in
I'(Y) is an isometric embedding. To prove the claim it suffices to show that
IS mr akYmokl] < 1 whenever Y, o] < 1 and Y07 kA, = 0. To this
end embed Y in a suitable C(K)-space (for example with K = B(Y™*)) which
is an Ly-predual and find f € C(K) with || f+ X"yl < )\;n%k for all k& (which

is possible since ||)\;ﬁkyk - )‘;ijyjH < )\;ﬁik + )\;}j if k # j). Hence

N Nm MNm

&
E ARYm,k E QR Am k (im + f) < E lag] < 1.
k=1 =1 m.k =1

Clearly, for every m,

By N (Y + span{u,,}) = absconv(B1 U {(Ym. ks Amklim) = k=1,...,nm}).

From now on, for y € Y and u € U we write y + v € I'(Y) instead of
(y,u) e I'(Y).

If P:Y — X is a contractive linear map then we find z,, € X with
||P()\;:kym,k) + x| < )\;nlk for all k and m since X is an L;-predual. Extend
Pto P: I'(Y) — X by putting P(u,,) = @, for all m. Then P becomes a
contractive extension of P.

¢) Now start with Yy = X and put Y7 = I'(Yy). Repeat the procedure, put
Yo = I'(Y1), Y3 = I'(Y2) etc. and obtain, by induction, a sequence of spaces
Yo C Y1 C.... Take G to be the completion of U32,Y;. Clearly, by b), Py = id
on Yy can be extended to a contractive projection P: G — X.

Finally we show that G is of almost universal disposition relative to F. To
this end let F, F' be finite dimensional Banach spaces with £ C F and dim
F/E =1and let T : E — G be an isometry. Fix € > 0 such that ¢ < 1/4.
Let fo € F \ E be such that there is a projection @ : F' — span{fy} with
QF = {0} and ||Q|| = 1. (Find f* € F* with ||f*|| =1 and f*|g = 0. Then
take fo € F with f*(fo) =1.) Let eq,...,e, € E and \q,..., A\, € Q be such
that Bg := absconv(B(E)U{A\rfo+er : k=1,...,n}) satisfies

1
1+e€

B(F) C By C B(F) .

Let Ty : E — G be such that TYE C Y; for some j and ||T1]| < 1 + ¢,
T —Th|| <€ ||| €1+ e Hence

%HB(TlE) C T\B(E) C (1 + ©B(T\E) .

In view of the construction in b) we can arrange the Tjey such that, in addi-
tion, for some u € Y11,

B(Yj41 N (ThE + span{u}))
= absconv(B(T1 E) U{ \yu+ Tie, : k=1,...,n}).
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Extend T} to Ty : F — G by putting Ty fo = u. This yields

1
1+e

and we have ||Ty]] < (1+ €)% and ||T || < (1 + €)2. Finally, let
T="T(d-Q)+ThQ.

Then T is an extension of T with ||T' — T1|| < 2e. Hence ||T|| < (1 + €)% + 2e.
Moreover, we obtain, for f € F,

A Al
T+9” = i

17 < ((Hl)z> .

IF) - 1] < (1 + )2 + 20) ((Hl)—z) |

T\B(F) C TyBo C (14 €)B(ThF) C (1 + €)*Ty B(F)

< TAI+ T =T fI < T FI - 2¢] £

which implies

Thus we have

Since € > 0 can be chosen arbitrarily small Lemma 4.3.1 completes the proof.
0

Let G1 and G4 be two separable spaces of almost universal disposition relative
to F. Using this property and induction we find, for every € > 0, a surjective
(1 4 €)-isomorphism 7' : G; — Gs. (This is the (1 + €)-analogue of the proof
of 4.2.2.) By refining this argument one can indeed show

Theorem 4.3.3 [86] Two separable spaces of almost universal disposition
relative to F are isometric.

So we have essentially one separable Banach space of almost universal dispo-
sition relative to F. This space will be denoted by G. It can be shown that
G* is isometric to an Lj-space, i.e. G is an Lji-predual space. Moreover GG
satisfies 4.3.2 and hence contains all separable L;-predual spaces as comple-
mented subspaces. In particular, G contains an isometric copy of C' and is
thus universal relative to S.

Mazur formulated the following transitivity problem:

Does there exist a separable infinite dimensional non-Hilbert space X such
that, for any x and y in X with ||z|| = ||y||, there is an onto-isometry T :
X — X withTx =y?

The space G comes close to this property, it is “almost transitive ”in the
following sense.

Theorem 4.3.4 [86, 90] For each x and y in G with ||z|| = ||y|| and each
€ > 0 there is a (1 4 €)-isomorphism T from G onto G with Tx = y. If x and
y both are smooth points of G then T can be chosen to be an isometry.
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Using the fact that G has almost universal disposition relative to F we find
as before, for every € > 0 and all z,y € G with ||z|| = |[y|| = 1 an (1 + €)-
isomorphism 7' from G onto G with Tz = y. Again a (highly non-trivial)
refinement of this argument proves the second part of 4.3.4.

Problems 4.3.5 Does there exist a subspace X in co of a-universal disposi-
tion for some a?

4.4 Synthesis of Sequences

What we did with Banach spaces and dispositions of their subspaces in the
preceding sections can also be done with sequences. There are notions of
universality for bases. For example the follwing theorem is due to Pelczynski.

Theorem 4.4.1 [117] (a) There is a Banach space Uy with a universal basis
@ in the sense that, for each Banach space X with basis €, there is a subse-
quence of U which is equivalent to €.

(b) There is a Banach space Uy with a universal unconditional basis ¥ in the
sense that, for any Banach space X with unconditional basis f, there is a
subsequence of © which is equivalent to f.

Proof. We use that every separable Banach space X can be isometrically
embedded into C0, 1]. Let {f,}52; be dense in C[0, 1]. For a sequence of real

numbers «j put
n
a2l = sup | S awfi
" lk=1

and

[{ar}7Z [l = sup{] Z};;l aw(k)f‘fr(k)5
7 a permutation of the indices ,n =1,2,...}.

Define Uy = {{ax}32, ¢ [[{ow}32, |l < oo} and

Uy = {{aw}iZa o [Hewtpdallz < oo}

Let up = v = (0,...,0,1,0,...). Then @ = {uy}°, is a monotone basis for
——

k—1
Uy (see 2.3.1) and v = {vy }72, is an unconditional basis for Us. If z = {x } 72,
is any basis in any Banach space X we may regard Z as sequence in C|0, 1].
Fix € > 0 and €, > 0. Find f,, such that ||f,, — zk|| < € for all k. If the e
are small enough, according to 2.7.2, Z and { f,, }72, are (1+ ¢)-equivalent in
(0, 1]. Since we have

n o0 n
E apTk|| < E QpTk|| < sup E QT
k=1 k=1 " k=1

1
—— Su
v(@) "W
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for all o, where v(Z) is the basis constant of Z, we see that Z and {u,, }32,

are v(Z)(1 + €)-equivalent with respect to the norm || - ||;. Similarly, if Z
is unconditional we see that & and {v,, }}>, are equivalent with respect
to ||+ ]2 O

The construction in the proof even includes that, for every ¢ > 0 and every
monotone basis, there is a suitable subsequence of @ which is (1+¢)-equivalent
to @. The preceding proof can be extended to show that for every basis Z in
X there is a subsequence {u,, }7°; of @ which is equivalent to & such that the
natural projection P : U — span{un, };2, with P(3_; aju;) = 325 an,ty,
for all a; is bounded.

On the other hand there is a number of negative results about the existence
of universal sequences. We conclude this section by giving one of them.

Theorem 4.4.2 [38] An infinite dimensional separable Hilbert space does not
have a basis u which is universal for all normalized bases in Hilbert spaces,
i.e. such that all normalized bases in Hilbert spaces are equivalent to suitable
subsequences of u.



5

Bounded Approximation Properties

Throughout this section let X be a separable Banach space. We investigate
certain approximation properties for X and deal with the question under
which additional condition then X has a basis. In this context we also give a
sufficient criterion for X to be a dual Banach space.

5.1 Basic Definitions

We want to study some bounded approximation properties of X which might
be regarded as generalizations of the notion of basis.

Definition 5.1.1 (i) X is said to have the bounded approximation property
(BAP) if there exists a sequence of linear bounded operators R, : X — X of
finite rank such that lim,, . R,x = x for all x € X. If in addition ||R,|| =1
for all n then X has the metric approximation property (MAP).

(ii) X has the commuting bounded approximation property (CBAP) if X has
the BAP with respect to a sequence {R,}22, satisfying the condition of (i)
and, in addition,

RyRy, = Rmin(m,n) Zf m 7& n.

{R,}32, is then called commuting approximating sequence (c.a.s.) of X.

(iii) X has the finite dimensional decomposition property (FDD) if there is a
c.a.s. {R,}°, of X satisfying in addition R? = R,, for all n.

Note that, by the uniform boundedness principle, we obtain sup,||R,|| < co
whenever lim,,_,,, R,z = x for all x € X. FDD means that we have X =
> ®((Ry—Rp—1)X), since in this case the R,, are projections. (We always
put Ry = 0.) Moreover we have dim (R,, — R,—1)X < oo (see 2.6.) In this
context the existence of a basis can be characterized as follows:

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 61-69 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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Lemma 5.1.2 X has a basis if and only if X has an FDD with respect to a
c.a.s. {R,}°2, such that sup, dim (R, — R,—1)X < 0.

Proof. The necessity of the condition for the existence of a basis is clear.
For the sufficiency put m, = dim (R, — R,-1)X and find bases {e, ;}7'" of
(R, —Ry,—1)X with uniformly bounded basis constants (for example Auerbach
systems). Then {e,; : j=1,...,m,; n=1,2,...} (in the lexicocraphical
order of the indices) is a basis of X. (See 2.6.2.) O

As a direct consequence of the definition we obtain the following line of im-
plications:

X has a basis = X has FDD = X has CBAP = X has BAP .

On the other hand it is known [123,135] that X has CBAP # X has FDD
and X has FDD # X has a basis.

The fundamental fact concerning the connection of BAP and basis goes
back to Pelczynski, [118], see also [64]:

Theorem 5.1.3 X has the BAP if and only if there is a Banach space V
such that X @V has a basts.

Proof. If X @V has a basis € = {e;} 72, then let R,, be the basis projections
of e (i.e. Ry (D, aker) = > pe axey for all ay). Moreover let P: X®V — X
be the projection with ker P = V. Then PR,,|x are finite rank operators on
X with lim,, oo PR,z = x for all z € X.

Conversely, let R,,, : X — X be finite rank operators with lim,,, ..o R,z =
z for all € X. Let n,, = dim (R, — Rn—1)X and let {z,,; : j =
1,...,nm,} be an Auerbach system of (R,, — Ry—1)X with conjugate system
{z}, ;177 Let Z be the Banach space of all sequences {y;}j2, with y; € X

and || {y:}52, || = sup,, || 27, wi|| < oo. Fix an integer [, say [ = 3.7 n2,, +
kng,+j for some m, k < n,, and j < n,,. Define e; = {uy }7° | with uy = x5

if " =l and uy = 0 else. (The index [ goes ni-times through the indices of the
Auerbach system of (R; — Ro)X, then ng-times through that of (Ry — Rp)X
and so on.) By definition of the norm in Z, since each ¢; lives on a different
component, € = {e;}7°, is a basic sequence in Z.
Let S : Z — X be the operator with S{y;}7°, = >_,2; yi. Hence ||S]| = 1.
Finally, define T': X — Z by
. 1
Te ={v}2; with vy = —a3,  (Rm — Rpm—1)T) Tm j
Nim
it 1 ="' n2, +knpy, +j. Then, using 37— (Ry/ — Ryr—1) = Ryn_1 (with
Ry = 0), we obtain
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| Tl| =

k 1<,
SU [|Ron 13+ —— (R — R 1) + — Zwm (R = Bn 1)) 2m. 51|

m,k,j m Nm =

< 5(sup [[Ral])||2]] -

Moreover STz = x for all z € X. Put Y = closed span (€). Then € is a
basis of Y. T'S is a bounded projection from Y onto T'X. Hence we have
Y =TX ® (ker SNY) and TX is isomorphic to X. O

Sometimes it is easier to show the existence of a basis in X by using indirect
methods, see [100]:

Theorem 5.1.4 Let X have the CBAP and assume there is a c.a.s. { R, }52
such that the R, — Ry,—1 factor uniformly through ['"’s for some p with 1 <
p < o00. Le. assume that there are uniformly bounded linear operators

Tn:X—>l;"” and Sn:l;""—>X
satisfying SpT, = Ry — Ryu—1 for all n. Then X has a basis.

Proof. We prove Theorem 5.1.4 only under the additional assumption that X
contains a complemented subspace Y which is isomorphic to I, if 1 < p < oo
in the assertion of the theorem or to ¢y if p = co. Since Y is then isomorphic
to(YOY®...)g,)orto(YOY ®...),) we obtain that X = Z @Y, for
some subspace Z, is isomorphic to Z®Y &Y = X @Y. So we have to show
that X @Y has a basis. However, the theorem is true in general without this
assumption (see [100]).

We show the case 1 < p < oo, the case p = oo is identical (where we have
to replace I, by co). Take S,, Ty, and D,, := ly'™ as in the statement of the
theorem. Assume

SpDp C (Rpg1 — Ry—2)X  foralln (5.1)

This is no loss of generality since otherwise take (R,+1 — R,—2)S,, instead of
Sp and use (Ry4+1 — Rp—2)(Ry — Ry—1) =Ry, — Ryp—1. (Put Ry =R_1 =0.)
Let

U = closed span{{(Ri+1 — Rip—2)z}r~; : x € X, there is n with R,z =z}

be regarded as subspace of (3, ®R,1X)(,). (Recall, if R,z = z then

(Ri41 — Rg—2)x = 0 for k > n +3). Put V := (3 ®Dy),). Then we have
V =1,

a) We claim that U is isomorphic to [,. Indeed, let S : V' — U be defined by

S{di}52 = {(Resr — Re—2) ) Sidy}izy i {d}iZ € V.

J
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Then S is well-defined and bounded. (Consider dj, which are eventually zero
and use (5.1). We have

(Rit1 — Ri—2)(Rjs1 — Rj—2) =0
ifk>j+4ork<j—4.) Moreover, let T : U — V be the operator with
T{(Rpt+1 — Rr—2)x}pZy = {Tk(Ri1 — Re—2)x}iz,, z€X

which is clearly bounded.
If {di} 32, € TU where dy, = Tj,(Rp+1 — R—2)x for some z then we obtain

(Rp41 — Rn—2) Z Srdy = (Rpt1 — Rn—2) Z(Rk: —Ry_1)z
% %
= (Rny1 — Ry—2)z.

Hence ST = idy which implies that T'S : V' — TU is a bounded projection
and U is isomorphic to TU. Since V' = [, the space TU as a complemented
subspace of V' is isomorphic to I, [116]. This proves the claim.

b) Construction of an FDD on X & [,. Put

i(x) = {(Rp+1 — Rp—2)z}32, € U if z € X and there is n with R,z = = .

i is not bounded on X but ¢ is uniformly bounded on all (R,41 — Rp—2)X
since Ry (Rp41 — Rn—2) =0if m <n —2 and (id — Ry,)(Rpt1 — Rn—2) =0
if m>n+1.

Finally, let R, : U — U be defined by

Ro{(Ri1 — Rp—2)7}p2y = {(Rp1 — Re—2) Ruw )2y

Then R, R,, = Rmin(mm% if n # m, and R,, — id pointwise on U. Moreover,
we have io R, = R,, o1.
Find finite dimensional F,, C U with

i(Rp41X)C E, and sup d(En,lgim En) < 00

(d(+,-) is the Banach-Mazur distance, see 3.2.)
Put W =X @ (3. ®E,)q,) and define on W

Po(z,{e1}2,) = (Rpz+i Y (Ru—Ry )en, (€1, .., en_1,

i(Rny1—Rp_1)z+(id—R,)en,0,...)) .

It is easily checked that Ps, P3; = P3min(n,m) for all n.and m including the
case n = m.



5.1 Basic Definitions 65
If e, € E,, with e,, = {(Rg4+1 — Rr—2)z}3, for some z € X then
f=(Ry—R})en =
(0,...,0,R2(id — R,)x, R, (id — Ry)x, Ry (id — R,)x, Ry (id — R,,)?x,0,... )
~——

n—2
and i7'(f) = (R, — R2)x. Hence, |i~*(f)|| < [|f||- This implies that
sup,, ||Pn|| < 0o. Thus, {Ps,}52, is a c.a.s. of an FDD of W.

c¢) Construction of a basis in W & [,,. At first we claim that P,, — P, factors
uniformly through [;'-spaces. To this end put

Gn = Dn72 b... Dn+2 @ Enfl @D En
Define, S, : G,, — W, with = S,,_odp_2 4 ... + Spiodnia, by
S’n(dn—% B dn+27 €n—1, en) =

(Rp — Rp_ 1)z +i "Ry — R2)e,, —i "(Rp1 — R2_)en_1,(0,...,0,
N——
n—2

R, 1en 1—i(Ry—Ry_ o)z, (id—Ry,)en+i(Ryy1—Rn_1)x,0,...)) .
Moreover, let T, : W — G,, be the operator with

Tn(CC, {ek}zoz1) = (Tn_gﬂﬁ, s 7Tn+2x7 €n—1, en) .

Then P, — P,_1 = S,,T},. Hence also the Ps,, — Ps,,_5 factor uniformly through
l'-spaces. Since the Pj, — P3,_3 are projections it is easily checked that
then the spaces (Ps,, — Ps3,—3)W are uniformly complemented in l'-spaces.
Hence there are finite dimensional Banach spaces F,, D (P3, — Ps,—3)W
with sup,, d(F, lglm Fn) < 0o and there exist uniformly bounded projections
Qn : Fy, — (P3p — P3,3)W. This implies that F:= (3, ©(id — Qn)F)(,) is
complemented in (), ©F,)(,). The latter space is isomorphic to [,,. Therefore
F', as a complemented subspace of [,,, is isomorphic to /,,. Hence we obtain

7 =Xl ~ X&l,ol, ~ WOF ~ (Z @QnFn> @ (Z B(id — Qn)Fn>
n n (Ip)

“ »

where “ ~” means “is isomorphic to”. Thus, Z has an FDD whose summands
are uniformly isomorphic to Q,F, @ (id — Q,)F, = F, that is, to l}()hm P,
Take in each F, the elements corresponding to the unit vector basis of [;'".
They form, in the lexicographical order, a basis of Z (see 2.6.2). O

The proof does not contain arguments which depend on the real numbers. It
carries over literally to the complex case.

Note that the condition of the theorem is also necessary for the existence
of a basis in X. This follows from the fact that if R, are basis projections
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on X then R,, — R,_1 always has rank one and therefore factors through any
ly’s. (Here R, (37—, aker) = Y p_ ) aker.)

If we replace R,, — R,,—1 by R, in the assumption of the theorem then we
obtain a Banach space X which has finite dimensional subspaces Fy C Ey C
... with X = U, E,, and sup,, d(Ey, ;') < oo for some m,,, [82]. Such a space
X is called a £,-space.

Finally we recall that it is an open question whether there exists a sepa-
rable Banach space with non-standard projection type (see 1.6). Such a space
cannot have FDD which follows from the definition in 1.6. (The proof is iden-
tical to that of 1.6.2.)

5.2 The Shrinking CBAP

Now we discuss special CBAP’s.

Definition 5.2.1 Let {R,}5°, be a c.a.s. of X such that {R}}5°, is a c.a.s.
for X*. Then {R,}22, is called a shrinking c.a.s. and X is said to have the
shrinking CBAP.

If X is isomorphic to a dual Banach space Y* and {R,}52, is a c.a.s. of
Y such that {R:}5%, is a c.a.s. of X then {R:}5%, is called a w*-shrinking
c.a.s. and X has a w*-shrinking CBAP.

If X is a reflexive Banach space with CBAP then every c.a.s. {R,}52, is
shrinking. This is an easy consequence of the separation theorem.
In the following we always put Ry = 0.

Theorem 5.2.2 a) Assume that X is a closed subspace of l,, 1 < p < cc.
Then for every c.a.s {R,}22, there are integers 0 = mg < my < ma < ...
and numbers c¢; > 0, co > 0 satisfying

1/p
1 (Z [(Rmyr — Rmk)wllp> < 2|l < e (Z [(Bmysr — Rmk)wllp>
k k

ifrxe X.

b) Let X C ¢y be a closed subspace. Then X has the shrinking CBAP if and
only if there are a c.a.s. {R,}22,, integers 0 = mo < myp < mg < ... and
numbers ¢; > 0, co > 0 satisfying

1/p

C1 Sl]ipH(Rmk_'_l—Rmk)fL'H < ||$|| < o Sl]ipH(Rmk-%—l_Rmk)mH

ifxe X.

Proof. Suppose that X C ¢y and that the inequalities of b) hold. Without
loss of generality we can assume that my = k for all k (otherwise go over to a
suitable subsequence of the R,,). Then X can be identified with the subspace
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{{(Rn = Rp—1)z}2, : € X} of V= (Z ®(R, — Rnl)X>
n (co)

So any & € X* can be extended to an element ¢ € Y* which has the
form @ = {P,}22,, P € ((Rn — Rp—1)X)" with Y [|®,|] < oo. Put
U, = (91, P2,...,9,,0,0,...). Then

(@ — @ o Ry)({(Ry — Rp—1)x}52,)]

1 'S
;(HSHPIIR 1) D N®s |- ]| + (B = P 0 Ry ) ({(Ri = Ryp—1)a}72y)|
ji>n
1
< ;(1+Sup||R DD 12511 - [[]] + |n (RS, = Ro1)a)]
ji>n
1
;(1+sup\|R 1) Y 1@l - ]| + 2(sup || Ral[)?]|@n]| - |-

j>n

(We used R, (R, — Rn—1) = R2 — R,,_1 and (id — R,,)) (R, — Ry—1) = 0 if
m < n.) This implies lim,, ||¢ — R;®|| = 0. Hence X* has a c.a.s. and X has
the shrinking CBAP.

Now assume that {R, }72, is a shrinking c.a.s. of X. We prove the case
X C 1. The case X C ¢ is similar. Let p~! 4+ ¢~ = 1 and let @,, denote the
unit vectors in [, = [;. We have, since dim R, X < oo,

lim ||@,,R,|| =0 for each n
m—0o0

and, since {R’}2%, is a c.a.s. of X*,

lim ||®,,(id — R,)|| =0 for each m .

n—oo

We find, by induction, for any ¢ > 0, integers
l<ni<ng<... and 1 <mj <mg < ... with

. €
[|@;(id—Ry,)|| < 2—k,j=1, ,my and [|P; Ry, || < T=Mpgr1, Mpr1+1, ...

2’“’
Fix j, say m; < 7 < my41. Then

€
52 = (Rupsy = Bo- )0 < (5057 + ) el

If € is small enough we obtain, using the Minkowski inequality,

1/p
llz]] < e <ZI(Rmk+1 —Rmk)wl”) ,reX.
k
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Duality finally yields

1/p
c1 <Z|I(Rmk+1 Rmk)$|p> <lzf], z€ X .
k

(Remember, we considered only 1 < p < 00.) For X C ¢y we use

SUD [|(Bom = B )2l < (250D [| B ) |2]], @ € X
m

We finish this section with an [-version of 5.2.2.
Theorem 5.2.3 Let {R,}7%; be a c.a.s. on X such that, for some constant

c>0,

¢ Y I(Rirr = Ri)all < ||zl < Y [[(Ryer — Ri)all, = € X.
k k

Then X is isomorphic to a dual space and {R,}2%, is a w*-shrinking c.a.s.
Proof. Put E,, = (R, — R,—1)X and note that R,,E, C E, for all m since

0, m<n-—1
R,—R,_1, m>n
R%—Rn_l, m=n
R,_1 — R? m=n-—1

n—1»

Ro(Rp — Ry_y) = (5.2)

Define
Y ={{er}nl1 e € B},

(6;+1 o (Rpq1— Rn) + 62 o(Ry —Rp1)+e, q10(Ry1 — Rn—2))‘En

= ¢} for all n, lim, ||e} || = 0}

(Put R_; =0 = Ry.) For z € X let j(z) € Y* be the element with

(@) {entoz) = Y en((Ru = Ra—1)z) -

n=1

By assumption this definition makes sense and we obtain ||j(z)|| < 1/c¢||z]].
Consider z* € X* with #* = 2* o R,,, for some m. Then, in view of (5.2),
lim,, ||2*|g, || = 0. We have

n |

((RnJrl - Rn) + (Rn - Rnfl) + (Rnfl - Rn72))(Rn - Rnfl) =R,—R,_1.
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This implies that {x*

B.}nz1 € Y. Hence [[z]| <[j(z)[| since

HM=$W{

> @ ((Ry — Ry_1)x)| : 2* € X* with [[2*]| <1 and
n=1
2% o R,, = x* for some m}.

Thus |[|z]| < [|7(2)]| < 1/¢||z|| for all x € X.

We claim jX = Y*. To this end let y* € Y*. Then there is an element
e={en};2) € O°®Ey)(,) with ely = y*. Put 2 = 37 | €. Then we have,
by (1),

Ri(ey + e2), j=1
R< _RAi = ]
(Bj = Rj—1)(z) {(Rj —Rj1)(ej-1+etejp),i>1

We obtain, if {e;}72, € Y, with ey = 0,

(@), {entats) = Z en((Rn = Ruo1)(en—1 + €n + €ni1))

=D (eh10(Bus1 = Ry) + ¢, 0 (R = Rooy) + €y 0 (Ruo1 — Ru—a))(en)
=¥, enlen)

by definition of Y. This means j(z) = y* and so Y* = j(X). It is clear that
the R}, define a c.a.s. on Y. O






Part 11

On the Geometry of Miintz Sequences
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Now we come to the applications of the first part of our book. Using the
concepts and results of Part I we study Miintz sequences. Here we always
consider a sequence /A of real numbers A, satisfying

M=0< M <A <...

(In 6.5 we also study negative exponents.)

Let us put M(A) = {t**}2°, and let [M(A)]x be the closed linear span of
M(A) in a given Banach space E which contains M (A). We denote the norm
in E by || - ||g. Mainly we consider E = C' = C[0,1] and E = L, = L,[0, 1]
for 1 < p < oo. Frequently we drop Ao and start with \;. In this context
we also consider E = Cy = (|0, 1], the subspace of C]0, 1] consisting of all
continuous functions which vanish at 0.

We start with Chap. 6 where we deal with the classical versions of the
Miintz theorem i.e. with cases where [M(A)]g # E. This gives rise to a study
of the Banach space [M(A)]g. After a preparatory analysis of Miintz polyno-
mials f(¢) =Y p_, apt* in Chaps. 7 and 8 we discuss bounded approxima-
tion properties in [M((A)]g for E = C or E = L, in Chap. 9. Here we give a
complete isomorphic classification of [M(A)|g for quasilacunary A.

In Chap. 10 we show, among other things, that there are at least two differ-
ent ismorphism classes and infinitely many isometry classes of [M(A)]¢. Chap-
ter 11 deals with generalizations of Miintz spaces while, finally, in Chap. 12
we study limiting norms on finite dimensional Miintz spaces.



6

Coefficient Estimates and the Miintz Theorem

Fix A = {\}72, satisfying \g = 0 < Ay < A2 < .... The classical Miintz
theorem states that [M(A)]g # E if and only if -7, i < oo where E = ()
or =L, 1<p<oo. Westart with a proof for this theorem which essentially
characterizes when M (A) is a minimal sequence. This is the case whenever
we have “good” coefficient estimates for the Miintz polynomials y_;_, apthe.
Instead of only considering Cy or L, we shall work in a much more general
setting.

In the following let E be the completion of the vector space Cy with respect
to a given seminorm || - ||z with |[t**||z # 0 for all Ay € A. We assume further
that the operators

T, : [M(A)]g — [M(A)]p with (T,f)(t) = f(pt), tel0,1],

for all f € span M (A), are bounded with respect to ||- ||z whenever 0 < p < 1
and that
sup ||T,|] < oo forall py €]0,1] (6.1)
po<p<1
where ||T),|| is the corresponding operator norm.

Examples for || - || include the sup-norm and the L,-norms on [0, 1]. More
generally, we can consider Orlicz function spaces over [0, 1] (see [84]). Here let
M : [0, 00[— [0, o0 be a continuous convex increasing function with M (0) =0
and lim;_, o, M (t) = oo and put

=it {550 /OIM('ff;))a}

Also, occasionally, we apply some of the following results to suitable quotient
spaces.

6.1 The Mintz Theorem

We begin with a technical lemma.

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 73-92 (2005)
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Lemma 6.1.1 For arbitrary real numbers a;, b;, i = 1,...n, we have

1 1
n n ay1+by "7 ai+bn, n n
ITTG+0b)| - c =TT T —as) @ =)
i=1j=1 1 1 i=1 j=1
an+bi T an+by It
Proof. We may assume that ay,...,ay,,b1,...,b, are mutually different. Let

l=1ay,...,b,)and r = r(ay,...,b,) be the left-hand side and the right-hand
side, resp., of the above equation. [ and r are polynomials in a; of degree n—1

with zeros ag, ..., b,. (Here we keep as,...,b, fixed.) Hence | = f1r for some
constant f1 = fi(ag,...,b,). Next, we regard | and r as polynomials in as
and obtain similarly [ = for for some constant fo = fo(ay,as,...,b,). This
means f; = fo and therefore f; is independent of a; and as. Continuation of
this argument eventually yields that f; is independent of aq,...,b,.
Taking the limits by — —aq, ..., b, — —a, we see that r becomes
n n
[T(ai = aj)(=ai+ay) = [T [ (@ —a)) -
J<i i=1J=1
i#]
Moreover,
1 a1+by a1+by
a1+bs ° a1+by
non az+b as+b
2 2 2 2
| = H H(a, + b]) as+by 1 as+b,
i=1 =1 : :
i#j :
ntbn
Z«n+b1 1
changes to
10 0...0
non 01 0...0
(a; —ay)|: t =limr .
=1 0...0 10
0...0 01
Since lim [ = f; limr we see that f; = 1. O
At first we give a coefficient estimate for the sup-norm || - [|¢ in C' = C10, 1].

Proposition 6.1.2 For any Miintz polynomial f(t) = >, _, apt™ and any
m we have

~ 1 T[T, (N + A+ 1)2
ol < | 25 (Hnl (Ai_km)2>||f||c

i=1; i#m
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Proof. We want to find functions g, (t) = >, ¥m,t* € L1[0,1] such that

1
/ G (O dt =0y, G=1,...,m, (6.2)
0
where 6, ; = { (1)’ Tmn ;j . Hence we have to find ,,; such that

- 1
ml~———————=0m., J=1,...,1m.
;’Y ’l)\l-i‘/\j-l-l aJ

Let det(by,...,b,) be the determinant with the columns by, ...,b,. Putting
Tm = (Omas-- s 0mn) and ap = (M + N+ 170, (A + X+ )7 we
see that Cramer’s rule implies
_det(ay, ..., a1 1, T, 141, ., 0p)
Fmil = det(ay,...,a,)

Hence with

, ( 1 1 1 1 )t
a; = s , e
! A+ N+ A1+ N+ A + N+ 1 A+ N+ 1

we obtain , , , ,
det(ay,...,a;_1,a;,4,...,a;,)

det(ay,...,an)

Lemma 6.1.1 helps us to estimate |7y, |:

—1
] < [Lici ijoem i = 25)? [T = Ay)?
5T UL i A 1) ) TN+ A+ 1)

_ H?:l()‘i + Am + 1)2

H?:l; 1';67n(>\i - )‘m)Q

Tm,l = (_1)l+m

We have

1
gl 20 = / g ()]

"1
< —|m

< z”: 1 [T (N 4 A + 1)
T \ig At [T, im (N — Am)?

Now, (6.2) yields

1
ot = | / I F O] < llgmllzr - [1fllc

which implies the proposition. 0O
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From Proposition 6.1.2 we easily derive

Corollary 6.1.3 Let >-72  1/\; < co. Then M(A) = {tM}52, is a minimal
system with respect to the sup-norm in C|0,1]. Moreover, there is a constant
d > 0 such that

[f@) < dt™||flle, 0<t<1,

for any f € [M(A)]c. In particular,
1flle = sup{| f(s)| : "M < s <1}
Proof. With f(t) =Y, ayt* Proposition 6.1.2 implies

|| <
=1 2m + 1 2\ + 1
2 1)? 14+ 22 = 14 L <
S @ T (1 220 ) T (14 2 ) el
=1 >m <m
=1 22 + 1 2\ +1
2N, + 1)2 2 +2
>t +>exp(§ﬂ_A > >|f||c<oo

Hence the coefficient functionals for {t*+}2° | are bounded which proves the
first statement of the corollary (see 2.2.2).

For each fixed ¢ > 0 the functional ®; with &,(f) = f(t)/t*, f € [M(A)]c,
is bounded on [M(A)]c. By the preceding argument, also @ with @q(f) =
lim; o f(t)/t* = oy is bounded on [M(A)]¢. Since sup, |®;(f)| < oo for each
f € [M(A)]¢ the uniform boundedness principle yields d = sup, ||®:]| < .
This proves |f(t)| < dt*||f||c for any t € [0,1] and any f € [M()\)]c. In par-
ticular, | f(s)| < ||f|lc whenever 0 < s < d~!/*1 which yields the remaining
part of the corollary. |

Now we turn to general norms. As already indicated we consider an arbitrary
(semi-)norm on a space E which contains Cp[0, 1] such that |[t* ||z # 0 for all
Ak € A. Moreover, we assume that sup, <,<1 [|T}|| < oo for any pg > 0 where
T, : [M(A)]g — [M(A)]g is the operator with (T,f)(t) = f(pt), t € [0, 1], for
f € span M (A).

As another consequence we obtain one direction of the Miintz theorem in
this general setting.

Proposition 6.1.4 Assume that > p-  1/\, < co. Then {t*}2° | is a min-
imal system in [M(A)]g.

Actually, for any Miintz polynomial f(t) =Y, axt™ and any index m we
have

o0 o0
1 T12 (N + Ay +1)2
lomt™ || < [ D et ( sup T IDIfle
SN TS em Vi = Am)* ammicpan

where d is the constant of Corollary 6.1.3
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Proof. Fix a functional @ € E* of norm one. For any f(t) = Y_}_, ayt™ put

fo(p) = B(T,f) =Y ard(t*)p**
k=1

Then 6.1.3 yields, for any m, a constant d,, > 0 with

| @) < dm sup |fa(p)l =dm  sup  |fa(p)]

0<p<1 d=1/M<p<1
<dn( sup [T,DIflle
d=1/*1<p<1

where d is the constant of Corollary 6.1.3. Hence

| - I ||E < dm( sup [THI)[If]le
d=1/21<p<1

which implies that {t**}2°, is minimal in [M(\)]g. According to 6.1.1, we
have

= 2 O+ A+ 1)2
dy = Z 1 Hozozl( T Am + ) >
j=1 Aj+1 Hi:l; i;&m()‘i = Am)

which is bounded if 3772, 1/A; < cc. O
For the other direction we use the elegant argument of von Golitschek [33].

Theorem 6.1.5 Assume that, for some constant & > 0, ||f|le < &||f||c
whenever f € Cy. Moreover suppose that there is ;1 > 0, u & A, with ||t"||gp #
0. Then the following are equivalent:

(i) 5,1/ M < oo

(i) MM+ E

(idi) {t 22, is a minimal system in [M(A)g.

Proof. (ii) = (i): (von Golitschek, [33]) Assume ), 1/A\x = oo. Let m # Ay,
k=1,2,.... Define go(t) = t"™ and

1
gn(t) = (A — m)t)‘”/ Gn_1(s)s 1" ds, n=1,2,... .
¢

Then ¢, has the form

n
qn(t) = 0™ — Zamkt)"“ for some a,, , 6 € {l,—1}
k=0

which can be easily seen by induction. We obtain ||qo||c = 1 and, by con-
struction,
llanlle < |1 —m/An| - ||gn-1]lc. By assumption, this implies
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n
laallzz < sllgalle < I
k=0

1—m’—>0asn—>oo.
Ak

Hence t" € [M(A)]g for all m and therefore [M(A)]g = E. This contradicts
(ii). )

(i) = (ii): Take g > 0 with p € A. Now, 6.1.4 applied to A = {p, A1, Ao, ...}
shows that t* ¢ [M(A)]g which implies (ii).

(i) = (iii): This follows from 6.1.4.

(iif) = (i): Assume >, 1/Ap =00. Put A={A2, A3,...}. Thenalso ;- 1/ \x=
oo and hence, by what we have proved already, [M(A)]g = E. This implies
t* € closed span {t* : k=2 3,...}, a contradiction to minimality. ]

As mentioned before 6.1.5 includes the cases £ = L, and E = Cj.
For E=L,, 1 <p < oo, we even could consider sequences A with —1/p <
A1 < Ay < ....6.1.5 would remain valid if we replaced (i) by

oo

r )\k-l-l/p

See [12] for details.

6.1.5 tells us that the case Y ;- 1/\, = oo is not too exciting. However,
if 3227, 1/A, < 0o we obtain new Banach spaces [M(A)]g. Therefore, in the
following we will be mostly concerned with the latter case. It turns out that
further coefficient theorems are essential for the investigation.

6.2 The Clarkson-Erdos Theorem

Here we want to refine the estimate of Proposition 6.1.4 provided that the gap
condition
irkl:f()\kJr] — )\k) >0

is satisfied.

Lemma 6.2.1 Assume Y ;o 1/A\; < 0o and ¢ := infy(Agy1 — Ag) > 0. Put
Ly, = sup{j : \; < 2X\,,,}. Then, for any Miintz polynomial f(t) = >, axt™ €
[M(A)]g we have

> 1 12572 720, + 1)1\
Wt | < D + 12 = Em T ).
= (S v () (B07)

2
(3Am + 1)me> 20 +1
lm T ) exp |4 ———— | suwp |TIDIflle
( (Lpy, —m)! i;:m i d-1/31<p<1 PADI

where d is the constant of 6.1.5.
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Proof. According to 6.1.4 we have

| Ai 4 Am + 1)
Mg < D 2 ] () -
llomt™ [l < 21 (2Am +1) A — A

<<m

Ai + A+ 112 2Am + 1
I () exp (25 22t s mIle

m<i< Lo, )\z - )\m - )\7. - )\m d=1/21<p<

The gap condition yields \; — A\, > (i = m)cif i > m and A\, — \; > (m —i)c
if m > i. Hence

> 1 12572 720, + )™\
|5 < S DS VIR | D (e EAm T ).
il < (3250 | a2 (3) 7 (Bt

B + 1) Em—m\ 2 2\ + 1
(H) ep (43 S (s T

(L, —m)! S i d-1/71<p<1
O

Of course the lemma remains true if A is finite. Now we prove the Clarkson-
Erdés Theorem [19].

Theorem 6.2.2 Let 3377, 1/)\; < 0o and assume inf;(Aj 41 —A;) > 0. Then,
for any € > 0, there is a constant M > 0 such that

Hamt/\’” g < (1 + G)Am

f||E7 Zf mZMv

for all Miintz polynomials f(t) =Y, at™s.
Moreover, for the constants Ly, of 6.2.1 we have limy, oo Ly /Am = 0.

Proof. Using the Stirling formula n! > n"e™" for any positive integer n we
conclude with 6.2.1 that

o) 2L, —2 2m—2
1 1 20, +1
lomt ™ |5 < [ > (2Am + 1)? (C> () .
j=1

— A+ 1 m—1

3)\m+1>2Lm2m 2L —2 2Am +1
B+ 1 =2 e (45 2t L) s i
(LTTL —-m i;:m /\1 d=1/21<p<1 !

where ¢ = inf; (41 — Aj).

We claim that lim,, e Ly /Ay = 0. Indeed, fix € > 0 and take mg such
that >, -, 1/Ak < €/3. Let m1 > mg be such that mg /A, < €/3. Then, for
any m > mq, we obtain
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L,, m0+m—mo<e+ i 1+ iﬂ: 1<

—_— = — —_— — —_— —_— €

A Am Am — 3 AT

j=mo+1 "7 j=m+1 "
Now, using lim,_,o2z~% = 1 we see that
H/m (2L —2)/A (2m—2)/A
0o — m—
1 1 m m 2A + 1 m

li W\ +1)%/Am (= - .
s ; A +1 ( +1) c m—1

(2L —2m) /Am
3Am +1 ehn= A e (4 3 2+1/Am
L, —m Ai

1/Am
( sup ||Tp|> =1
d=1/*M <p<1

which proves the theorem. 0O

12> Lm

Of course, the assumptions of Theorem 6.2.2 are fulfilled in particular for the
sup-norm and the L,-norms on [0, 1].
Theorem 6.2.2 has important consequences for the elements in [M(A))]g.

Theorem 6.2.3 Suppose that liminf, _ Ht“H}E//\" > 1. Moreover, let
Z;’;l 1/X; < 0o and inf;(Aj41 — Aj) > 0. Then, for any f € [M(A)]g there
are suitable o, € R such that

ft) = iakt%, telo1],
k=1

where the series converges uniformly on all compact subsets of [0,1[. In par-
ticular, any [ € [M(A)]g is real-analytic on |0,1[. If A consists of integers
then any f € [M(A)]g is real-analytic on [0, 1[.

Proof. If f € [M(A)]g there are f,(t) = Yo", a, kt™* converging to f with
respect to || - || . Since |[t** ||z # 0, in view of 6.1.4, this implies that oy :=
lim,, o0 vy 1 exists for all k. We infer from 6.2.2 that, for every e > 0, there
is M > 0 with

ol [ ]]e < A+ ™M|flle if k>M

Since liminfy_. Ht’\ngA"’ > 1 we obtain limsup_, . x|/ < 1. Hence
> ohe, gt converges uniformly on all compact subsets of [0,1[. Moreover,
Yo, it converges uniformly on compact subsets of {z € C : |z] <
1, Rez > 0}. The functions z** are analytic on {z € C : Re z > 0}. This
implies that f is real-analytic on |0,1[ and even on [0,1] if A is an integer
sequence. 0
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It is remarkable that not only span M (A) but even its completion [M(A)]g
consists exclusively of real-analytic functions. Again, 6.2.3 can be applied to
the special case of & = Cy or E = L,,, 1 < p < co. The converse of the first
part of Theorem 6.2.3 is valid under more restrictive assumptions. We state
this as a corollary only for £ = Cy and E = L.

Corollary 6.2.4 Assume that Z;’;l 1/A; < o0 and infj(Aj41 — ;) > 0. Let
E=1L, 1<p<oo, or E=Cy. Then f € [M(A))g if and only if f € E and
there are suitable o, € R such that

ft) = iakt“,t elo,1],

k=1
where the series converges uniformly on all compact subsets of [0,1].

Proof. In view of 6.2.3 it remains to prove the only-if part. For any p € ]0, 1]
the operator T}, can be extended to E by defining (T,g)(t) = g(pt), t € [0,1],
whenever g € E. For our special E we have lim,_., ||T,g — g||r = 0 whenever
g € E. Now consider f € E such that f(t) = > 2, oyt for some oy and
the series converges compactly on [0, 1[. Then limsup,,_, . o]/ < 1. For
any € > 0 there is p < 1 with ||T,f — fl|lp < € Put fu(t) = S;_, apt™.
Then T}, f,, € [M(A)]g for all n and lim, . ||T, fr — T, f||r = 0 (because we
have ||T,(fo—f)lle < Yope i laklp™). Weinfer f = lim, ., T,f € [M(A)] 52

For further applications of 6.2.3 see Sect. 8.4.

If we consider {A;}72, (with A\g = 0) instead of A = {\;}72, then all the
results corresponding to the assertions of Sects. 6.1 and 6.2 remain true (with
virtually the same proofs). Instead of E = Cy[0, 1] we take here E = C0, 1].

6.3 Lacunary and Quasilacunary Miintz Sequences

In the preceding sections we saw that M (A) is a minimal system if and only
if 302, 1/A, < co. However, M(A) is not necessarily uniformly minimal or
a basis. For example, if we take the sup-norm || - || on [0,1] then we easily
see that |[t* — t#||c < (u — A\)/u whenever 0 < A < pu (see 7.3.1). Hence if
A = {A}72, and infy Agy1/A = 1 then M(A) need not be even separated.
(For the definition see 2.2.1.)

However, in the special case of lacunary A the situation is different. This
will be treated in full detail in 9.2. Here we show, as a first step, that for
lacunary A we obtain much better coefficient estimates.

Definition 6.3.1 A = {\;}72, will be called

(1) lacunary if Ags1/ e > q, k=1,2,..., for some ¢ > 1,

(2) quasilacunary, if for some increasing sequence n = {n}7> | of integers
and some q > 1 we have Ay, 41/ n,, > ¢, k=1,2,..., and supy(np+1 —ng) <
00.
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For example, A = {2¥}2° | is lacunary while {2¥}2° , U {2F + 1}, is quasi-
lacunary but not lacunary.

We give a more comprehensive classification of the different types of se-
quences A in 7.1. Here we want to discuss some direct applications of the
results in 6.1 and 6.2.

Again let F satisfy the assumptions of the beginning of this chapter.

Consider the function n(y) = 4y(1 — y). We have 0 < n(y) < 1 for all
y €10,1] and n(y) = 1 if and only if y = 1/2.

Proposition 6.3.2 Asssume that A = {\;}72 ;| is lacunary. Then there is an
integer M > 0, independent of n, with

(oo}
> @AM <1/2.
j=1

i#n
Furthermore, for any Miintz polynomial f(t) =", cayt™ € [M(A)|p we have

lant™ || < 4M ,Sup (I Tymarni |1+ T 1M1l

Proof. We use a trick due to Ingham (see [58], Theorem 115).
Assume that infz \py1/A\r = ¢ > 1. Let n be such that ||, t*||g =
maxy||agt || . Consider the function

77(2—>\//\n) —4. 2—/\/>\n(1 _ 2—/\//\n)
We have

A . bV 1 n—j
— < g ™ifj>nand — L > (= ifj<n.
An An q
This implies, since 7(y) is increasing if 0 < y < 1/2 and decreasing if 1/2 <
y <1,

4
q

p(27X/An) < 2 VY =g 97V T (1m0 Ty < if j<n

and o -
n@ Ny <p ") <4277 i >

Taking into account that 0 < 1(2-%/*) < 1 we find M depending only on ¢
and not on n such that

ST N AM <N VM LNy em )M <
k=1 k=1

i#n

DN |

Put S = (4T5-1/», — 4Ty-2/x, )™. Then we obtain
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(SHt) = n@ M) Mayth

Since n(27 /A )M = 1 if j = n we conclude

1 —Aj .
sllant™ e < llant™ ||z =13 0@ M a;t |5

i#n
<|ISflle
< AM(|To-1/nn || + 1 To-1/0a 1) M1 £l
< 4M sup ([T || + Ty [Pl 2

which implies 6.3.2 O

According to 2.2, the preceding proposition implies that, if A is lacunary, then
M (A) is uniformly minimal. Namely, it is 6-minimal with

0= 4_Minf{|\T271/x" M(l + | Ty-1/7n M= 1,2...}

where M is such that

0 1 \M 1\ M )
2\ ) *lar) )=
k=1
This means in particular that M (A) is uniformly minimal.
IfE=L,1<p<ooorE=Cy weeven have that M(A) is uniformly

minimal if and only if A is lacunary. We shall discuss these cases in Sect. 9.2
Here we turn now to the quasilacunary case.

N =

Proposition 6.3.3 Let A be quasilacunary such that there are indices 0 =
ng < ni1 < ..., a positive integer N and q > 1 with nyy1 — Ny < N,
m=0,1,..., and inf,,>1 A, +1/An,, > q. Then there is a universal constant
¢ > 0 such that, with f = Y, apt™ € [M(A)]g and fo = Y000 ) apt?,
we have

[fmlle <cdlflle for allm.

Actually,
e = 2NN (sup{dM || Ty jan [ (1 + || Tyoiyan DM 2 n=1,2,.. )N

where M is a positive number satisfying

Ny 1 \" 1M<1
;"W T\ar) =3
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Proof. We assume without loss of generality that n;1; —n; = N for all I. (If
this is not the case then increase A suitably.)

Fix m. Consider k with n,, <k < n,41. Let j < n,, or j > npq1+1 and
consider [ such that n; +1 < j < nyyy. Since A is quasilacunary we obtain

A A
D<ot l<m and L >¢™ i I>m.
/\k >\k

As before we find M > 0 independent of f and m such that

3o NAM ST g M

JI<nm jznm+1+l
m—1 . o] . 1
SND @ M AN Y gt )Y <
=1 l=m+1

since 7(y) is increasing if 0 < y < 1/2 and decreasing if 1/2 <y < 1. Put
b= sup{4MHT271/An ||M(1 + ||T2—1/An H)M n=1,2,.. } .

a) At first we show the following:
Let ny, +1 <k <nypyqq and

A= {0, M Moy At 15 Ay 425 - - -}
Then, for any f =33, ja;th € [M(A)]g we have
llawt™ || < 2¥ 10N | £l
Indeed, put
A={ 4 cl=12....om—1m+1m+2,...}U{\}

where j = 1,..., N. Moreover, put
W; = span{t)" s l=np+j+1,... npp1, h=1,...om=1,m+1,m+2,...},
j=1,...,N—1, and Wy = {0}.

Ay is lacunary. Moreover we have [|T}||g/w, < ||T,||g for any p € [0,1].
Hence 6.3.2 yields

llawt™ + Wil gyw, <OIf + Willgw, <0|lflle
Find wy =g +wp with g =37, Bit*m+2 and wy € Wy satisfying
||akt>"“ +U)1||E § 2||Oékt/\k + W1||E/W1

and therefore
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llart™ + g+ Wallg/w, < [laxt™ +wil|p < 2b||f||&
As is lacunary. Hence we obtain, by 6.3.2,
llawt™ + Wal|gyw, < 2b[laxt™ + g + Wallgw, < 26%[|f||5
Similarly we infer
llant™ + Wallpw, < 2°0°||f||E
Continuation yields after N steps

llant™[|e < 21O || fl| e < 38NN | fl|p

b) Let f and fp, be as in the statement of the proposition and assume a1 =
.. = Qp,,,, = 0 for some j > n,, + 1. Then we prove the proposition by
1nduct10n on j. If j =1 then a) yields

1 fmlle = Nl 41+ || < 28710 || ||
which proves the claim. Put ¢; = 2V 1.
Now assume we have ||f||z < ¢;-1l|flle if frn = Zn L1 at™ where
c¢j—1 is independent of m and f.

Then go over to the case f,, = Zimﬂ ait** and put
V = span{tim+r . tri-1)
Moreover, let

A~(-]) = {Al’ Tt )\n1717Aj7 )\n1n+1+1’ )\nm+1+27 . }
and .
A(G) = AG) U A, 4155 Ao}
Put d = [[tY + V||E}V and fix v € V with ||dt + v||g < 2. According to a)

applied to the norm in E/V we find z* € ([M(A(j))]g/V)* with z*(dt* +
V) =1 and 2*(t* + V) = 0 whenever k # j, A\, € A(j), where ||2*]] <
2N=1pN 2% can be interpreted as element of [M(A(j))]} vanishing on all $**,
Ak € A7) \ {A\;}. Now we find (3, such that

j j—1
fm(t) = Z ot = Z Brt™* + B;(dt™ + v)

k=n,,+1 k=n,,+1

and §; = z*(f). Put hy, Zk 41 Bt . Then, by the induction hypothe-
sis, we obtain
[fmllE < [|hmllE + 22" (f)]
< ¢jmallf =" ()Y +0)l|p + 202 (f)]
< ¢jllflle + (2¢j-1 +2)[5(f)]
< (o1 + 280N (2¢50 +2)| £l -
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We finish the induction by taking
¢ = 2N+1chj_1 >ci1+ 2N71bN(20j_1 +2).
(Recall b > 1.) Then we have
c; < (2NTIBN)I
Hence ¢y = 2V +NpN?, O
We finish this section with a corollary which we will apply in 9.3.

Corollary 6.3.4 Considerty =0 <t <to < ... withlimy . tx = 1. Under
the hypothesis of 6.5.3, if E = L, for 1 < p < oo, there is a constant ¢ > 0
such that

ty

1/p
fk|pdt> <c|fll, forall felL,.

=

Proof. Fix m and let £ = L, be endowed with the seminorm

tr—1

1/p
s 1 Ttm
=S5 swo [ g
im0 2itt<r<e=i ety
(E,|| - ||m) clearly satisfies our general assumptions. If p € |0, 1] is such that
2 k=1 < p < 2=k for some k then we have
1/p
I 1 TPt
T, fllm=1- — sup / fIPdt
|| P ||m pZ:O 2 g-i-l<y<ai Tptm_1| |
j_
Jit1 20 | -, 1/p
< So sw [ ipa
T

=0 2 g-i1<r<a-i Jrty

1/p
(j) 11

Hence ||T)||m < (2/p%)/P. 6.3.3 yields a constant ¢ > 0 with

. 1/p
( / fml”dt> < mllon < ell 1l
m—1

for all m. Let 7; € [27771,277] be such that

Tjtm Ttm
[ = sw [ pgpar.
Titm—1 2797 <r <270 S 1ty

J
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Then we obtain

[e%e] tm 1/p [ee]
(Z / |fmpdt> <c (Z ||f|%>
m=1"tm-1 m=1

1/p

1/p
1 = Tjtm
—e[SE > [ v
j=0 m=1"Titm-1
1/p
00 1 75
<c b |f|pdt
— 27
7=0
< 2d[|fllz,
0
6.4 On c-Completeness of Miintz Sequences
Here we restrict ourselves to the sup-norm || - [|[¢ on [0,1] and consider

E = (Cp[0,1]. In 6.2 we found coefficient estimates for Miintz polynomials
f(t) =3, agt? of the form |ay| < a**|| f||c for suitable a > 1 provided that
Y peq 1/Ak < co. Now we consider the initial Miintz sequence M (A) where

A=1{1,2,3,..}.

In view of 6.1.5 M(A) is not a minimal system and hence we do not have
similar estimates for this A. It turns out that in connection with uniform
polynomial approximation of a function f € Cj even the approximating poly-
nomials cannot always be arranged to have such “good” coefficient estimates.

In the following let ¢ = {c¢,}32, be a sequence of positive numbers with
c T oo.

We say that f € Cy admits a ¢-approximation if, for each € > 0, there is a
polynomial P (t) = Y, Bxt* with ||f — P.||c < € and |Bx| < ci||f||c for all k.
(Compare this with the definition of ¢-completeness preceding 2.1.7.)

Proposition 6.4.1 [56] Let [ € Cy be such that there is o, 0 < o < 1, with
f(t) =0 fort € [0,a]. Then there is some a = a(a) > 0 such that f admits a

c-approximation whenever
k

liminf — =0 .
k—oo Cp
Proof. We claim that a = 6'/¢ satisfies the assertion of the proposition (al-
though this value of a is not the best possible).
Indeed, consider ¢, > 0 with liminfy ak/ck = 0. Then we find a subse-
quence {ks}2°; with lim, ., a¥s /¢, = 0. We consider the positive integers
ns with ks = [ans] + 1, s = 1,2,... ([2] is the largest integer < z for = € R).
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At first we estimate the coefficients of the Bernstein polynomials for the
function f(¢):

Ng k
B, (t) =) <T;§> f () FA—)" " =ay+art+...+ant™

n
k=0 s

where, by virtue of the fact that f(k/ns) =0, k=0,1,..., ks — 1, the coeffi-
cients of the monomials different from zero begin with that for t*«, i.e.

B,.(t) = apt™ + ... +a,. t" .

Put A = maxo<;<1 |f(t)|. The coefficients of B, (¢) do not exceed, in absolute
values, those of the polynomial

P, (t)=A i (7;;) (14t

k=k,

and the coefficients of P, (t), in turn, do not exceed those of the polynomial

Ms

P (t)=A-2" Y 14tk
k=k,

It is not hard to see that an arbitrary coefficient of P, does not exceed
A-2ms .2 < A-6"=. Hence,

lag] < A-6™, k=ksks+1,...,n5.

Since ks = [ans] + 1 we obtain ks > ang and ng < kg/a. So |ai| < AGF=/e
k = ks,...,ns. Thus, with a = 6V, |ax| < Aa*, k = ks, ..., n,. Since

limg_ o akS/ckS = 0 we find an sy with Aa¥ < ¢, for all s > sg and,
consequently, |ax| < cg., k = ks, ..., ns. But then, in view of the monotonicity
of ¢,

lak] < ek, k=keks+1,... ng.

Moreover, from the approximation property of Bernstein polynomials [112],
we obtain

lim ||f — P,.|lc =0.

S§— 00

0

Lemma 6.4.2 If the function f € Cy admits a ¢-approximation where cj <
Ad*, k = 1,2,..., for some A > 0 and a > 1, then f(t) is analytically
extendable to the disk |z| < 1/a.

Proof. For arbitrary € > 0 let

Puo(t) = af?t + ...+ al) 1"
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be a polynomial for which

_ (O <« o < Agk | —
org?gllf(t) Pyo)| <e ag'| <ep <Ad”, k=1,2,...,n(e) .

For a given 0 > 0 we now show that all the P,((z) are uniformly bounded
in the disk |z| < (1/a) — §. We have

2 n
|Poe)(2)] < Aa (i —5> + Aa? (i —5) + ...+ Ad" (1 —5>

Aa(% —9)
“1-a(:-9)
_A(1 —ad)

N ad '

By the theorem of Montel [112] it is possible to select a subsequence
{Pp(e,)(2)}72, converging uniformly to an analytic function h(z) in the disk
|z| < (1/a) — 26 for k — oo, where ¢, — 0. In addition we obtain h(t) = f(t)
if t € [0,(1/a) — 24]. Since § > 0 can be taken arbitarily small we obtain a
function h(z), analytic on the disk |z| < 1/a, such that h(t) = f(t) for all
tel0,1/al. O

Since there are functions in Cj which cannot be extended to an analytic
function on a disk, 6.4.1 and 6.4.2 imply

Theorem 6.4.3 {t"}2° | is ¢-complete in Co[0,1] if and only if, for any a >

1, the condition
ok
liminf — =0
k—oo Cp

is satisfied.

Theorems 6.4.3 and 2.7.3 imply the stability of the initial degree sequence
in C:

Theorem 6.4.4 If the sequence € = {€,}7° | satisfies the condition

lim a*e, =0 for each a > 1

k—o0
then the completeness of {tk}3° | is e-stable, i.e. each g = {gr}3>, C Co[0,1],
with ||gr — t*||c < ex for all k, is complete in Cy, too.

Proof. By assumption, for any a > 1 we have lim, .., 3*a*e, = 0. Put
e, = 3%, ' Then {t*}72, is c-complete and we obtain > oo, epcr < 1.
Now 2.7.3 completes the proof. 0O
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6.5 Coefficient Estimates on [a, b] where a > 0

In comparison with the coeflicient estimates for polynomial approximation on
[0,1] we obtain considerable improvements if we restrict ourselves to closed
intervals which do not contain 0.

Theorem 6.5.1 Let 0 < a < b <1 and A > 0. Then, for every e > 0 and
every f € Cla,b], there is a function g of the form

n
g(t) = Zakt”‘k, t € [a,b], for some ay, and n
k=1

satisfying

sup |f(t) —g(t)| <e and |ag| <e forallk.

a<t<b
Proof. Let T = {z € C: |z| = 1} and consider K := [a,b] UT as a subset of
C. Define Fy : K — R by

Fo(t) = (X +t7) if t € [a,b],
Fo(z)=3(z2+2) if zeT.

Of course, Fj is continuous on K. Consider the equivalence relation ~ on K
defined by
k‘l ~ kg if and only if Fo(kl) = Fo(kg) .

Put X = closed span {F} : k=0,1,2,...}. By the Weierstra-Stone theorem
we obtain that X is equal to C(K/ ~), the space of all continous functions on
K which identify k; and ko in K whenever ki ~ ko. Now, let z,w € T. Then
we have

z~w if and only if Re 2z =Re w if and only if z =w or z =w .

Moreover, for s,t € [a,b], we obtain s ~ ¢ if and only if s = ¢. This follows from
the fact that the function o — x + 27! is strictly decreasing on [a, b] (recall,
b < 1). Finally, if t € [a,b], z € T, then Fy(t) # Fy(z). Indeed, otherwise we
would have t* +¢~* = 2 + z and hence

This is impossible since 0 < t* < 1 but the right-hand side is either 41 or
non-real.

Now, fix € > 0 and f € C[a,b]. Put § = min((1—b*)(3b*) e, 37 L¢). Define
F e C(K/ ~) by
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F(t) = f(t) if te[ab],
F(z)=0 if zeT.

Find a function G of the form G=3"_, v F§ for some v;, with supycx [F(k)—
G(k)| < 6. In particular

Gt) = Sp_om(EH)E it t e [a,b]

G(z) =2k Vk(z;rz

Hence, for suitable ag, B,

Yo if z€T.

G(t) = ag + S py (apt= + Bt?F) if t € [a,b] ,
G(z) =ao+ > (apz® + Bp2*)  if z€T.

Since sup,cy |G(2)] < 0 we obtain |ag| < J, k£ = 0,1,...,n, and |G| < 9,
k=1,2,...,n. In view of supyc(, 4 [F(t) — G(t)| < J we conclude

n

2
sup |f(t) — Z(akf)‘k + Bt <26 < Se.
t€la,b] h—1 3
Finally,
- ) € .
Zﬂkt’\k < - < 3 since t* < b .
k=1
So,
sup |f(t) — Zakt”‘k <e.
t€(a,b] h—1

0

Corollary 6.5.2 (a) Let 1 < ¢ <d, A >0 and f € Clc,d]. Then, for every
€ >0, we find a function of the form

gt) => apt™* teed],
k=1
with

sup |f(t) —g(t)| <e and |ag| <e, k=1,2,...,n.
tee,d]

(b) Let 0 < a < b, A >0 and [ € Cla,b]. Then, for every e > 0, we find a
function of the form

g(t) = Zakt)‘k, t€la,b],

k=1
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with
€

sup |f(t) —g(t)| <e and |og| < ———, k=1,2,...,n.

t€la,b] (1 —€)a)*
Proof. (a) follows from 6.5.1 by substituting ¢ = s~! (with a« = d~! and
b=c1).

(b) follows from (a) by substituting t = a(l — €)s (with ¢ = (1 — €)™,

d=ba"1(1—-¢€)1). O

Corollary 6.5.3 Let X be a Banach space with a normalized complete system
{ex}2,. Furthermore, assume that 0 < a < b and A > 0.
(a) Then, for any e > 0,

{(t™, a1 — e Mey) © E=1,2,...}

is a complete system for Cla,b] & X.
(b) For any e > 0 and any p € [1,00],

{t, a1 — e Mey) © E=1,2,...}
is a complete system for Ly,la,b] & X.
Remark. Note that

{(B*, 0™ (1 = e)Mey) - k=1,2,...}

is always minimal provided that {e;}72, is minimal in X. If @ > 1, then one
can show with similar arguments that even

{(t*,eer) + k=1,2,...}

is a complete system for Cfa,b] @ X and Lyla,b] @ X, resp. This system is
uniformly minimal if {e;}%2, is uniformly minimal in X.

Proof of the Corollary. Since Cla,b] is dense in Ly[a,b] we only have to
show that, for any f € Cla,b],

(f,0) € closed span{(t** a*(1 —e)*ey) : k=1,2,...}
This follows from the fact that, in view of 6.5.2 (b), for any § > 0, we find

G(t) = z”: (', a (1 — ) ey)
k=1

with
- )
Ak

’f(t) - ;akt < 5, te [a,b], and ‘ak| < W .
So

n (1:€)A (1_6))\

apa™ (1 — e) eyl < §—222 =9 .
2w 0 <O o =S

This concludes the proof since § < e can be chosen arbitrarily small. 0O
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Classification and Elementary Properties
of Mintz Sequences

Again we consider A = {\;}72, satisfying 0 < A < Ay < ... and
Sooe 1 1/Ak < oco. At first we will be concerned with different classes of A
which are distinguished by special properties. Then we study the underly-
ing Miintz polynomials Y, _, apt™. In particular we give estimates for the
inclination of the elements t** as well as of the differences t* — tM+1. One
of the main results of this chapter is Theorem 7.4.4 where we show that A
is non-lacunary if and only if M (A) is closing. For E we always consider Cy
or Ly.

7.1 Different Classes of A

We start with

Definition 7.1.1 A sequence A satisfying 0 < A1 < Ao < ... (as well as the
corresponding sequence M(A) and the Miintz space [M(A)|g) will be called
1. standard , if

lim A+l

=1
k—oo  Ag

2. rational , if all \; are non-negative rationals,
3. integer, if all A\ are non-negative integers,

4. sparse or non-dense , if Y, 1/\ < 00,

5. dense , if >, 1/, = o0.

In 6.3.1 we already introduced lacunary and quasilacunary sequences. Now
we extend this notion.

Definition 7.1.2 A will be called block lacunary if, for some increasing se-
quence of integers n = {ni}y>, and some B > 1, we have \p, 41/ n, > 0,
E=1,2,...

If Avis block lacunary with respect to . and [ we also speak of a (1, 3)-block
lacunary sequence. The intervals

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 93-103 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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I, ={m:m an integer , ni, +1 <m < np41}
will be called block intervals.

Recall that, according to 6.3.1, A is quasilacunary if it is (7, §)-block lacunary
for some 3 > 1 and we have supj,(ng4+1 — ng) < 0o. Moreover, A is lacunary
if it is (7@, 8)-block lacunary with ni41 —ny =1 for all k.

Proposition 7.1.3 The following are equivalent

(i) A is quasilacunary

(i) There are lacunary Ay, ..., Ay, such that A= U, A;

(iii) For arbitrary 3 > 1 there is N such that AN [37,39+1], j =1,2,..., has
at most N elements

(iv) There is an increasing sequence of integers i = {ny}3>, and some 3 > 1
such that

Ajir [An, =B, k=1,2,..., and sup(ngq1 —ng) < oo
k

Proof. (i) = (i) : If we fix exactly one \; in each block we obtain finitely
many lacunary A; satisfying (ii).

(13) = (4i1) : Fix an arbitrary § > 1. Since all A; are lacunary there are
N; > 0 such that A; N [B*, B¥+1] has at most N; elements for all k. Put
N = SUPj—1,..m N;.

(iii) = (iv) : Fix 8 > 1 and put my, = sup{i : \; < B*}. Then, by (iii),
supy, (my+1 — my) < oo. We may assume AN]BF, 3F+1] # () for each k, oth-
erwise enlarge A. Hence we have my # myy1 and 8¢ < AL ooy Ay <
BE+L Put ng = may. Then supy(ngy1 — ng) < oo and

2k+1
)‘7lk+1 6 +

)\nk - ﬂ?k

(iv) = (i) : By assumption we have

n —1
kﬁ Aji1 _ Misn >3
)\j )‘nk -

J=ng

=8.

and the numbers of the factors in the preceding products are uniformly
bounded. Therefore we find § > 1 and, for each k, some index mj such
that ny < my < ngpr and Ay, 41/Am, > 0. Since supy(ng+1 — ng) < 00
we also have supy (my1 —my) < 0o. Now, A is quasilacunary with respect to
m = {my};>, and 0. O

We also note that block lacunary and standard are opposite properties.

Proposition 7.1.4 The following are equivalent
(i) A is not block lacunary
(ii) A is standard
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Proof. (i) = (ii) : Otherwise find § > 0 and indices ny < ny < ... with
Anp+1/An, > 146 for all k.
(74) = (7) is obvious. O

We conclude this section with two more classes of A.
Definition 7.1.5 1. Let, for some a > 0a, § >0 and s > 1
Ak = a+ 0k®, k=1,2,...

Then we call A an s-arithmetic sequence. If s =1 then A is simply called an
arithmetic sequence.

2. Let n = {ny}32, be an increasing sequence of indices and assume that there
are numbers ay > 0 and 6 > 0 with

A]:ak—i_(]_nk)(skv nk+1§]Snk+17 k:1727

Put a = {ap}32, and § = {6,}32,. Then A will be called a (n,a,d)-block
arithmetic sequence.

Of course, an s-arithmetic sequence is non-dense if and only if s > 1.

Virtually nothing is known about the Banach space [M({k°}32,)]c if
s > 1. On the other hand, in 9.3 we will give a complete Banach space
characterization of [M(A)]g for E = C and E = L,, 1 < p < oo, if Ais
quasilacunary. (Then [M(A)]c ~ co and [M(A)]r, ~ l,.) Moreover, in 10.2
we show that there is a block lacunary A where [M(A)]¢ is not isomorphic
to cp.

Definition 7.1.6 1. Let, for some a > 0 and ¢ > 0, \p, = aq®, k = 1,2,...
Then we call A a geometric (or (a,q)-geometric) sequence.

2. Let n = {ni}32, be an increasing sequence of indices and assume that there
are numbers ar > 0 and qr > 0 with

)\j:akqi_"’“, ne+1<j<mngy, k=12...
Put a = {ap}32, and § = {qp}72,. Then A will be called a (7, a,q)-block
geometric sequence.

7.2 Tterated Differences

For the sequence A let dA denote the differences dA = {A\g41 — A} ;. Then
go on to define in the same fashion d?(A) = d(dA), d®(A) = d(d?(A)) etc. Put
d°(A) = A.

Definition 7.2.1 The sequence A will be called

1. k-regular (or strictly k-regular) if, for some positive integer k, all sequences
d’(A), j=0,1,...,k, consist of non-negative (or strictly positive) numbers,
2. absolutely monotone (or strictly absolutely monotone), if A is k-reqular
(or strictly k-reqular) for all positive integers k.
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For example, the sequence A = {qk}ioz1 is strictly absolutely monotone for
any g > 1. It will turn out that strictly absolutely monotone sequences are
always block lacunary but not necessarily lacunary.

Proposition 7.2.2 Let A be a strictly absolutely monotone sequence of inte-
gers. Then we have A\, > 2871 for all k. Moreover, A is block-lacunary.

Proof. Let A = {\;}72, be a strictly absolutely monotone sequence of in-
tegers. Define a1, = A, £ = 1,2,... and, by induction, amr = am_1x —
m—1,k—1, k =m,m+1,.... Then all a,,  are positive integers. In particular,
Qp,m > 1 for all m. Induction on k& —m yields a,, > 2k=m for all k and m.

Assume that A is not block lacunary. Then, according to 7.1.4, A is stan-
dard and we have lim,, o Am+1/Am = 1. Fix € € ]0, 1] and find mg such that
Amt1/Am < 1+ € for all m > mg. With the first part of Proposition 7.2.2 we
obtain

2’m—1 < )\m < (1 +6)7TL—WL0)\mO

for all m > mg and hence

1+€ m—mgo 1 mo—1
1< 1 - Amg =0,
spm (59) () e

a contradiction. 0

Proposition 7.2.3 There exists a strictly absolutely monotone non-lacunary
sequence A of integers.

Proof. At first we observe that, if {a4}7, is strictly absolutely monotone
and {0}, is absolutely monotone then {ay + 3, }72 is strictly absolutely
monotone. This is a straightforward consequence of the definitions.

Now we use induction to introduce strictly absolutely monotone sequences
{amj}521, m = 1,2,..., and indices j; = 1 < jo < .... Put a1 ; = 27 and
=1

If we have already {am’j}ﬁl and j,, for some m then let jn,, 11 > jn be
such that ) .

: Jm+1 7]m’ <1+ 1 '
Jmt1 = 1= jm 2(m+1)

Let b be a positive integer with ap, j,.,,/b <27 (m+1)~'. Put
a 1. = Am,js .] S jnL
m+1,j A, j + b(] - ]m)» ] > jm
Since 0,...,0,b,2b,3b, ... is absolutely monotone, {a,11,;}52; is strictly ab-
——

jm times
solutely monotone and we obtain

A1, 11 <14 1
U1, —1 m+1
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Finally, put A\j = an,j if j;—1 < J < jp. It follows from the construction that
A = {);}32, is a strictly absolutely monotone sequence of integers and we
have

s .
lim I — lim dm 1
Hence A is not lacunary. O

7.3 Elementary Properties of Miintz Sequences
and Polynomials

Now we focus on M (A) instead of A. We want to discuss elementary properties
of M(A) where A satisfies some of the preceding conditions. We start with a
technical lemma.

Lemma 7.3.1 Let g(t) = t* — t", where 0 < X\ < pu, and put p = u/\. Then

we obtain
1

||9|C=V(P)~<1—/1)> with (o) = p™

v(p) is a strictly increasing function on ]1,00[ satisfying 1/e < v(p) < 1
and lim,_,1 v(p) = 1/e. Moreover, to := (\/u)*/(*=2) is the unique mazimum
point of |g(t)].

Proof. Tt follows from simple calculus that g attains its unique maximum at
to and that ||g||c = v(p)(1 — 1/p). We have

dlogv  1/p—1+logp

dp (1-p)?
and
d1/p=1+1ogp) 1(1 1) >0 forp>1.
dp p p
Since 1/p — 1 +1logp =0if p =1 we obtain dl;f” > 0 and hence logr and v

are strictly increasing. 0O
Lemma 7.3.1 has a number of consequences. At first we note

Proposition 7.3.2 The Miintz sequences {t* }_, and {t**}1_ are isomet-
rically equivalent in C|0,1] if and only if

At Mgl e 9 N1
Aj 14
Proof. The sufficiency of the condition for isometric equivalence follows easily
by substituting 7 = tM and 7 = tHt.
For the necessity assume that |[t* — % ||c = |[tH* — t#i||c. With Lemma
7.3.1 we conclude \; /A = p;/p. O
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As a direct consequence of 2.7.2 we have

Proposition 7.3.3 Let E be either Ly, for 1 < p < oo, or C. Then span
{tA"}n_, C E is a continuous function of (M1,...,\,) with respect to (the
logarithm of ) the Banach-Mazur distance and the ball opening @ of subspaces
i E.

Using the last two propositions we obtain

Proposition 7.3.4 Let A be a (a,q)-geometric sequence with ¢ > 1. Then

(a) {t*:}32 | is isometrically equivalent in C to {t*}52, for alll =1,2,....,
(b) If A is finite, i.e. if A = {aq,aq?, ...,aq"} for some n, then M, , =
[M(A)]c is a continuous function of the parameters a and q with respect to
the ball opening © as metric. Furthermore, for some € > 0 we find a Lipschitz
constant ¢(q, €) with

O(Ma,g, Mor) < c(g:€)-lg—=7l,  T€lg—€q+e.

We finish this section with an estimate of the values of a Miintz polynomial
which has only two summands.

Lemma 7.3.5 There is a constant k > 0 satisfying the following: Let 0 <
A< and g(t) =t — t*. Then, for any t € [0,1], we have

lg(t)] < wt*?]|gl|c -
Proof. Put p = \/u. Then, according to 7.3.1, we obtain
P
llgllc = pT7 (1= p) .

Put f(t) = t*/? — t#=*/2. Then, with the preceding p, 7.3.1 implies

||f|C:(p)2(1P_p)2_2p
2—p 2—p

Put

1\ 22
m(s) = <s(2—s)> 2—s’

Then 7 is continuous and we have

s€]0,1].

X
lim 7 =1 d limrT = lim 7 =0
SIH(I) (8) an SIH% (S) Ilm <1 x)

Hence there is a constant £ > 0 with 7(s) < & for all s € |0, 1[. We obtain, for
any t € [0, 1],
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| fllc
lg(t)] < 22| f||c = t*/? ol gl
=t"27(p)llgllc
< &t*?||gl|c

Now we turn to general Miintz polynomials with two summands.

Proposition 7.3.6 Let p(t) = at® + bt with 0 < X\ < u. Then for any
t €10, 1] we have
p(t)] < (25 + DM |pllc -

where K s the constant of Lemma 7.3.5.
Proof. Assume ||p||c = 1. We have
p(t) = at* + bt" = a(t* — t*) + (a + b)t* .

Hence p(1) = a+b and |a+b| < ||p||c = 1. Put g(t) = t* —t*. Then we obtain
lal - ||g]lc = ||a(t* — t*)||c¢ < 2. Using 7.3.5 we see that, for any ¢ € [0, 1],

p(t)] < wt*2a] - [lgllc + t* < (26 + 1)1V2.
u]

Compare Proposition 7.3.6 with Corollary 6.1.3. There the constant depends
on the given exponents A\; while here x is independent of A and .

If t in the preceding proposition is small then |p(t)| is small. In particular
we obtain a lower estimate for

min{ty € [0,1] : [p(to)| = l|pllc}

In the next chapter we extend Proposition 7.3.6 to general Miintz polynomials.

7.4 Differences of Miintz Sequences

Lemma 7.3.1 implies that the elements of a Miintz sequence M (A) have, in
general, “bad” mutual disposition. As we have noted already, even if A has
“large gaps”, i.e. if Y 7o 1/Ax < oo, in general M(A) is not a basis or uni-
formly minimal. (Lateron in 9.2 we shall see that M (A) is a basis if and only
if A is lacunary. This is also equivalent to the condition that A is uniformly
minimal or separated.) For standard A the normalized elements of M (A) are
even closing (see 7.4.4, for the definition of closing see 2.2.1).

The situation does not improve if we go over to the sequence of differ-
ences. Again, we obtain a closing sequence in general. However, the geometry
of differences of a Miintz sequence helps to understand more complicated phe-
nomena such as the geometry of octants which we discuss in 7.5
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Lemma 7.4.1 Consider p > X >0 and 7 > 0 such that
2u<A+71 and — TA< p?.

Then for the functions gi(t) = t* — t#, ga(t) = tH — 17 and A(t) = g1(t) —
ga(t) = t* — 2tH +17 we have ||Al|c < 5€2||g1]|%.

Proof. By substituting t* = s we can assume that A = 1 and hence p > 1. So
we deal with g1(t) =t — t#, ga(t) = t* — ¢ where 2u — 1 < 7 < p2. Consider
two cases.

1.7=2p—1. Here, 7 — 1 = 2(p — 1) = 2a with @ = u — 1. Moreover,

A(t) =t —2tF + 271 = ¢(1 —t%)?

A'(t) =1 =20t + (2p — 1)t** and p? — (2p — 1) = ® .

So we have a unique point ¢y of maximum for A with ¢§ = 1/(2 — 1). Thus,

By Lemma 7.3.1, ||g1||c > e (1—1/p), 50 [|Al|c < (2(1-1/p))? < 4€?[|g1][2-
2.7 > 2u — 1. Since 7 < 2 we have

2

2 —1 2u — 1 1

[ P P iy P R T

D) C
T H K

Now, using the previous case and triangle inequality we finish the proof of
7.4.1 0

As a consequence of Lemma 7.4.1 we obtain estimates for the inclination of
the elements of M(A) and their differences with respect to the sup-norm.

Theorem 7.4.2 Let A = {\¢}32, and put e = tM, gp = exr1 — ey,
k=1,2,.... Then we have, with respect to the sup-norm || - ||c,

(a) (ersers1) ~ 1 —Ag/Aps1 as k — oo. In particular, if A is a standard
sequence, then M(A) is closing.

(b) (gk; grs1) < 10e2(ey; exs1) provided that
20641 < A+ Apr2 and  Apdiga < Ay -

If the latter conditions hold for all k and A is standard then {gx};2, is closing,
too.

Proof. (a) is a direct consequence of Lemma 7.3.1. To prove (b) fix k. Then
we have
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lgi = gisalle _ llAlle
lgrllc lgrllc
and, with the notion of angle (see 1.2),

< 5¢?||gkllc

(9K, gk1) <

lgrlle = llex+r — exllo = wler, ext1) < 2(ersert) -
This finishes part (b) of the theorem. O

For example A = {k?}?° | satisfies the assumptions of Theorem 7.4.2 (b).
Now we turn to the L,-case for 1 < p < 0o. Recall that

1M1z, = (p +1)71/7
Lemma 7.4.3 For 0 < A <y we obtain

pA/ut+l/p

]_ )\ p2(1—=X/p)
! () < 10w+ DYPE — (up+ 1) VPe,

2\ 2Pp
1/p 1/p
§1—<A> —&-pl/p(l—)\) .
1 [t

Proof. We have, with a = (Ap + 1)*/? and b = (up + 1)*/?,

[t — atM|p, < (b—a)||t*]|L, + allt* — t"||L,

1 1/p
_Z A i
<(1 b)+a</0(t t)dt)
PN 1 1 \YP
- p ¢ A+1 p+1
)\ 1/17 )\p+1 1/10 )\ 1/P
<1-(3) +( ) (-7)
I A+1 I
1/p
s () e (0)

Here we used [t} —t#[P < (t* —t#) and (Ac+1)/(puc+1) > \/u for any ¢ > 0.
Put to = (a/(20))"/#=2. Then at — bt* > at*/2 if 0 < t < to. This

implies
a to 1/p
6t — at]], > 2 (/ tApdt>
P 2 0

lt/\Jrl/p
2 0

1+Ap
1 Ap+1 p2(n—2X)
2\ 2°(up+1)

pA/put1/p

1 A p2(1—X/n)
> — . O
— 2\ 2Pp

Y
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We obtain, using
(z,y) < |z —yll < 2(z,y) if [[z]| =1and [[y]|=1,

Theorem 7.4.4 The following are equivalent
(i) A ={\;}72, is standard

(ii) A is not block-lacunary

(iii) M(A) is closing in C[0,1]

(iv) M(A) is closing in L, if 1 < p < oo

Proof. (i) < (it) follows from 7.1.2, (i) < (4i7) follows from 7.4.2 (a) and
7.3.1. (i) & (iv) follows from 7.4.3. Note, if

Ap/Apg1+1/(PA 1)

1 Ak PA=Ag/Ak41)
2 \ 2P N\py1

tends to 0, then limy 00 Ag /A1 = 1. O

7.5 The Inclination of Positive Octants
of Miintz Sequences

The results of the preceding section allow us to get estimates of the inclinations
of the positive octants for any Miintz sequence.

For any sequence € = {e;}7°, in a Banach space and integers n, m with
m < n define the positive (m,n)-octant as

Qm’n(e):{Zakek :ap >0, k:m,...,n} ,
k=m

and positive normed (m,n)-octant as

Qm,n(e):{x Da= Zakek, ap >0, k=m,...,n, ||x||§1} .

k=m

Now we consider again an increasing sequence {A;}72, of positive real num-
bers and put e, = t**. The error of approximation of Miintz polynomials with
positive coefficients can be estimated by the following theorem.

Theorem 7.5.1 For all integers n and m with 0 < m < n we have, with
respect to the sup-norm on [0,1],

—

(@) (21m, Pmi1n) = [ = 74|

1 —
(b) §\|t’\m — e < (1 my Pmy1n) < [ — 1 |g
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Hence

— A ~ - A
(Ql,wu Qm+1,n) ~1- and (Ql,my Qm+1,n) ~1—
m—+1 m—+1

as m — o0

—

Proof. (a): Put a = (1., 2mi1n). Take polynomials p(t) = Yo7, aptt
and q(t) = Y1 _,, 11 Oet™ with

m

ap >0, B >0 forall k, |lplle =D ar=1,(21.m, 2mi1n) = lp — dllc
k=1

and ||g[lc < 1. Hence Y_;_ ., B < 1. We obtain

n

|3 — Mo > a > p(t) — qt) > th — D Bttt > e —pre >0
k=m+1

for all ¢ € [0,1]. This implies a = |[t*m — t*m+1|| .

(b): Let a be as in (a) and put b = (Ql7m,/-§m+17n). Take polynomials p € (24 ,,
and ¢ € (2,41, such that ||p]lc = 1 and b = ||p — ¢||c. Then we have
llgl|c < b+ 1. Hence

S P

lalle lle

and we obtain a/2 < b. The right-hand inequality of (b) follows directly from
the definitions.
The last assertion of Theorem 7.5.1 is a consequence of 7.4.2. O

We also obtain the straightforward.

Proposition 7.5.2 Let E =C or F = Ly, 1 <p <oo. Then for any Miintz
sequence M(A) and any Miintz polynomial p(t) = Y, at™ we have

D lalt
k

lplle <

E
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More on the Geometry of Miintz Sequences
and Miintz Polynomials

In this chapter we continue the analysis of Miintz polynomials f(¢) =
Z}Z:l ait™ where 0 < Ay < Ao < .... Here we focus on three deep theo-
rems. At first we give lower estimates for the maximum points of |f(¢)| in
[0, 1]. In this context we also compare the sup-norm of the function f(t)t=*1/2
with the sup-norm of f. In the following section we consider the derivative
f’ of f and give estimates for ||tf'(t)||c and ||f'||c with the help of the sup-
norm of f. Finally, we study the behaviour of a Miintz polynomial on a subset
£2 C [0,1]. This leads to versions of the Miintz theorem over (2.

8.1 Lorentz-Saff-Varga-Type Theorems

Let 0 < A\ < ... < Ap. Then a Miintz polynomial of the form f(t) =
S at™s will be close to zero if t is close to zero. Hence the maximum
points of |f(¢)| must lie somewhere in the right-hand part of [0, 1]. We want
to find concrete lower bounds for these points.

At first, it is helpful to consider a general (semi-)normed space F contain-
ing the continuous functions such that the operators T, with (7}, f)(t) = f(pt),
t € [0,1], are bounded for 0 < p < 1 and we have supy<,<; ||7}|| < oc. Then
we show

Lemma 8.1.1 Any Miintz polynomial f(t) = >, axt™* satisfies

m

1T, flle <2( > 0% | sup [|T,fllez for any p€0,1]
h—1 0<n<1

and any B > 0 with Y-, Br = 1.

Proof. We use induction on m. The case m = 1 is clear. Then assume that
Lemma 8.1.1 holds for some m.

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 105-116 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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Finally, consider f(t) = 21;11 at? . At first we prove the assertion the
sup-norm on [0, 1]. Put G' = span{t*m+1},

~ ﬁk m
Oh==m—, k=1,...,m, and a= B .
Zj:lﬂj ; J

Then we have 1 — a = B,,41. Now fix p € [0,1] and let g € G be such that
[ Tpe f +gllo = nf |[Tpe f +dllc -
geG

We clearly have ||g||c < 2||f||c- Using the induction hypothesis for £ = C'/G
we obtain, for any t € [0, pl,

[F(0)] < |Tpe £ (0 =) + g(p" =)+ 19(p' )]
< it [Ty f + Gllo + 21| fllep™ 0=
geag

= ||Tpa f + Gllc/a + 2/|f||cp =)

<23 MBI f 4 Gllcse + 21 fllep )
k=1
m+1

<2 M| flle

k=1

Hence |£(8)] < 2 (7! o) || fllo for 0 < ¢ < p.

Now let || - ||z be a general (semi-)norm. Fix ¢ € E* of norm one and
consider
m—+1
hp) = (L, 1) = 3 s b(1)
k=1

We obtain, by what we just have proved already,

m—+1
B(T,f) = |h(p)| <2 p™™ sup |B(T,f)| .
k=1 0<n<1

Taking the sup over all such @ on both ends yields

m—+1
ITpflle <2 pP% sup [T, flle
k=1 0<n<1
which finishes the induction. O

Now we turn to the sup-norm || - ||¢ on [0, 1]. Reformulating 8.1.1 we obtain
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Corollary 8.1.2 Any Miintz polynomial f(t) = > ;. axt™ satisfies

lf@)] <2 (Zt“ﬂ’“> flle  for any ¢ € [0,1]

k=1
and any By > 0 with Y-, Br = 1.

For m = 2 and 5, = 32 = 1/2 we recover the estimate of Proposition 7.3.6.
Now we introduce the notion of Lorentz point.

Definition 8.1.3 Let f € C[0,1]. The set {t : ||f|lc = |f(t)|} is called the
Chebychev set of f and is denoted by Ch(f).

The smallest element of Ch(f) is called Lorentz point and is denoted by
tr,(f). Hence

t(f) = min Ch(f) = min{t = [f(t)] = [|f]lc} -
For general Miintz polynomials we have the following theorem.

Theorem 8.1.4 Let 0 < Ay < ... < Ay, and put f(t) =Y, ayt™. Then

tr(f) > max ((;n)z::l L/ 2 ’ (;)Z:l k/)‘k>

Proof. Apply 8.1.2 with 8 = (A Z;nzl 1/X;)~t. This yields

1 ™1
£(1)] < 2mt" 2= 1] o

m

and hence |f ()| < ||f||c whenever t < (2m) =1
If we take By = k(g Zﬁlj/)\j)*l then 8.1.2 shows that

(1)) < (thz:;j/xj> I1flle -

k=1

/7

Hence, for t <3~ D ey B/ A we obtain

m

7@ <2 (Z ;) 1flle < I1flle -

k=1
Combining the two cases proves the theorem. 0O

Observe that, for fixed m, the lower bound of ¢ (f) in 8.1.4 tends to 1 if Ay
tends to co. For simultaneously large A; and m the lower bound in Theorem
8.1.4 is not optimal. In [127] Saff and Varga showed

win = ()
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provided that the A; are integers. This is an extension of a result of Lorentz

who proved the same estimate for polynomials of the form Y 7= ayt® [85].

The proofs for this estimate are more complicated than our proofs of 8.1.1 and
8.1.4. The preceding Theorem 8.1.4 suffices for our applications in Chap. 9.

Corollary 8.1.5 Let f(t) =Y o, apt™ and g(t) = /2 f(t). The we have

(a) Nlglle <d|lf]lc
() f®I<t"2dfllc forany te[0,1]

where . .

d = min ((Qm) ooa M/ @A) gd T RN/ (M=) )
Proof. 8.1.4 applied to g yields t1,(g) > d=2/*. Since g = t~*1/2 f this implies
llglle < dl| fllc. Hence | f(t)] = t}/2|g(t)] < t*1/2d]|f]|c. 0
More generally, we also consider a-Lorentz points.

Definition 8.1.6 For a € [0,1] and f € C[0,1] we define the a-Lorentz point
by
tr.a(f) =min{t € [0,1] = [f(O)| = ol fllc} -

Then Corollary 8.1.2 implies

Corollary 8.1.7 Let 0 < Ay < ... < Ay, and 0 < o < 1. Then, for f(t) =
Sl apt™, we have

o /A « Z:ﬂ HA
tL,a(f)zmaX<(2m)z ) ' (2+0‘) )

Proof. Again, apply 8.1.2 with 8 = (Mg E;nzl 1/X;)~! and then with 8, =
k(A 30051 3/2) 71 0

8.2 The Newman Inequality

Here we want to estimate ||f’||c for a Miintz polynomial f. We start with an
estimate of |[tf'(t)]]c.

Theorem 8.2.1 Let 0 < A} < Ay < ... < A\,. Then any Muntz polynomial
f € span {t*}7_, satisfies

Itf ®)lle <9 (Z >\k> Iflle

k=1
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Proof. (See [12]). Without loss of generality we can assume that >, _; A, = 1.
(Otherwise go over to f(tl/ 2 A8

Let 7 : [0,00[—]0, 1] be defined by 7(s) = e~*. Instead of taking f(t)
Sh_apt s t € [0,1], we consider g(s) = (foT)(s) = Y p_, are 5, s
[0,00[. Let || - || be the sup-norm over [0, c0[. Then we prove

€

lg'll < 9llgll (8.1)
(8.1) yields Proposition 8.2.1 since ¢'(771(t) ) = —tf'(t), t €]0,1].
At first we use complex analysis to prove a number of claims. Define

n

Z_Aj B 1 Z2€—sz
B<Z):HZ+)\- and U(s)—ﬁﬁmdz

j=1 J

where I' = {z € C : |z — 1| = 1}. We claim
1
|B(z)| > 3 forall zel'. (8.2)

Indeed, for z € I' the function |[(z — A;)/(z + A;)| attains its minimum at
z = 2. Since 0 < A; <1 this implies

Z—>\j
Z+>\J

> 2—)\j _ 1—)\]‘/2.
_2+)\j 1+>\]/2

Next we use the inequality

1—2\ [(1-y 1—(z+y 2zy(z +y)
= +
1+ 1+y 1+ (z+y

A4+z)1+y)1+z+y)

for all z,y > 0.
For z € I" we obtain

n

1—);/2
5= 11507

1-27'370 0 1-1/2 1

> = =
T1427 1Y N 1+120 3

Moreover we show

/Ooo U (s)|ds < 6 (8.3)

Indeed, for z = 1 + € we have |2|?> = 2 + 2cosf. Hence (8.2) and Fubini’s
theorem imply
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e} o] 1 Z2efsz
|U(s)|ds —/ 7dz ds
/0 0 (1—2)B(2)
2ﬂ
< — / / (2+2cosb)e —1=cos0)s g g
2™ 9 4+ 2cos6
n 277 1+ cost 0 =6
Finally, we claim
o0
/ e MU (s)ds = \j — 3 (8.4)
0

Indeed, Fubini’s theorem yields

T (s = [ e e
—AjS — —AGS - -
/0 € (s)ds = / 271'2/ (1 —z)B(z) =as

—(z+X;)
= / / dzds
2mi 1—2)

dz

2mi /p (z + )\j)(l —2)B(z)

:2;mﬁ(ZfM><1zz)(BéDdz

Observe that the preceding integrand has only poles at 1 and, by definition
of B(z), at Ay for k # j. (This is the reason why we introduced B(z).) All
singularities lie in the interior of I'. This explains the validity of the last
equation.

To evaluate this integral we use the residue theorem. We have the following
Laurent series expansions for |z| > 1:

z Aj o AS
=1-Z+ 3.
Z+/\j
z 1 1
:—]_ —————
1—=2 z 22

and

1 rl+M/z 1 SO
w‘gl—Ak/z‘H<”2Z<z)>

k=1 =1
n n 2
=142 (Z)\k> Jz 42 (ZAk> /224 ...
k=1 k=1
2 2

=l+-+=+...
z oz
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() () (o) e 2

Since the value of the integral equals the coefficient of 1/z in the Laurent
series expansion of the integrand we obtain (8.4). To prove the proposition
consider g(s) = > 1_, axe 5. We have, for any a > 0,

/g(s+a)U(s)ds:/ Zake_’\’“se_a’\’“U(s)ds
0 0 k=1

:Zake”"““/ e 35U (s)ds
k=1 0

Z ap(Ag — 3)67)\“1
k=1

= —4'(a) = 3g(a)

Hence

With (8.5) this implies
|9'(a)] < 3lg(a)| + I/ 9(s +a)U(s)ds| < 3||gl| + 6]|g]| -
0

Hence [|g'[| < 9]lg]l. o
In Mintz spaces we obtain better estimates. We prove

Proposition 8.2.2 Let 1 < Ay < Xy < ... such that 7~ 1/\;, < co. Then
there is a constant K > 0 with

If'lle < K (Z M) Ifllc
k=m

whenever f(t) =>")_  agt™ (for any m and n).

Proof. Since > _p-, 1/A\; < oo we can apply Corollary 6.1.3 to g(t) = tf'(¢).
Therefore we obtain a constant d with [g(t)| < dt*t||g||c for all ¢. Hence
If'(t)] < dt*~1||g||c. Now Theorem 8.2.1 yields

|f’(t)|S9d<Z /\k> flle - 0

k=m

A version of 8.2.2 remains true if we drop the assumption > ;- 1/\; < oco.
In [12] a proof is outlined for the estimate

If'lle <18 (ZM) I£lle

k=1

whenever f(t) =, _, apt™, 1< A\ < ... < A\, and infp(A\gyq — Ap) > 1.
We note some consequences of Theorem 8.2.2
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Proposition 8.2.3 With the assumptions of Proposition 8.2.2 we have

n 1/p
Iflle < K'P (1+ > Ak) n?||fllz,

k=m
if 1 <p<oo.

Proof. At first, assume that p = 2! for some integer I. Then f? is a Miintz
polynomial with n? summands. We obtain, for any « € [0, 1],

Avwwayéﬂmm=umu

where f is a Miintz polynomial with f’ = fP. The Newman inequality, applied
to f, yields

1£11E =1l <K Ny +-o X + DI lle

J1s--2J51
L n 1
<Kn? [14) ) / |f(t)|Pdt.
‘ 0
j=m

If p is arbitrary let [ be such that 2l < p < 21 Assume without loss of
generality || f||c = 1. Then

‘2z+1

A llz, <M flle,m <1 and [fOF - <|f@)F <1

We obtain, by what we have proved already,

n 1
1+1 I+1
=l < ke (1 )[R a
j=m 0

n 1
SEn™ |14 ) ) / |f(t)|Pdt
j=m 0

Thus

1/p

n 1 1/1’
IIfllc =1< KYPp? 1+ZAJ~ (/0 |f(t)|pdt> .

Jj=m

We conclude this section with a corollary which we will apply in 9.3.
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Corollary 8.2.4 With the assumptions of Proposition 8.2.2 we have, if 1 <
p <00,

1 P 1/P
(p / If(S)I”dS) Tl

/2 <2 +230 N

<
P Amp + 2

1/p
> Kl/p(2n—|—2—2m)2”+2*2m|\f|\LP

Proof. Consider g with g(£)t*/%(pA,,/2 + 1)/? = f(t). Corollary 8.1.5 (a)

implies

(2n + 2 — 2m)2n+2-2m
(PAm /2 + 1)M/P

Hence, by Proposition 8.2.3, with substitution s = pt,

1/p
(; / ’ If(s)l”ds) T flls,

1 P D A 1/p
< llgllc </ (A +1) s mp/“’ds>
P Jo 2

Aon /2

I flle-

llgllc <

=" lglle

n 1/1’
M I1£]1z
Amp/2 + 1 p

< pAm/2K1/p(2n +92 - 2m)2n+272m (

8.3 A Bernstein-Type Inequality in C

Here we discuss a somewhat different estimate for ||f’||c where f is a Miintz
polynomial. Now we assume that A is lacunary.

Theorem 8.3.1 (See [12,54,59]) If A = { A}, is lacunary with Ao = 0
then there exists a constant ¢ = c¢(A) such that, for any f € span M(A), we
have

c
()] < 17_t||f\|c for all t€0,1].
Proof. Let f € span M(A), ||f|lc =1, be such that

f(t) =ag + Z ajt’\j .

=1

By 6.3.2 M(A) is a uniformly minimal system. So, by 2.2.2, there is a constant
¢1 > 0, independent of f, such that, for all j, |a;| < ¢1. Let [A] be the largest
integer smaller than or equal to A. Then we have
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1
N1 =1 =[N =1 +1=2 N — A = 1—5 Ajt1
where ¢ = infy>1 Agy1/A, > 1. Hence

)\j+1t)‘j“_1 < )\j+1t[>‘”1_1] < L(t[kj—l] LS e I t[)‘j“_l]) .
< S -1

We conclude, with ¢o = c1¢/(¢ — 1),
F'OI< Y agAt
J
< Sl

J
S C1 Z )\jt)\j_l
J

o ; ¢
<e) t= 1—¢
=0

8.4 Some Applications of the Clarkson-Erdos Theorem

To conclude this chapter we study the behaviour of a Miintz polynomial on
a given subset of [0,1]. To this end, let £2 C [0,1] be compact and let E be
one of the spaces L,[0,1], 1 < p < oo, or C[0,1]. Then we denote by E({2)
the corresponding space L, ({2) (with respect to the Lebesgue measure on {2)
or C(£2) (with respect to the sup-norm on 2). Let 2 be the interior of 2
with respect to [0,1]. Moreover, consider \g = 0 < A; < Ay < ... and put
A= {172, At first we prove

Proposition 8.4.1 Assume that Z;ozl 1/Ak < oo and infx(Agy1 — Ag) > 0.
If1 e _F} then there is a constant ¢ > 0 such that

1|z <IIflle <dlfllew
for any f € [M(A)]g.

Proof. The first inequality is clear.

Assume we find f, € [M(A)]g with |[fu||z = 1 and || fu]|ge) < 1/n for
all n. By assumption there is € > 0 with [1 — 2¢,1] C £2. By 6.2.3 there are
Qi  With fr(£) = > re, an Kt . According to 6.2.2 there is a constant M > 0
with
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] < M1+ )™ (A + 1) (8.5)

for all k and n (since |[tN*||z > [|[t**]|z, = (A\x +1)71).
This means that the extended functions

~ o
fn(z) - Z an,kz)\k
k=0

are uniformly bounded on {z € C: 0 < Re z and |z| < 1 — ¢}. By Montel’s
theorem there is a subsequence of f,, which converges uniformly on compact
subsets of {z € C:0 < Re z and [z]| < 1—¢} to an analytic function f. Since,
by assumption, lim, oo || fn||B(1-26,1—¢)) = 0 we obtain that f|j1_2c1-q =0
and hence f = 0. (8.5) also implies that, for any § > 0, there is a constant
d > 0 such that supg<,<y|fn(t)] < . From the preceding, by perhaps go-
ing over to a suitable subsequence, we see that lim,_ . | fullE(ld,1—2¢) = 0
and lim,, oo || ful|E(j1=2¢,1)) = 0. We conclude limsup,, . [|fn||z < ¢ which
contradicts || fn||g = 1 if § is small.
Hence there must be a constant ¢ > 0 with

flle <clfllp forall fe[M(A))p. O

As a direct consequence of Proposition 8.4.1 we obtain a Miintz theorem on
0.

Corollary 8.4.2 Assume that infy(Aky1— i) > 0. Let 2 C [0, 1] be compact

such that 2 # 0. Then [M(A)] g2y # E(92) if and only if 3,71 1/X < c0.
Moreover, if Y 7o 1/Ak < oo then M(A) is a complete minimal system in

[M(A)| o) In this case, for any p € Q and any 6 > 0, there is M > 0 such
that

146\
ol < (F22) ollecey dorait k20

whenever f(t) =Y, aut™ € [M(A)]p0)-

Proof. Let 7, 1/\, = co. Then, by 6.1.5, we have [M(A)]p = E. Hence we
also have [M(A)] g2y = E(92).

Now assume > -, 1/ < oo and let p € 2 such that p > 0. Ob-
serve that [M(A)]g(o,)) is isometric to [M(A)]g. Find € > 0 such that
[p— e p] C £2.84.1 implies that [M(A)]g(o,,) and hence [M(A)]g are iso-
morphic to [M(A)]g(p—e,p))- Then, in view of 6.2.2, for every 6 > 0, there
are constants M > 0 and ¢ > 0 with [|amt* || (0, < (1 + 0) || f]| o)
for every f(t) = Y, ayt™ and every m > M. This proves the last inequal-
ity of the corollary. In particular, M(A) is a minimal complete system in
M(A)] g2y If0 < Xand X ¢ A then M(AU {\}) is a minimal system in
[M(A U {A})]g). Hence [M(A)|go)y # [M(AU{A})]g) and therefore
[M(D)]p0) # E(£2). o
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The if-part of the preceding Miintz theorem is certainly not true for general
infinite 2 C [0, 1]. Tt is possible to construct a lacunary sequence A of expo-
nents and a sequence {2 = {t,}22, C [0,1] with lim, . ¢, = 1 such that
[M(A)]c(o) = C(£2). For other examples see [1].

If one goes deeply into the theory of Chebychev approximation then one
can improve the first statement of Corollary 8.4.2 considerably. Indeed, in [13]
it was shown that this result remains true for the sup-norm on any 2 C [0, 1]
with positive Lebesgue measure even without the gap condition. The same
holds for the following Remez-type inequality . Since we do not need these
facts lateron we only present the easily proved cases.

Corollary 8.4.3 Assume that Y ,-; 1/\; < 0o and infy(Agr1 —Ag) > 0. Let

2 C [0,1] be compact such that 1% # (). Then there is a constant ¢ > 0 such
that, for any t € [0,inf 2] and any Miintz polynomial f, we have

IFO] < cllfllew)
Proof. We find p € f) such that inf 2 < p. Put

i=3 ()

(Of course we can assume inf 2 > 0.) For f(t) = >, axt** Corollary 8.4.2
yields a constant d > 0, independent of f, such that

1+0\™
ak|<d(p) ||f||E(Q) forall k.

Hence

1 inf2\™
FO1 < S Jarlinf 2] flley < S <2+ " ) £l
k k

Then the corollary follows with

o] . Ak
1 inf02\"°*
- - . O
¢ Z<2+ 2p )

k=0
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Operators of Finite Rank and Bases
in Miuntz Spaces

Now we turn to the Banach space [M(A)]g where E = L,, 1 < p < o0, or
E = C. This chapter is mainly devoted to the question whether every Miintz
space [M(A)]r, and [M(A)]¢ has a basis or other bounded approximation
properties. At the same time, for special A, we clarify the isomorphic character
of [M(A)]r, and [M(A)]c.

9.1 Special Finite Rank Operators

We start discussing the commuting bounded approximation property (CBAP)
for [M(A)]g (see 5.1). Here let E = L,[0,1], 1 < p < o0, or £ = CI0,1].
Throughout this section let A = {\;}7°, be given with

1
0< A <Ap<..., inf(Aes — M) >0, and Y — <oo (9.1)
k 1 )\k

For f € [M(A)]g and 0 < p < 1 put, as before, (T,,f)(t) = f(pt), t € [0,1].
Then T, is a contractive and compact operator on [M(A)]c which can be
inferred for example from 6.2.2. Hence [M(A)]c has the metric approxima-
tion property which, by [17], implies that [M(A)]c has the CBAP. (This is
also true for [M(A)]z,.) But here we want to discuss an explicit commut-
ing approximating sequence of finite rank operators R,, which are defined on
[M(A)]g for all preceding E.
To this end put

cx = cr(B) =sup { lax| = f(t) =) a;th € [M(A)]g, [|f|ls <1
j

Fix a positive number p. We introduce indices Ng = 0 < My < Ny < My <
Ny < M3 < ... and real numbers 0 < p; < ps < ... by induction: If N, 1
has been defined already then fix M, > N,,_1 and take some p,, < 1 with

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 117-136 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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—1

My,
Pm > 1— ch max(1, A;) (9.2)
j=1
Fix N,, > M,, so large that
Z crppt < pu (9.3)
kZN’nL

Such a choice of N, is always possible. Indeed, let ¢ = 1 — p,,. Then, by
Theorem 6.2.2, there is M > 0 with

c < (1+6))\k < e forall k> M .

We obtain

Yoo < S (@M1t < Y e

k>M k>M k>M

Hence, for suitable V,,, > M the left-hand side of (9.3) is smaller than pu.

Now fix an index m. For a polynomial f(t) =", axt™* put

(R f)(¢ Zakt)"“—k Z akpA’“t)"“ (9.4)

k=M,,+1

Then R,, is a bounded linear operator which can be uniquely extended to a
bounded operator on [M(A)]g. This extension will also be denoted by R,.
Note that R,, depends on M,,, N, and p,, (and hence on FE).

Definition 9.1.1 M,,, N,, and p,, are called characteristic indices of R,,
with respect to A and p.

The R,, are indeed uniformly bounded. We denote the operator norm on
[M(A)]g by || - ||, too.

Lemma 9.1.2 We have

—1/p . _
Rl < { L HPm 4 if B =Ly
2+ if E=C

Moreover, Ry, Ry, = Ruin(m,n) if m # n, and R, — id pointwise on [M(A)]g.
Finally, if 0 < a < b <1 then

b 1/17 1 bpm 1/17
(/ Rmflpdt> < (/ Ifl”dt> +(1+p)(b=a) 7| fllz,- (9.5)
a Pm apm
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Proof. Let f(t) =, ayt™ € [M(A)]g. Consider T}, where p,, is the num-
ber of (9.2). We obtain [T}, fl|r, < pfnl/p\ |||z, According to (9.2) the choice
of py, yields

M,, M,,
D lonE = 1er <Y max(1, A)er(l = p) < 1.
k=1 k=1

Hence, with (9.2) and (9.3), for 1 < p < oo,

M, e’}
1B f = Tp flle, <D lohe = lawl+ Y philadl
k=1 I=N,,+1

<@+ wllflle,

(Note that ||Ry,||z.. = ||[Rml|c.) This implies ||Rp,|[z, <1 +pP 4 4 and
[|Rm|lc < 2+ p. We obtain similarly, with

b}\karl _ a)\kp+1
— 7 <(-a),
Axp+1

b 1/p
( / R f Tpmflpdt>

M,, b 1/1’ oo b 1/P
< z|p>,f—1||ak(/ wdt) S el (/ twdt)
k=1 @ @

I=N+1

< (4w -a) 7l fllL, -
Using the Minkowski inequality and the substitution s = p,,t we derive (9.5).
The remaining assertions follow directly from the definition of R,,. O

In the following we also consider

[M(A))S := closed span{t*+1 —t* . k=1,2,...}
={feM)c : f(1) =0}

Since [M(A)]% is one-codimensional in [M(A)]¢ it will turn out that the
Banach space nature (i.e. the isomorphic character) of both spaces is the same.
(Indeed, according to 9.1.6, [M(A)]% contains a complemented isomorphic
copy of ¢o. This implies that [M(A)]c @ co ~ [M(A)]¢ @ co ~ [M(A)]E.)

We modify R, to obtain a finite rank operator mapping into [M(A)]% as
follows: For a Miintz polynomial f(t) =Y, ayt™ put

My, Np—1 M, Np—1
(R f)(t) =D art™ + > apppit™ — (Z art Y akﬂ?,{“) tANm
k=1 k=1

k=M, +1 k=M, +1
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Lemma 9.1.3 We have R,,R,, = Rmin(m,n) if m #n and limy, oo Rynf = f
for every f € [M(A)]%. Moreover,

HRmHC < 2||Rm||C .
Proof. (9.4) and the definition of R,, yield
(R f)(t) = (R f)(t) = (R f) (1) - t25m .
From this we derive the lemma. O

Proposition 9.1.4 Fizx ¥ = L,, 1 < p < oo or E = C. Then there are
dy, dy >0 and indices m; < mg < ... (depending on E) such that

1/p
dy (ZI(RmW — R )7, ) < [Ifllz,
k

1/p
< dy (Z (R — B ) fII7, ) if fe M),

k

and

dy SlépH(RmHl — R )flle < lIflle

< dy s%pn(RmW —Rp)fllc i f €M)

Proof. Put Ry = 0. We define 0 = tg < t; < t3 < ... < 1 and integers
0=mg <mi <mg < ...byinduction: Put m; = 1. Assume we have already
tg—1 and my. Then find ¢; € Jtx—1, 1[ such that

(R L lle < 67| fllp for all f € [M(A)|pif E=L,  (9.6)

ot [[(Runy )1 lle < 6741 fllc for all f € M(A)E i E=C.

This is possible since we have

1
dim (R, [M(A)]g) < oo and }mi/ (R, f)IP(s)ds =0 if E=1L,
—rJt
and limy 1 ||(Rom,, f)1p1llc = 0 if f € [M(A)]L.
Then take my4+; > my, such that
1((id — Ryt )10 lle < 67F||f1]E for all £ € [M(A))p if E=L, (9.7)

or ||((id— R,y ) ) 10,60 llc < 67| fllc for all f € [M(A)])% if E = C. Again
this is possible since, for f(t) = >, a;thi, by definition of R, ,,, there is
some M such that
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((id - Rmk+l)f)(t) = Z ajvjt)‘j
i>M

for certain numbers v; € [0,1]. (To be more precise, according to (9.4), M =

A . )
My, oy Vi =1 = pudpyrs if My, < j < Nppyiysand v = 1,if Ny, < 52)
Let € > 0 be such that ¢, + € < 1. Using 6.2.2, for large enough M and hence
M1, we obtain |a;| < (1 — €)Y || f||g, if 7 > M. Thus we have

) 1 by .
1((id = Ronyp ) 1ol < | D mtk I[flle if E=L,
J>M

and, similarly,

. —_ . >\N’"Lk 1
1((d =By ) )0l < N1(Gd = Ry ) )10 el o+ (R o DI,

< | @+ N’"W+Z—e)jt2f Iflle i £ [Dr(A .

j>M

We take my41 and M = M,, so large that

k+1

A m ¥ :
@+ wt, "+ S (- <67k,
J>M

Now, with (9.6) and (9.7), we have

||f1 [tr— 1,tk]HLp < H((Rmk+1 - mk l)f)l[tk 1,t%] ||Lp
H((Rmk 1) )]‘[tk 1 tk]HL + ||((Zd Rmk+1)f)1[tk—11tk]|‘Lp
(

H( Rmk+1 - mk—l)f)l[tk—l,tk,]HLp + 67k||f||Lp

Summation yields, using (a + b)? < 2(a? 4 bP) for a,b > 0,

1 oo tr
/ prdtS2;< /t“|<Rmk+l—Rm“> Pt + I ) .

This implies, with the Minkowski inequality and the fact that
Rmk+1 — Ry, = (R7”k+1 - Rmk) + (Rmk - Rmk—l)’

(5 2) 141, < E iR, = R AIE,
k

and hence
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1/p
I[fllz, <10 (Z [(Rmysy — Rmkl)f||§p>
k

1/p
k

Similarly, for E = C, if f € [M(A)]%, we obtain,
1flle < sup Il nillo
< ]-OSI]?) ||(Rmk+1 - Rmk—l)fl[tk—lvtk]HC

< 20sup (R, = Bomy ) flle (9.9)

Here we also have

Sl;pl\(Rmk = Ry )flle < 2(Sl;p 1 Bmcllc)lIfllc -

It remains to show the left-hand inequality of the proposition for the case
E =L,. At first, (9.6) and (9.7) yield

1 tei1 4
| R = R e <2 [ (R = R )P+ 5 51, (010)

tp—1
(9.5) implies
tet1

tha1 tht1
/ (R — Ry ) fIPdE < 2 / Rons2 fPdt 42 / | Rony 1Pt <

th—1 tp—1 tr—1

4 trt1Pmy, 4 tht1Pmy »
[ ppae—— | [Pt +8(1+ 1) (s — )11,
t

P, k—1Pmy, ME41 tk_lpmk+1

Since p1 < p2 < ... and t; < ty < ... the intervals [txpm,, tktr1Pm,], k =
1,2,..., are mutually disjoint. Similarly the intervals [txpm, s tkt1Pm, ] are
mutually disjoint. Hence, with (9.10),

32
D MRy = B )G, < Ellfll’ip +32(1+ w11, +5IIF11L,
k
O

In the preceding proof, in (9.6) and (9.7), we did not use the fact that the R,,
are uniformly bounded. The argument can be applied even in the case where
all p,,, are zero. Then we obtain similarly
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Corollary 9.1.5 Let E = L,, 1 <p < oo. Then there are constants dyi,ds >
0, indices my < mo < ... and numbers 0 =ty < t; < to < ... <1 (depending
on E) such that

P 1/p
tp1 | ME+2
a7 ah ) <,
K Jle j=mp+1
thyr | R+2 P 1/p
< dy Z/ ST | dt
kUt j=my+1

if f= Zk ozkt)"" S [M(A)}Lp.

Proof. Here put R, >, aptM = S at™. Then the R,, are bounded
although not uniformly bounded in general. (6) and (7) yield

2
||(f - (Rmk+2 - Rmk)f)]‘[tk7tk+1]||Lp < WH.}CHL;)

for all f € [M(A)]z, from which the corollary follows. O

Put Fy, = span {t™+F1 . ¢™=+2} Then Corollary 9.1.5 suggests that the F,

are the summands of an FDD of [M(A)]r,. This is, however, not true since Fy

and Fj11 are “overlapping”. If A is standard then for no choice of {my}7°

can Fy, Fy, Fg, ... be summands of an FDD. This is a consequence of 7.4.4.
With the notions of Chap. 5 we obtain

Theorem 9.1.6 Let A = {\;}72, satisfy

=1
do—<oo  and  inf(Apy— M) >0
1 )\k k

Then the following hold.

(a) [M(A)|g has the shrinking CBAP if E=C or E=L,, 1 <p < 0.

(b) [M(A)]L, has a w*-shrinking CBAP. In particular, [M (A)]L, is isomorphic
to a dual space.

(¢) [M(A)]g is isomorphic to a subspace of l,,, if E = L,, 1 <p < 0o, and of
Co, ZfE =C.

(d) [M(A)g contains a complemented isomorphic copy of l,, if E = L,, and
of co, if E=C.

Proof. (a) and (b) follow directly from 9.1.4 and 5.2. (Observe that [M(A4)]% &
R = [M(A)]¢.) 9.1.4 yields furthermore finite dimensional subspaces F,, C F
such that [M(A)]g is isomorphic to a subspace of (3 ©F,)(,) if B = C
and to a subspace of (3., ©F,)q,) if B = Ly, 1 < p < co. We may even

assume that sup,, d(F,, lgimF") < oo where d(-,) is the Banach-Mazur dis-

tance. Then (Y ©F,)(,) is isomorphic to I, and (3 ©F},)(c,) is isomorphic to
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¢op. This implies (¢). Finally, consider my, as in 9.1.4 and find indices j; such
that R, tY = 0 and Ry, ,,tY = tY for each k. Put Gy = span{te }.
Then, in view of 9.1.4, (3 ®Gx)(,) is a complemented subspace of [M(A)],
which is isomorphic to [,. Similarly, (3 ©G%)(c,) is a complemented copy of
Co in [M(A)]C O

9.1.6 (c) was also obtained by different methods in [70], see also [21].

Corollary 9.1.7 There is a subsequence A" C A such that, for some finite
dimensional subspaces F,, C [M(A")]g, we have

/ F - (Zn @Fn)(CO) Zf E=C
[M(AD]Eg is isomorphic to { " @Fn)(lp) if E=L,, 1<p<oo

If A is non-quasilacunary then A’ can be arranged to be non-quasilacunary,
too.

Proof. Take R,, with characteristic indices M,, and N,,. Pick a suitable sub-
sequence of the indices, say m1 < mgy < ..., such that my1 —my > 2 and

A’ = Uzozl{)‘] : Nka_l < .7 < Mka}

is non-quasilacunary if A is non-quasilacunary. Then consider R, |(ar(a/))5
and R, [(ar(an)o,- In view of (9.4) and the definition of Ry, since

A0{N : My, <j<Np,}=0,

the R,,,, and R,,,, are FDD-projections on [M(A’)]g and [M(A")]%, resp.
Now, an application of Proposition 9.1.4 concludes the proof. O

9.2 Lacunary Miintz Spaces

Here let us assume again, that F is the completion of Cy under a given semi-
norm || - ||g such that T, with (T, f)(t) = f(pt), f € Co, is bounded for all
p €[0,1] and that |[t*||g # O for all k.

Let A= {\z}72,. With 6.3.2 we obtain

Proposition 9.2.1 Let sup, <, [|Tp||r < oo for all pg > 0. Then M(A) is
a basis of [M(A)]g provided that A is lacunary.

Proof. Let A = {\¢}32, be lacunary. We use the same argument as in 9.1.
Put, for f(t) =Y, art™, (Pof)(t) = >p_, ayt*. Define

cr =sup Q lag| |||z = f =) oyt € [M(A)]s|Ifllp <1
j
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According to 6.3.2 we have ¢ := sup;, c; < oo. Since A is lacunary there

is a constant d > 1/A; such that Z?zl c;max(1,A;) < dA, for all n. Put
pn =1—1/(d),). Then we have

- Y _ "~ ¢;max(1, \;)
;V’n — 1 S;T <1 and

o0 o0 A
> k< 3 cow (-t ) <o
k=n+1 k=n+1 "

for some b depending only on infy Agi1/A. For f =3, apt* € [M(A)]g we
obtain

1Puf = Tp, flle < Y 1007 =1 -lagl- e [e + D0 pFlew] - 11|
j=1 k=n+1
n (o)
G maX(Aﬁ 1) A
<\ 2 et | Ille
Jj=1 k=n+1

< (1+0)flle
Hence ||P,||g < ||T),||g + 1+ b. Since limsup,,_, o ||T},, ||z < oo the P, are
uniformly bounded. Hence M (A) is a basis. O

Let v be the basis constant of the basis we introduced in the preceding
proof. Then we also have shown that v depends only on infx{A\ry1/Ax} and
sup, [|Tp||e-

The construction of the P, in the preceding proof is similar to the con-
struction of the R,, in Sect. 9.1 but not identical. Here we used different c;.

Theorem 9.2.2 Let F = L,, 1 <p < oo or = C. Then the following are
equivalent.

(i) A is lacunary

(ii) M(A) is separated

(11i) M(A) is uniformly minimal

(iv) M(A) is a basis of [M(A)]g
Proof. (iv) = (i1i) = (ii) follows from the definitions. (ii) = (i) is a conse-
quence of 7.4.2 and 7.4.3 and, finally, (i) = (iv) follows from 9.2.1. O

If E = C then 9.2.2 (i) < (iv) can be rephrased as follows:
[M(A)]e = {Zakt’\’“ : Zaktk’“ converges uniformly on [0, 1]}
k=1 k=1

if and only if A is lacunary.
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Recall that the summing basis {gx}72 in ¢ consists of the elements g;, =
(0,...,0,1,1,...). This sequence is a conditional basis of ¢. We have
~—

k—1

n

>

k=1

o0
3" v
k=1

= sup
n
C

Corollary 9.2.3 (See [54]) If A is lacunary and E = C' then M(A) is eqi-
valent to the summing basis of c. In particular [M(A)]|c is isomorphic to ¢
and hence to co. Actually, d([M(A)]c,c) < v where v is the basis constant of
M(A) and d is the Banach-Mazur distance.

Proof. We have

sup < sup
n n

n
>
k=1

n
Z akt’\’“
k=1

oo
Z Ozkt)\’“
k=1

if v is the basis constant of M (A). On the other hand, for any m,

c

<7

c

m m m—1
> gt = (Z ak> trm 4 (Z ak> (tAm=t — ) 4 (P — 1?)
k=1 k=1 k=1

and
m

0<trm, 0t — e P Y M ) <1
k=2

This implies

m n
S| < m[San
k=1 k=1

and proves the corollary. O

< sup
n
C

Similarly if £ = L, and A is lacunary put

tAw ~
ek(t) = m and €= {6k}]?;ozl .

Then € is equivalent to the unit vector basis of I,,. In particular [M(A)]L, is
isomorphic to I, [54]. We shall prove this fact in 9.3.3 and 9.3.4.
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9.3 Quasilacunary Miintz Spaces

Here we extend the main results of the preceding section. We want to show
that quasilacunary Miintz spaces are isomorphic to [, if £ = L, and to cg if
E = C. In particular these spaces have bases although, if A is not lacunary,
the quasilacunary Miintz sequence M (A) is not a basic sequence (in view of
9.2.2).

At first we consider the sup-norm case.

Theorem 9.3.1 Let E = C. Assume that A = {\;}32, is quasilacunary.

Let 0 = ng < ny < ... be indices, N a positive integer and q > 1 such
that Nyy1 — N < N, m =0,1,... and inf,>1 Ay 41/ An,, > ¢ Put F, =
span{trrm T rrmer )

Then there are constants dyi,ds > 0 such that, for all f,, € F,,, we have

)l
)

m
< d (sup | fon = (D) [ 4 sup | > fi(1)
m m k=1
Proof. By perhaps substituting ¢ by s for large enough M we see that we
may assume without loss of generality Ay > 1. Let g, € F},, be such that
gm(1) = 0 for all m. Put p,, = A\, +1/2 and, moreover, put t,, =1 — 1/py,.
Then let ¢, <t < t,,+1. We have, in view of 8.1.5 (b),

m

> fQ)

" <Sup [1fin = Fon (D4 | + sup
m m |3

M
96(®)] < @NVEElgille < @NY exp (M> lgellc

m—+1

Since Y7 Aj < Ny, ., for all m the mean-value theorem together with

8.2.2 implies

llgjlle Pyt
< aN=llg;lle

m m

lg;(®)] = 1g;(1) — g;(1)| <

for some universal constant ¢;. Hence we have

m—1

Zgj(t) < Z N

Since inf; p;41/p1; > g we obtain, with 6.3.3,

o0
Hi+1 H 2N Mk
gllc + 352NN exp (—) lgellc -
Nm ’ kgr:n Mm+1

casupllgille < Y g;|| < essupllgsllc
J ; J
J c

for some universal constants cs, c3 > 0.
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For arbitrary f,, € F,, put gm(t) = fim(t) — fm(1)t*mm+1. Then g, € F,,
and g,,(1) = 0. Define P(}",, fm) =>_,, gm- Then we obtain, with 6.3.3,

(%)

< czsup ||gml|c
C m

< 2¢zsup || fimlo
263
< T fmlle

Hence P is a bounded projection. Moreover

(Zd_P) (Z f’m) = me(l)t)\""""'l .

Thus, 9.2.3 implies

m

> (1)

k=1

<cssup |y fr(1)

c k=1

C4 SUp <
m

for some universal ¢y, c5 > 0. We conclude

min(cg, ¢q) "
55 | suPllgmllc +sup |y fe(1)| | < fm
2+ 2||P|| <m " m kz::l Zn: .
< max(cs, cs) (Sup||gm||c + sup ka(1)>
m m k‘=1

0

Corollary 9.3.2 If A is quasilacunary then [M(A)]¢ is isomorphic to co. In
particular [M(A)]c has a basis.

Proof. Let, with the notions of 9.2.3,

X = {ng © 9gm € iy andgm(l)—Oforallm}
m=1

and Y = closed span{t*»m*t11%°_ = Then, according to 9.2.3, Y is isomor-

phic to cg. Moreover, by 9.3.1, X is isomorphic to (3 ®Gpm)(,) where
Gn = {f € F,, : f(1) = 0}. Since sup,,, dim G,, < oo we obtain for the
Banach-Mazur distances sup,, d(G,,,15) < co where k,, = dim G,,. Hence
X is isomorphic to (3 @l’;gt)(%) which is isometrically isomorphic to ¢g. Fi-
nally we have [M(A)]c = X @Y. Thus [M(A)]¢ is isomorphic to ¢y @ ¢ and
hence to c¢g. 0O

Now we turn to the L,-case.
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Theorem 9.3.3 Let E = L,, 1 < p < oo. Assume that A = {\;}52, is
quasilacunary. Let 0 = ng < ny < ... be indices, N a positive integer and
q > 1 such that nyy1 —ny < N, m=0,1,..., and inf,;,;>1 A\, 41/ A, > G
Put F,, = span{t*»mt1 . t*rmii},

Then there are constants dy,ds > 0 such that, for all f,, € F,, we have

1/p 1/p
dl <Z|fm||1[),p) < me < d2 <Z|fm|ip> :

In particular, [M(A)]r, is isomorphic to I, and [M(A)]r, has a basis.

Ly

Proof. By substituting t by s™ for large enough M we see that it is no loss
of generality to assume \; > 1.

We may assume that A, 1/, < ¢? for all n. Indeed, otherwise if, for some
§>2,¢ < Ap1/ A <@L then take A U {g\n, ¢* M,y - .., ¢ 1\, } instead
of A. (So we add some blocks of block length 1.) Using induction, by enlarging
A, we see that A can always be arranged to satisfy A\, y1/\, < ¢? for all n in
addition without distroying the quasilacunarity. In particular we can assume

An
g < il < ®N o forall n (9.11)

MNm

(If the inequalities of 9.3.3 hold for the extended A then certainly also for the
given A.)
We can apply 8.2.3 and 8.2.4. 8.2.3 yields a constant ¢; > 0 with
||fm||c/\_1/p <cil||fmllz, for any m and any f,, € Fy, (9.12)

Nm+41 —

For the following estimates we formally define \g = A, = 1 which implies,
since A,, > 1 by assumption,
1 1 1

<1 and 1- <
AT’Lo o >\7L1 o )\no

(9.13)

Put to =0 and ty, =1 —1/\,,, k =1,2,.... Then we have, in view of (9.11)
and (9.13),

and
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m—

1 1/p
'nm/ < 1)‘nm
Sp ( Anj 1) SupZ( ) exp( 2 Ay,
k=1
1/p
1A
< max(¢®N, \,, ) sup Z ( > <_2/\M>
m Nk
N <y 1
< max (q ,)\nl) /P exp 5% dx
1

< 00
This implies
0o A 1/p
T = sup ( o > " < oo (9.14)
m>1 777 Ank 1
k#m

Similarly we obtain

o A 1/p \
N nm /2
v i= Sl]ip E ()\> t, 2 < 0.

MNk—1

Fix f =3, axt* € [M(A)]g. To prove the right-hand inequality of 9.3.3 it
suffices to assume fy = 0. Put

Nm+1

)= 3 a2 and ft) = gu (P2, m=1,2,.
k=n.,,+1

Then 8.1.5 (b) implies ||gm||c < (2N)2V||fm|lc for all m. We have tj, —t;_; <
1/An,_, for all k including k£ = 1 in view of (9.13). We conclude, with the
Holder inequality and (9.12),

p
oo oo
)\"'771.2
3 NNTEVELTED 9 DaIAIg RUST
tp—1 k=1 \ m=1
m#£k

p

2Ny I fmllc nm VP )2
< @NPPY LY ty
MNk—1

K \mzk A

[ VP )2
2N2Npp 122 m £ m/
Nk—1

k m#k Attm

(2]V)2Np p—1 2N' j{: HnglC

A”m+1

< <2N>2vap*1q2Nc€TZ fml2 (9.15)

(9.15) implies
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oty 1/p
11ls, = (Z / If(t)”dt> < d, (anmvzp)
k=1"tk-1 m

for some constant do > 0.
To prove the left-hand inequality observe that (9.12) implies, for m =
0,1,2,... and f,, € F,,, and any b with 0 <b <1,

1/p

1 1/p
( / fmlpdt> < mlle@ = BYP < (1= BYPAY? | fullz, -

8.2.4 provides us with a constant ¢ > 0 such that, for any m and f,, € F},
and any a with 0 < a <1 we have

a 1/p
( / fmlpdt> < @ P [ flli,

Fix d > 1 so large that

Anp /24+1/p
m 1
1—i < -, if N\, >d, and C—lg
A, 3 "

Put u,, = max(l —d/\,,,0), vy, =1—=1/(d\,,..,), m =1,2..., and ug =
vg = 0. Then we obtain

Um 1/p 1 1
([ i) " < Jlitalle, ana ([ 1gaar)
0 Um

Hence
1 Vm 1/p
sltll, < ([ g (9.16)

m

1/p 1
< A fmllL. .
< 3llfmllz,

Moreover, since A is quasilacunary, there is a positive integer j, independent
of m such that v,,—;j < 4. Hence

Um Um+j Um
/ fnlPde < / Pt + / Pt (9.17)
u u v 4

m m m—j

It suffices to assume f,, # 0 for only finitely many m. In view of (9.17),
Corollary 6.3.4 (applied 2j-times) yields a constant ¢ > 0 with

00 U 1/p .
(5[ mra) < 5
m=1"Um m=1

With (9.16) we find a constant d; > 0 satisfying

0o 1/p oo
dy (Z Ifml’ip> <Y fmlle, -
m=0

m=0
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The inequalities of 9.3.3 show that [M(A)]g is isomorphic to (Y., ®Fn)a,)-

lp
Put k,,, = dim F,,,. Then we have k,, < N for all m. Hence sup,,, d(F,,, l’;m) <
oo and [M(A)]g is isomorphic to (D, , @l’;m)(lp) which is [,,. O
Put
A
e (t) and €= {ex}p2,

e

We obtain in particular the complete isomorphic classification of [M(A)]r,
for lacunary A.

P

Corollary 9.3.4 If E = L,, 1 < p < oo, and A is lacunary then € is equiv-
alent to the unit vector basis of l,. In particular, [M(A)]L, is isomorphic
to L.

P

Proof. Take 9.3.3 with N = 1. O
We conclude this section with a number of open problems.

Problems 9.3.5 (1) Does there exist a non-quasilacunary Miintz space with-
out basis? What about A = {k*}32,? (B.Shekhtman conjectured that
[M({k®*})]c does not have a basis.)

(2) Let A be non-quasilacunary. Is it possible to find a non-quasilacunary
subsequence A" C A such that [M(A")|g is isomorphic to l,, if E = L,, and
[M(A)]e is isomorphic to co?

(3) Let A be non-quasilacunary. Is it possible to find a non-quasilacunary sub-
sequence A" C A such that [M(A")]g has a basis? (See also 10.3)

(4) Let A be arbitrarily non-dense. Is it possible to find a non-dense sequence
A" > A such that [M(A")] g is isomorphic to l,, if E = L,, and [M(A")]c is
ismorphic to ¢ ?

(5) Let A be arbitrarily non-dense. Is it possible to find a non-dense sequence
A" D A such that [M(A")]|g has a basis?

On the other hand it is not easy to find an example of a non-quasilacunary
Miintz space where the existence of a basis can be shown explicitly. In 10.3 we
shall construct a non-quasilacunary Miintz space with basis which is block-
lacunary.

9.4 Non-Existence of Monotone Bases
in Non-dense Miintz Subspaces of C

A sequence € = {ex}72, in a Banach E is called monotone if

—

(L1, Lnt1,00) =1, n=1,2,..., where L, ,, = closed span {ej};~,, .

(see 2.3.4) If € is a basis then € is monotone if and only if the basis constant
is equal to one.
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For studying questions about monotonicity of sequences in C' frequently
the following elementary proposition is useful. Recall, for a function f € C[0, 1]
the subset of [0,1] of all maximum points for |f(¢)| is denoted by Ch(f)
(Definition 8.1.6)

Proposition 9.4.1 For given functions f,g € C where f # 0 # g, the con-
dition -

(fr9) <1
holds provided that, for each t € Ch(f), we have

sign f(t) = sign g(t) .

Proof. Without loss of generality we can assume ||f||c = 1. Then, by defini-
tion, we have

/,\ = inf inf|laf — =inf ||f — .
()=, nt_ nfllaf — follc = inflIf ~ Gglle
Put A={te€0,1] : f(t)-g(t) > 0}. Then Ch(f) C A. Aisopen in [0,1]. In
view of our assumptions there is € € |0, 1] such that B := {¢t € [0,1] : |f(¢)| >
1 — €} C A. Since B is compact we find ¢ € ]0,1[ such that |g(t)| > d]|g|| for
t € B. Put 5 =¢€/(2||g]|c). Then we obtain ||f — Bg|lc <1—0-¢€/2. O

Now we prove that a Miintz space does not have a monotone basis. We even
obtain more:

Theorem 9.4.2 Let X = [M(A)]c be a non-dense Miintz space where
A = { X}, satisfies the gap condition infy(Ap41 — Ag) > 0. Then X does
not possess a complete linearly independent sequence which is monotone. In
particular, X does not have a monotone basis.

Proof. (See [129], p.244.) Let {ex}>; be a complete linearly independent
sequence in X and let h € X be a non-negative strictly increasing function
on [0, 1], for example h(t) = t** for some )\, € A. Consider two cases:

1. For some integer n > 2 we have h € L;,. Take a function f € Ly,
f # 0, such that f(1) = 0. Let t,x = max{t : ¢ € Ch(f)}. Then, obviously,
to < 1 and we can assume f(tg) > 0. Since té"" # 0 for all k and L4 ,, is finite
dimensional we find a function g € L1100 with g(tg) > 0. Continuity yields
a with 0 < oo < 1 — tg such that g(t) > 0 for t € [to,tp + af. Take 0 < § < «
such that f(t) > 0if ¢t € [to,to + S[. Put

_ Hf”C — SUPgtt,<t<i \f(t)|
2||n[lc

Then € > 0 since ty was the largest maximum point of f. Hence for the function
fe = [+ €h we have fc(t) > 0if ¢ € [tg,to + O] and Ch(fe) C [to,to + B].

To prove the latter relation observe that f.(to) = ||f||c + €h(to). Hence
|fe(t)| < fe(to) if t < to since h is increasing and non-negative. On the other
hand, if to + 8 < t; then
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e(h(tr) — h(to)) < el[bllc <[Ifllc = sup |f(t)].

to+B8<t<1

Hence

[fe(t)| < sup  [f(t)] + eh(t1)

to+p<t<1
<|[flle + €h(to) = fe(to)
< || felle-

This proves Ch(f.) C [to, %o + O].
Using Proposition 9.4.1 yields (ﬁ,\g) < 1 and hence (Ll,n,/L\nH’oo) < 1.
2. h & Ly, for all n. In view of the completeness of {ey }7° ; in X we can ap-
proximate h with any given exactness by elements of L, ,, if n is suitably large.

—

Then we can repeat the arguments of case 1 to obtain again (L1 ,,, Lyp41,00) < 1
for suitably large n. This completes the proof. a

Conjecture. There exists an infinite dimensional Miintz space in C' without
monotone basic sequence.

It is even unknown whether there exists any infinite dimensional Banach
space without monotone basic sequence.

9.5 Balanced Sequences in C

Here we prove again that a quasilacunary Miintz space [M(A)]c has a basis.
This time we use a slightly different approach and, in this context, we discuss
some general properties of sequences in quasilacunary Miintz spaces which are
of independent interest.

Definition 9.5.1 Consider the sequences € = {ex}3>, C C[0,1] and t =
{te}72, C [0,1] where t1 < te < ... and limy_ ty = 1.
(i) Let M < oo. Then € is called M-restricted by t if, for each k, we have

o0

; < .
2 gmax (1) < M
j=k+1

(i) Let 0 < m < 1. Then € is called m-deflected by t if, for each k and f €
span{ej}?:l with || f|lc = 1, we have

>m.
omax |f(t)] = m

(i11) € is called balanced if € is M-restricted and m-deflected by t for some
t,M and m.

At first we prove a general theorem about balanced sequences in C.
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Theorem 9.5.2 Let € = {e,}72, C C[0,1] be a normalized balanced se-
quence. Then the following are equivalent

(i) e is uniformly minimal in C

(ii) € is basic in C
Proof. Only “(i) = (i1)” requires a proof. So assume that € is p-minimal for
some p > 0 (see 1.2.6.) and M-restricted and m-deflected by ¢ for some M,
m and ¢. Fix k and let f = 2?21 aje; be such that ||f||c = 1. Furthermore,
let g =771 @jej. Put o= m(M +p)~'. Then we have m —aM = ap. To
estimate || f + g||c we consider two cases:
1. |aj| < aforall j. Then take s;, € [0, ;] such that | f(sg)| = maxo<i<y, |f(£)].
We obtain

f +9gllo = 1 (sk) + g(se)| = [ (sk)] = lg(sk)]
> m— Y5 gl les ()] = m — aM = ap.
2. |a;| > a for some i. Since € is p-minimal we have
I +glle = lloues + ) ajejlle > ap .
i

In both cases we obtain ||f + g||c > mp/(M + p). By 1.2.3, € is a basis with
index v(€) > mp/(M + p). O

Now, we turn to Miintz sequences. We consider the quasilacunary sequence
{A\e}72, such that

A
ML > 3 for some 3> 1 and s :=sup(ngyr — ng) < 00
k

ng
Put ng = 0. Hence we obtain

Nm

SN <A, -

J=nm—1+1
We retain the notion of ny, s and § in the following.

Proposition 9.5.3 Let {\;}32, be a quasilacunary sequence. Put py(t) =
Z;Link,ﬁrl ay it where ||prl|lc = 1, k = 1,2,.... Then, there is a universal
constant d > 0 such that, with t, = 1 —1/(ds),, ), the sequence {pp}72, is
1/2-deflected in C by {ti}72 .

Proof. By the Newman inequality 8.2.2, in view of ||px||c = 1, we have

N
Ipille <e Y Ay <t
j=nk—1+1
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for some universal constant c¢. (We may assume that Ay > 1.) Put ¢, =
1—1/(2esAp, ). Let uy € [0,1] be such that [pg(ug)| = 1. Fix € > 0 such that

up — try < e < min(ug, 1 — tg) .

Then € < 1/(2es\,, ). The mean value theorem yields

NN

pr(uk — )l =2 1= |Ippllc - e 2 1 —cshn, € =

Since tj > up — € we obtain

1
t)| > — > —.
tg%giﬁpk()l._lpk(Uk ol 3
This proves Proposition 9.5.3 with d = 2¢. 0O

Now we come to the main result of this section.

Theorem 9.5.4 Assume that A = {)\;}52, is a quasilacunary sequence. Con-
sider p = {p;}32, where p; € span {tritr M) and [Ipjllc = 1 for
all j.

Then p is a basic sequence in [M(A)]c if and only if p is uniformly mini-
mal.

Proof. In view of 9.5.2 we need to show that p is a balanced sequence. By
9.5.3 it suffices to prove that p is M-restricted by ¢ for
1
2d )\,

tj=1
and some M < oo where d is the constant of 9.5.3. We obtain, for any [ > j41,

An, /2
An, /2 1 l |
<1 - < —— J) .
= ( QdAnj> =P ( 1d”

In view of 8.1.5 we have |p;(t)| < Kt*/? for all t € [0,1] and some universal
constant K since

nj+1=ny

Z Anj_-ﬁ-l S 5.

h—2 2Ak+nj Anj-&-l

Then we conclude

0o S N
t) <K ™
AR OIS 2
l=j5+1 l=j5+1
<K — =g ) =
< Z exp( 4d6 ) M < oo
l=75+1
which shows that M (A) is M-restricted by ¢. O

Combining 9.5.4 with 6.3.3 we obtain again that [M(A)]¢ has a basis.
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Projection Types and the Isomorphism
Problem for Miintz Spaces

This chapter is mainly dedicated to the negative solution of the following

Problem of isomorphisms. Are all sparse infinite dimensional Miintz spaces
pairwise isomorphic?

We give a negative answer for Miintz spaces in C' which follows from the fact
that there are Miintz spaces having C-projection type and Miintz spaces with
L-projection type (see 1.6). This negative answer was recently obtained by
the first named author and B.Shekhtman during discussions of the problems
of geometry of Miintz spaces.

We also show that there is an uncountable number of pairwise non-
isometric Miintz spaces in C'.

10.1 The Projection Function of Miintz Spaces

At first we consider the geometric properties of Miintz spaces and Miintz
sequences in C'. We begin with the lacunary case. As a consequence of 9.2.3
and 1.5.1 we obtain

Theorem 10.1.1 In CI0,1] every lacunary Miintz space is isomorphic to cy.
Hence lacunary Mintz spaces in C' have the C-projection type.

We shall see in the next section that there are also Miintz spaces in C' of L-
projection type. Miintz spaces in L,,, if 1 < p < oo, can only have L-projection
type. This is an easy consequence of Theorem 9.1.6 (d).

Recall, A(A4) is the absolute projection constant of a finite dimensional
Banach space A and A(A, B) is the relative projection constant if A is a
subspace of B (see 1.6). d(-,-) is the Banach-Mazur distance.

Theorem 10.1.2 Let A = {\;}72, satisfy the gap condition infy (A1 —
Ak) > 0. Then X = [M(A)]r,, for 1 <p < oo, has L-projection type.

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 137145 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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Proof. 9.1.6 (d) yields a complemented subspace Y C X such that d(Y,[,) <
oo. Let Y,, C Y correspond to the span of the first n elements of the unit
vector basis in [,,. Then sup,, d(Y,,l}) < oo and sup,, A(Y;,, X) < co. On the
other hand, we have sup,, A(Y;,) = oo by 1.5.2. O

10.2 Some Miintz Spaces of L-Projection Type

For finite Miintz sequences in C[0, 1] we need the following fact.

Theorem 10.2.1 (Almost Orthogonality) Let m , n be positive integers,
q1,q2 > 1 and a > 0. Then, for any € > 0 there is an integer-valued function
N = N(e,a,m,n,q1,q2) > 0 such that, for all numbers py, ...,y with pp <
coo < pm < a and inf; piga /ey > qnoand all numbers vy, ... vy, with N <
v < vy < ...<V, and infy vgi1/vE > qo, we have

—

(span {tHs}7, span {t"i}7 ;) >1—¢€.

Proof. According to 6.3.2 there are numbers ¢;(¢) such that

p
cj(q) > sup § |ajl : Zajt)\j <1, forallj
j=1 c

whenever A = {\;}7_, satisfies inf \;11/A; > ¢. (Recall that [|T)[lc < 1
whenever p € [0, 1].) Fix € > 0 and consider Ay = {p;}72; with inf; pj1/p; >
g1 and pg < ... < fy < a. We find tg € ]0, 1] such that

€

i —thi <1 — 18 <
0 = 0= 2maxj<m ¢j(q1)m

ifto <t<1landj=1,...,m, where ty depends only on ¢, g1, m and a but
not on A;. Find N with

€

tV <
0= dmaxy<n ck(g2)n

where N depends only on tg, €, g2 and n. Take any Ay = {v1,...,v,} with
N <1y <...<v,and infvgiq/vg > qo. Put A = span{tti 7, and B =
span{t*}}_,. If f € A with ||f||c = 1 then, in view of the choice of to,
sup;>q, |f(1)| < |f(to)] + €/2. Hence sup,,, [f(t)] > [[fllc — €/2. By the
choice of N, with g € B and |[|g||c < 2 we obtain sup,,, [g(t)| < ¢/2 and

hence

lf = glle = sup [ £(t) — g(t)] = sup [f(£)| — sup[g(t)] =1 —€.
t<to t<to t<to

Thus (A, B) > 1 —«. 0



10.2 Some Miintz Spaces of L-Projection Type 139

We also need the following classical fact from approximation theory which is
due to Kharshiladze-Lozinski. For a proof see [143].

Theorem 10.2.2 Let L, =span {t*}?_, C C[0,1]. Then, for some absolute
constant ¢ > 0,

ALn,C) = XLy,) >clogn, n=1,2...

Constructing special block-arithmetic Miintz sequences we prove

Theorem 10.2.3 There exists an infinite dimensional non-dense block-
lacunary Miintz space [M(A)]¢ in C of L-projection type. [M(A)]c has an
FDD whose summands are isometrically isomorphic to span{tk}zzl, n =
1,2....

Proof. Take a positive sequence {3;}72, such that 3 := [[;o, B > 0, and
O <1,k =1,2,.... Consider ¢ > 0. Take Ny such that 1/N; < ¢/2. Denote
span {tV1} by By.

For py = N1, n =2 and g2 = 2, using Theorem 10.2.1, find Ny such that
1/Na+1/(2N3) < €/4 and, with By := span{t"2,t?2} we have (By, B2) > f31.

For p11 = N1, p2 = Na, p3 = 2Na, n = 3 and ¢o = 3/2 apply Theorem
10.2.1 to find N3 such that 1/N5+1/(2N3) 4+ 1/(3N3) < €/8 and, with Bs :=
span {tV3 #2Ns 3N31 e have (B +/§2,B3) > (.

Continuing this process we get the sequence {Nj}7°, and the spaces
{By}2, with dim By = k, k = 1,2,..., where By, = span {t/V 2Nt ¢k}
such that

L d (Bi4Bo4 4By Bin) =

N TN S 1 2+ ... k> Drt1) = Pk
for all k. Put

A=UP2  {Ng, 2Ny, ..., kN, } .

Since Y7, €/2% = € the Miintz space B := [M(A)]c = By + By + ... is non-
dense and it has L-projection type. Indeed, using simple substitution we see
that B,, is isometrically isomorphic to span{t*}7_, and, by 10.2.2, A(B,,) — 0o
as n — 00. At the same time we have, for any k,

(Bi+ ...+ Bi, Byt + Brya +...) >

(By+ ...+ By, Bjs1) - (Bi+ ...+ By + Biy1, Bosa) ... > .

Proposition 2.6.1 implies that the By are the summands of an FDD of B. So
we obtain sup;, A(By, B) < co. Thus the projection function of B is bounded
which means that B has L-projection type. O

The projection type of a Banach space is preserved if we go over to an isomor-
phic Banach space (see 1.5.6). So the Miintz space [M(A4)]¢ of 10.2.3 cannot
be isomorphic to c¢g. In particular we have, using 10.1.1,
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Corollary 10.2.4 There are at least two non-isomorphic infinite dimensional
sparse Miintz spaces in C[0,1].

Conjecture. There is a continuum of pairwise non-isomorphic Miintz spaces
in C.

For the isometric analogue of the conjecture see Sect. 10.4. It is known that
there is a continuum of pairwise non-isomorphic subspaces in c¢y. Indeed,
H.P.Rosenthal communicated to us the following example.

Example. Fix 1 <p < 2 and put

B, = <Z @l;) :
(o)

n=1

In view of 4.1.2, for any € > 0, for any n there is a subspace F,, C ¢y such that
the Banach-Mazur distance satisfies d(l}}, F,,) < 1+ e. Hence E, is (1 + ¢)-
isomorphic to (Fy & Fy & .. .)(CO) which is isometric to a subspace of ¢g. We
claim that F, and F, are not isomorphic whenever p # ¢ and 2 < p,q < oo.
Hence ¢g has a continuum of pairwise non-isomorphic subspaces.

To prove the claim let 2 < p < ¢ < oo and assume that T : £, — F, is
an isomorphism. Fix n and let {ex}}_, be the unit vector basis of the n'th
component of E,, [7'. Let {ej,l}{:l be the unit vector basis of the j'th compo-

nent of E, lé. Then there are numbers (3 ;; with Tey, = Z;i1 ST Br.jaei-

Hence
n q 1/q
S e )
k=1

for any ), € {1, —1}. The Khintchine inequality [84] yields a universal constant

¢ > 0 independent of 3, ;; and n with
n 1/2
<c (Z |ﬁk,j,l|2> :

Z 2% Zekﬁk,j,z
k=1

Ore{1,—1} k=1

J

< |77 sup (Z
J

=1

Z 018k,5,1

k=1

nt/P —

Ey

This implies, since ¢ > 2,

j n q/2
ST — (z B )
k=1

J =1

1/q

J

n 1/q
< esup (zz wk,jm)
J

=1 k=1
< |7 ([T Jent/d

This contradicts 1/g < 1/p for large enough n. Hence such an ismorphism 7'
does not exist. O
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10.3 Bases in Some Miintz Spaces of L-Projection Type

Here we show that the Miintz space of 10.2.3 has a basis. To this end we use
a classical result of Bockarev ([10], see also [8]). Let

E, = span{exp(i2rky) : k=0,1,...,2n}

be regarded as subspace of the complex Banach space Cc[0, 1]. Then Bockarev
showed

Theorem 10.3.1 [10] There are real numbers a,;, m,l =0,1,....2n, such

that
2n 2n 7Tl
gm(©) = ami Yy exp (z‘k: <27r<p - n)) ., pelo1],
=0 k=0

are the elements of a basis of E,, whose basis constant does not depend on n.

We need a real version of 10.3.1. Let

A, = span{sin(2rky) : k=1,...,n} C C[0,1],
B,, = span{cos(2wky) : k=0,1,...,n} C C|[0,1]
and
Cn,=A,+B,

Then we obtain

Corollary 10.3.2 The spaces A,,, B, and C,,, n =1,2,..., have bases with
uniformly bounded basis constants.

Proof. Let D,, be the complex version of C,, i.e.
D,, = span{exp(i2mj¢) : j=-n,...,—1,0,1,...,n}.

Of course, D,, and E, are isometrically isomorphic. With the notation of
10.3.1 we define

@) 1= exp(—in2m )y (0) = éam,x—l)l > e i (2m0- 7))

j=-n

Then 2 := {hg, h1, ..., hay,} is a basis of D,, and the h,, are real-valued. Hence
2 is as well a basis of C,, whose basis constant does not exceed the preceding
one. Put, for f € C,, (If)(¢) = f(1—¢). Then I|4, = —id, I|p, = id and we
see that (id — I)C,, = A, (I +id)C,, = B,,. If f € B,, then there are unique
a,y, € R with

2n 2n
f= Zamhm: Zamlhmzlf.
m=0 m=0
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Hence f = Ef::o am2 YAy + Thy,). Clearly, for each M < 2n, we have
I Zi\f:o 2 Y (A + Thi)||lc < c||f|lc where ¢ is the basis constant of £2.
This implies that we can choose a suitable subset of 27 1(id + I)(£2) to ob-
tain a basis of B,, with basis constant smaller than or equal to ¢. Similarly,
271(id — I)($2) contains a basis of A, whose basis constant is at most equal
to c. O

Proposition 10.3.3 Let L,, = span{tk}?_, C C[0,1]. Then we have
sup,, d(Lp, Bp—1) < oo where d(-,-) is the Banach-Mazur distance. In partic-
ular, the L,, have bases with uniformly bounded basis constants.

Proof. Put L,, = span{1}+L,_; and let P, : L, — span{1} be the projection
with (P, f)(t) = f(0). Then ||P,|| = 1 and P,|r, , = 0. We have L, =
L,_1+ span{t"}. Let « + L,,_1 € L,/L,_1 be of norm one and find z* €
(Ln/Ln_1)* = L+, of norm one with z*(x) = 1. Since dim L, < oo we
can assume that ||z|| = 1 . Put, for g € L,, Qng = z*(g)x. Then @, is a
projection with ||@Q,|| = 1 and Q,|r, , = 0. Let S : L,, — L,, be defined by

Sf=(id=Pu)f + f(0)x

Then [|S|| - [|S7}|| < 9 and thus sup,, d(L,, L,) < 9.
Now it suffices to show that L, is isometrically isomorphic to B,. To

this end let Ty : L,41 — C[—1,1] be defined by

(Tif)(s) = f (;er ;) , se[-1,1]

Furthermore, let T5 : T1 L, 11 — C[0, 1] be the operator with

(T29)(¢) = g(cos(2my)), g€ Tilnt1 .

It is easily seen by induction that TQTl.Z/n+1 C Cp. Moreover, by definition

we have (T2g)(1 — ¢) = (Tag)(p). Hence ToT1Ly1 C By. Since ToT) is an
isometry and dimB,, = dimL,,; we obtain 1571 L,,+1 = B,,. O

As a consequence of 10.3.2, 10.3.3 and 2.6.2 we have

Corollary 10.3.4 Let B be a Banach space with an FDD whose summands
are isometrically isomorphic to Ly, n=1,2,.... Then B has a basis.

Problems 10.3.5 Let 0 < Ay < Ay < ... be such that 2;0:1 1/Ak < oo. Put
Ly, (A) = span{t*}1_, C C[0,1]. Do the L,(A), n=1,2,..., have bases with
uniformly bounded basis constants? Give estimates for A\(Ly(A), [M(A)]c).
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10.4 Non-Isometric Miintz Spaces in C

Here we give a positive answer to the isometric analogue of the conjecture
at the end of Sect. 10.2. Namely we show that there is a continuum of non-
isometric Miintz spaces in C'.

At first, we consider A\g and \; with 0 < Ay < Aq.

Proposition 10.4.1 If \g = 0 then eg(t) = t* and e;(t) = 1 — t* are
isometrically equivalent to the unit vector basis of I2,. Hence [M(A)]c is iso-
metrically isomorphic to 1% .

Proof. We verify directly that
[laoeo + arer||c = max{|agl, |a1|} -
for all ag and ay. O

Definition 10.4.2 The Banach space X is called strictly normed if for any
two non-zero elements x and y in X, with x # Ay for any A > 0, we have

[z +yll < l=[] + [yl -

Let us recall (see 3.3.2) that X is polyhedral if the Minkowski curve of any
two-dimensional subspace is a polygon. Of course, if X is strictly normed then
X is non-polyhedral. The converse is false.

Proposition 10.4.3 Let A = {Ao, A1} be such that 0 < A\g < Ai. Then
[M(A)]c is non-polyhedral. But [M(A)]¢ is not strictly normed.

Proof. By substituting s = t*° we can reduce the proof to the case where
A={1,1+ ¢} for some § > 0. An elementary calculation shows that

)
L 4144 _ . (1448)/6
Y(a) := [Jat — ¢ ||cmax<|1 al. lal <1+5><1+a>/6>

for any a € [0,1+6]. If @ is small enough we obtain that ||at —t'7°||c = 1 —a.
Hence v(a) is affine on ]0,ag[ for sufficiently small ap > 0 which implies
that [M(A)]¢ is not strictly normed. For a close to one we have y(a) =
la|(1+9/95(1 + §)~'1=1/9 which is non-affine. We conclude that [M(A)]c is
non-polyhedral. 0O

Propositions 10.4.1 and 10.4.3 imply

Theorem 10.4.4 Let A = {Xg, A1,...} be finite or infinite with 0 < Ny <
M < .... Then [M(A)]c is polyhedral if and only if [M(A)]c is two-
dimensional and Ao = 0. [M(A)]¢ is never strictly normed.



144 10 Projection Types and the Isomorphism Problem for Miintz Spaces

Now we come to the main result of this section. Let X be a Banach space
and, again, for a finite dimensional subspace E of X let A(E,X) and A\(E)
be the relative and absolute projection constant of E. In connection with the
notion of load (see 1.5.5) we shall use the following quantity

FE X
I, (X) :inf{)\(/\(’E)) : E a subspace of X, dimE:n} .

Theorem 10.4.5 Let n > 2 be a finite integer or infinite. Then there is a
continuum of pairwise non-isometric n-dimensional Mintz spaces in C'.

Proof. We prove the case n = co. The case of finite n is almost identical. Let
By = span{1,t} and By = span{t?,#3}. According to 10.4.1, By is isometric
to 2, and, by 10.4.3, By is not isometric to [2_. Hence we have A\(Bg) = 1 and
A(B1) > 1 (see 1.5). Fix € > 0 such that

1

aT=aamy) ~1 T

Use the theorem on almost orthogonality, 10.2.1, and induction to find a
sequence of real numbers 3 < pu3 < pg < ... such that

(Bo + span{t#s,... ,t/‘ﬂ”b/},\span{ztﬂm+1 Jthmt2 ) > 1 — €,

for every integer m > 3, and (B, spa/nTt“k }22 5) > 1 —e. (This argument was
used already in 10.2.2.) Put

Xo = By + span{t'*}325 and X; = By + span{t"*}72, .
Let P,, be the projection with

oo m
P, (ao + ot + Z akt“k> =g + a1t + Z aptht*  for all ay,
k=3 k=3

where only finitely many «ay, are different from zero. By the choice of the py
we have ||P,,|| < (1 — €)™ for all m including m = 0 and m = 1. Since

m m m—1
aotont+ Y aptht = (Z ak> thm 4 (Z ak> (tHm=t — i) fag(1—t)
k=3 k=0 k=0

for all m we obtain

m
Do

k=0

(1 —¢€)sup <

m

oo
ap + a1t + Z o thr
k=3

m
D o
k=0

This shows that d(Xo,c) < (1 — €)™ where d(-,-) is the Banach-Mazur dis-
tance. Since lo(c) = 1 we obtain lo(Xg) > (1 —€)? (see 1.5.6). Moreover, since

(B1, span{trx}2° ) > 1 — € we have A(B1, X1) < (1 —¢€)~! and so

< sup
m
C
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A(B1, X1) 1

BTN T amy

< (1 — 6)2 < l2(X0) .

This proves that Xy and X; are non-isometric. Finally, for o € [0, 1] put
B, = span{t?®,t'72°} and X, = B,+ span{t"*}° ;. Then d(B,, By) and
d(Xa, Xo) are continuous with respect to .. This implies that l5(X,) is con-
tinuous with respect to a.. Hence l3(X,) attains all values in [I3(X7), l2(Xp)].
So there is an interval [a,b] C [0,1] such that, for each a1,z € [a,b] with
a1 # g, Xa, and X,, are non-isometric. O






11
The Classes [M], A, P and P,

In this chapter we study more general classes of subspaces of C[0,1] which
contain the class of Miintz spaces and we discuss theorems on compactness
(11.1.2 and 11.2.6) as well as on interpolation (11.3.1). Moreover, we inves-
tigate which of these spaces can be embedded into ¢y. Finally we deal with
notions of universality for Miintz sequences and spaces.

11.1 The Classes [M] and A

We denote by M the class of all non-dense Miintz sequences and by [M]
the class of all non-dense Miintz spaces in C. Let MY be the class of all
non-dense Miintz sequences M (A) where A = {\;}72, satisfies the gap con-
dition infy(Akr1 — Ax) > 0 and let [M9°P] be the class of all corresponding
Miintz spaces in C. Similarly, the class of sparse rational and integer Miintz
sequences will be denoted by M"* and M, resp., and the corresponding
classes of Miintz spaces in C' by [M"*] and [M"]. We also shall consider
finite sequences and finite dimensional spaces which will be denoted by M7

and [MS"].

Sometimes it is convenient to study more general classes of subspaces of
C[0,1] than [M]. Closely related to class [M] are the following classes. Let
D={zeC : |z| <1}.

Definition 11.1.1 A closed subspace X in C[0, 1] is said to be a subspace of
class A if each function x(t) € X has an analytical extension to

D\{ze€ C : Rez <0}

A closed subspace X in C[0,1] is said to be a subspace of class Ap if each
function x(t) € X has an analytical extension to D.

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 147-154 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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With 6.2.3 we obtain
M™] C Ap C A and [M™] C [MI7P] C A.

For the spaces of class A the following compactness theorem is valid which is
an anlogue of the Montel theorem for normal families of analytical functions.

Theorem 11.1.2 a) Let X € A and let K C X be a uniformly bounded family
of functions in X. Then there is a subsequence {f,}°2, C K which converges
uniformly on each interval [a,b] C]0,1[. In other words, K|,y is relatively
compact with respect to the sup-norm on |[a,b] for each [a,b] C]0,1].

b) Let X € Ap and let K C X be a uniformly bounded family of functions in
X. Then there is a subsequence {f,}°2, C K which converges uniformly on
each interval [0,b] C [0, 1].

In 11.2.6 we shall give a proof of this theorem for a wider class of subspaces.

11.2 The Class P

Before the introduction of P we need some preliminaries. We state and prove
two propositions which are convenient for applications.

Proposition 11.2.1 Let {fi}32, be a uniformly bounded sequence of func-
tions in Cla, b] which is not equicontinuous. Then there is a sequence {ax}7
with Y, lag| < 0o such that the function f(t) = > 7, arfr(t) is non-differ-
entiable in some point of [a,b].

Proof. Here we find € > 0 and sequences {ny}7>, and {(tx,sx)}7>, where
tr, Sk € [a,b] such that tg = limg_,o0 tr = limg_,o0 Sk exists but

| (tr) = Frr(t0)) + (frr (to) — fui (s8))| > 2¢ for all k .

By going over to a suitable subsequence we may assume without loss of gen-
erality that

€

[y (1) = o, (t0)] <

j:]-v‘"vk_]-a |fnk(tk)_fnk(t())|2€

and [t — to| < 1/4F for all k. Furthermore, by induction, take 6, € {—1,1}
such that

N

_ %(fnj(tk)—fnj(to)) and Z—:(fnk(tk)—fnk(to))
j=1

<
I

have the same sign. Finally put f = Z;’;l 0;/27 fr,. Then, for any k > 3, we
have
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o0

1 1
F(t) = ()] = Sl (t8) = Fuc(bo)l = D 51 fo, (tni) = s (Fo)
j=k+1
1 — 1
= 9k €~ Z 95 +k ©
j=k+1
1
= ghr1©
This implies that limg_,o (f(tx) — f(¢0))/(tx — to) does not exist. O

Definition 11.2.2 A sequence of subsets Ay, C [a,b] is called condensed on
[a,b] if, for some positive sequence {ex}7, with limy_.o € = 0, each set Ay
forms an eg-net on [a,b], i.e. if for each t € [a,b] there is an s € Ay with
|t — S‘ < €.

The sequence of functions {fr}7>, on [a,b] will be called condensed on
la,b] if the sequence {Ny, }72, is condensed on [a,b] where Ny, is the set of
all zeros of fi in [a,b].

With these notions and Proposition 11.2.1 we have

Proposition 11.2.3 ([48], Theorem 1) Let fi. € Cla,b] be such that || fx|| = 1
for all k. If {fx}?2, is condensed on [a,b] then there exists a sequence of
real numbers {a}72, with Y, lag| < 0o such that f(t) = >, arfr is not
everywhere differentiable on [a,b].

Proof. In view of Proposition 11.2.1 it suffices to asssume that {f;}72 is
equicontinuous. Let t; € [a,b] be such that |fi(tx)| = 1 for all k. Moreover,
let t¢ be an accumulation point of {¢;}7° ;. Using the assumption on the con-
densed zero sets we find, by induction, a subsequence {ny}7>, of the indices
such that, for all k,

1 1 . 1
|tnk7t0|§7k7 |fnk(tn1)|§7]:17277k717 and ‘fnk(t0)|§7

4 2k’ 2k
Put f =372, 0;/2 fu, where 0, € {—1,1} is such that

E

=
ij(f”j (tn,) — fn,; (to)) and
=1

O

ok (fnk (tnk) - fnk (to))

<
I

have the same sign. Exactly as in the proof of 11.2.1 we show

1
Fltn) = F(t0)] 2 5y -

Hence limy oo (f(tn,) — f(t0))/(tn, — to) does not exist. |

Since the unit ball of an infinite dimensional subspace of C' is not equicontin-
uous we obtain
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Corollary 11.2.4 If each element x(t) of a closed subspace X of C is every-
where differentiable on [0,1] then dim X < oo.

For [0,1] this corollary is no longer valid. Counterexamples are the sparse
Miintz spaces with integer exponents (see 6.2.3).

Definition 11.2.5 A closed subspace X C C[0, 1] will be called of class P (or
of class Py, resp.) if each function x(t) in X is everywhere differentiable on
10,1 (or on [0, 1], resp.).

X € P (or X € Py, resp.) will be called P-essential, X € P, (or Py-
essential, X € Py, resp.) if, for any sequence of points ty in [0,1] with
ty <ty <...<1, Xl k=12, is infinite dimensional.

Obviously we have

M c Ap C Py CP and [MI?]CACP.CP

Theorem 11.2.6 (Compactness) Every X € P satisfies the assertion of
Theorem 11.1.2 (a) and every X € Py satisfies the assertion of Theorem
11.1.2 (b)

Proof. Let K be a uniformly bounded family of functions in X. Suppose that
the restriction K(, 4, for some b < 1, is not relatively compact. This means
that the family |44 is not equicontinuous. Then, by Proposition 11.2.1,
there exists a function f € X which is not differentiable in some point of [a, b]
and we get a contradiction. 0O

11.3 Interpolation and Approximation
in the Spaces of Class P

From Proposition 11.2.1 we get easily

Theorem 11.3.1 [48] Let X € P. Then, for any e >0, 7 €10,1/2[, N >0
and any function g € X there exists 6 = 6(g,e,7,N) > 0 satisfying the
following:

For any set of nodes in [0, 1] which is a §-net for [0,1] and for any f € X
with || fl|lc < N which interpolates g(t) at the given nodes we have

e lg(t) = f(B)] <e.

Proof. By 11.2.1 the set K := {f|;/21-+/27 : f € X, ||[fllc £ N} is
equicontinuous with respect to the sup-norm on [7,1 — 7]. Fix € > 0 and take
0 < 6 < 7/2 such that |g(t) — g(s)| < €¢/2 and |f(t) — f(s)| < €/2 whenever
fe K andt,se[r/2,1—17/2],|t—s| <d. Then we obtain, for every d-net
02 C[0,1], that |f(t) —g(t)| <eift € [1,1 — 7] and if f € X interpolates g at
the nodes in {2 and satisfies ||f||c < N. O
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This theorem allows us to split the elements of X into “almost pairwise dis-
joint” summands. In particular, for Miintz spaces, we recover a part of 9.1.6

(d):

Corollary 11.3.2 FEwvery infinite dimensional X € P, for every ¢ > 0, con-
tains a subspace which is (1 + €)-isomorphic to cg.

Proof. Fix 0 < e < 1. Counsider functions fi,..., f,—1 € X such that ||fx||c =
land fi(0) = fi(1) =0for k=1,...,n—1. Moreover let 7., k =1,...,n—1,
be elements of ]0,1/2[ with 71 > 75 > ... > 7,1 such that |f(t)| < e4™% if
t € [, 1—m) and |fi(t)] < e4=* if t € [0, 7,,]U[1 —71n, 1] and m > k. Then fix
0 < 7p < Tp—1 such that | fx(t)] < ed ™ift € [0, 7, |U[1—7p, 1],k =1,...,n—1.
Apply 11.3.1 with g =0, N =1, 7 = 7, and ¢4 ". Find § > 0 satisfying the
assertion of Theorem 11.3.1. Fix any d—net in [0, 1] including 0 and 1. Since
X is infinite dimensional we find f,, € X with f,, # 0 which interpolates 0 at
the given nodes. We may clearly assume that ||f,||c = 1. Hence f,, satisfies
fn(0) = fo(1) =0, ||fullc = 1 and |fu(t)] < ed ™ if t € [1,,1 — 7,]. So,
by induction, we obtain fi € X such that ||fx||c = 1 and |fx(t)] < e4™F if
t € [Tm, 1 — 7] \ [Tm—1,1 — Ti—1] and k # m. Hence

> arfn
c

(1 - E) max |ay| <
3/ k
k=1

< (1 + %) m}gx|ak| for all ay,

which proves that span{ f; }72, is (1 + €)-isomorphic to ¢. O

In the following section we shall show that X € P is always isomorphic to
a subspace of ¢y which implies again that X contains a (1 + €)-isomorphic
copy of ¢y ([84], 1.2.a.3. and 1.2.e.3.). However the proof of 11.3.2 is more
constructive.

11.4 Embeddings of the Spaces X € P into cg

The following theorem and its proof was communicated to us by P. Wojtaszczyk.

Theorem 11.4.1 If X € P then X is isomorphic to a subspace of cq.

Proof. Fix € > 0. To prove the theorem it suffices to consider
feXo={ge X : g(1) =0}

since X is at most one-codimensional in X. For such f let f, = f|1,, n =
1,2,..., where

1 1

L= |1-=,1-

n n+1
According to 11.2.6 the set {f,, : f € X, ||f|lc <1} is a relatively compact
set in C), := C(I,). Let || - || be the sup-norm on I,,. Then there exists a
projection P, : C,, — C,, with P,(C,) =21k ||P,||c =1 and
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|Pnfrn — fulln <€llfllc forall feXg.

(Take functions e; € C(I,,) with suitably small supports and ¢; € I,, with
kn
ej(t) =1=1lejlln, D lejl =1, ¢;(t) =0 if k#j
j=1

k'ﬂ
and put P,g = > 5", g(tj)e;.)
Consider the map

T:Xo— (Z@l’;g) = ¢
(c0)

n

defined by Tf = {P,fu}2y, f € Xo. Clearly, lim,, ||P,fn]ln = 0 since
limy, [ fo||n = 0,

T fllo = sup ||Pafulln < sup [[falln = [Ifllc

n

and
[T fllc = sngPnfnlln > sglp(\lfn\ln —¢llflle) = @ =e)llflle -

This proves the theorem. 0

The proof shows that it is even possible to construct a (1 + €)-isomorphism
from X onto a suitable subspace of ¢y for any € > 0. The assertion of this
stronger version of Theorem 11.4.1 was first suggested to us by Dirk Werner
(Berlin).

In the preceding chapters we also dealt with Miintz spaces in L,. One can
define analogues of the classes A and P for subspaces of L,. It is plausible
that one gets results similar 11.4.1 for embeddings in [,,.

11.5 Universality for Finite Miintz Sequences

Now we deal with Mf™ and [M/"]. This section is related to questions
about the existence of universal or almost universal sparse Miintz sequences
(or spaces) for the class of all finite Miintz sequences in C' (or finite dimensional
Miintz spaces).

At first, in accordance with the notion of a universal Banach space (De-
finition 4.1.1), using Definition 2.7.1, we introduce the notion of universal
sequence in a Banach space.
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Definition 11.5.1 Let @ = {uy}72, be a normalized sequence in a Banach
space and let B be a set of sequences in some Banach spaces. We call u a-
universal for B if for any v € B there is a subsequence of u which is a-
equivalent to v. If w is a-universal for B with respect to every a > 1 then 4 is
called almost universal for B. Finally, if u is 1-universal for B we simply say
that @ is universal for B.

For example, 4.4.1 shows that there are bases which are almost universal for
the class of all monotone bases in Banach spaces.
For finite rational Miintz sequences we have

Theorem 11.5.2 There exists a sparse integer sequence U = {ux}3>, such
that each finite rational Miintz sequence t = {t"™ }}'_ |, where r1 < ... < 1p,
is tsometrically equivalent to a subsequence M ({u;, }1_,) of M(U) in C. The
space [M(U)]c is universal for the class of all rational finite dimensional
Miintz spaces in C.

Proof. Let p1 = my/ny, p2 = ma/na, ..., be the sequence of all positive ra-
tional numbers, where my, and nj are positive integers. Let Rq, Rs, ... be the
sequence of all increasing finite rational sequences, say

mg1 Mg2 M.l
Rk:{ , e Jk=1,2,... .
NE1 Nk2 Nk 1y,

Let {bx}p2, and {N;}72, be increasing sequences of positive integers such
that

. mg,j my, ;
b < min N,—L < max N, —2

Tagi<he Cngy 1K<l ngy

gy
< bg41 for all k£ and ;£<oo

and such that IV is a common denominator of all fractions in Rj. Put

u = N G 1 k=12,
Mk, j

Finally, let U = {us}32, be the result of a renumeration of the u,(cj ) as follows

ugl),...,ugll),ugl),...7u212)7...

The condition on the by ensures that U is sparse. It follows from the construc-
tion, with Proposition 7.3.2, that U is a universal sequence of integers. O

The preceding theorem implies

Corollary 11.5.3 Let U be the universal sequence of Theorem 11.5.2. Then
M(U) is almost universal for all finite Miintz sequences in C and [M(U)]c is
almost universal for the class of all finite dimensional Miintz spaces.
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Problems 11.5.4 Does there exist a sparse Miintz sequence in C' (or Miintz
space) which is a-universal for all infinite sparse Mintz sequences in C (or
infinite dimensional Mintz spaces)?

Since ¢ is almost universal for the class of all finite dimensional Banach
spaces 11.3.2 implies that every X € P, hence every infinite dimensional
sparse Miintz space (satisfying the gap condition), is almost universal for the
class of all finite dimensional Miintz spaces.

11.6 Sequences of Universal Disposition

Presently it is unknown if there are analogues of 11.5.2 and 11.5.3 with respect
to some kind of universal disposition for the class of finite Miintz sequences
or finite dimensional spaces in the spirit of Chap. 4.

Let @ = {ux}32, be a normalized sequence in a Banach space and B a
set of finite sequences in some Banach spaces. As an analogue of 4.1.3 we
introduce

Definition 11.6.1 Let a > 1. We call u a sequence of a-universal dispo-
sition with respect to B if for each sequence v = {v;}1 € B, any subset
{p1,-.-spm} C{1,...,n} and any isomorphism T : span {v,, }/~, — span G
with Ty, = ug, for someq;, 1 =1,...,m, there exists an extension to an iso-
morphism T: span U — span u such that Tv; = ug; for some kj, j=1,...,n
and R ~

171 < a7, |77 < allT7H]

@ is called of almost universal disposition (or of universal disposition, resp.)
if u is of a~universal disposition for all a > 1 (or for a =1, resp.).

Conjecture. There is no sparse Miintz sequence which has almost universal
or a-universal disposition for some a > 1 with respect to the class of all finite
Miintz sequences.

If such a Mintz sequence of almost universal disposition existed then it
would be almost universal for the class of all sparse Miintz sequences.

The situation becomes clearer if we replace “sequence” by “space”. A
Mintz space X € [M9°] which is of almost universal disposition for all
finite dimensional Miintz spaces in C' cannot exist. Indeed, in view of 11.3.1,
since c¢g is almost universal for all finite dimensional Banach spaces, X would
be of almost universal disposition for all finite dimensional Banach spaces.
According to 4.3.2, X would contain an isometric copy of C' which would
contradict 11.4.1.



12

Finite Dimensional Mintz Limiting Spaces
in C

The results of this section were obtained by the first-named author and
B.Shekhtman. They appear here for the first time.

It turns out that many sparse Miintz spaces share some geometric prop-
erties. Here we study the limiting behaviour of a Miintz sequence M (A) =
{t*}22, in C. Fix n and put B™(A) = span{t*=+1 ... t*m+n} Then we in-
vestigate the limit B, (A) of the sequence B/™*(A), m = 1,2,..., with respect
to log d(-,-) where d is the Banach-Mazur distance, i.e. where

lim d(By(4), B;'(4)) =1,
m— 00
provided such a limit exists. For surprisingly many different sequences A the
corresponding spaces By, (A) (for fixed n) are isometric to each other.

We use the notion of limiting space from 3.3. Recall, for a sequence of
n-dimensional Banach spaces B} with normalized bases €, = {e}'}}_, the
limiting space of {(BI*,&,,)}5°_, is R™ endowed with the (semi-)norm

n
g ager’

k=1

||(041,...,04n)|\ = lim
m—o0

provided this limit exists for all (aq,...,a,) € R™. The limiting space co-
incides with the limit with respect to the logarithm of the Banach-Mazur
distance if the bases &, are totally minimal (see 3.3.4).

12.1 Angle Convergence

At first we introduce the concept of “angle-convergence”. Recall that the angle
between two elements x and y of a Banach space X was defined as

(see 1.2)
=l [lyll

x y
o(z,y) = ‘ H

V.I. Gurariy and W. Lusky: Geometry of Mintz Spaces and Related Questions, Lect. Notes
Math. 1870, 155-161 (2005)
www.springerlink.com (© Springer-Verlag Berlin Heidelberg 2005
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Definition 12.1.1 We say that the sequence {xm, }5°_1 of non-zero elements
in X angle-converges to € X if limy,— oo ©(Tm,x) = 0. In this case we write

V— lim z,, =z or xmlx as m — 0o .
m—00
More generally, let 6 € R and 6y € RU {£o0}. We write x5 Yz as & —
if V —limj o x5, = whenever lim;_, o §; = do-
The set {e}1_, of elements in X is called limiting for the family {e$}7_,
if
eilek as 0 — 09 forallk=0,...,n.

We note the straighforward

Lemma 12.1.2 Let x,x25 € X \ {0}. Then x =V — lims_.5, 5 if and only if
there are as > 0 and a > 0 with lims_,s, ||lax — aszs|| =0

If we have angle convergence then the limiting spaces and the limits with
respect to logd(-,-) coincide.

Proposition 12.1.3 Let {e;}}_, be a basis of the n+1-dimensional subspace
By11 C X and let {Bg+1} be a family of n + 1-dimensional subspaces of X
with bases {€3}7_o, 7 =1,2,..., such that e, = V —lims_s, €2 for all k. Then

O(B) . 1,Bni1) — 0 and d(BS.1,But1) —1 asd— &

(Here O(-,-) is the ball opening.)
Moreover By,y1 is the limiting space for § — &g with respect to BfH_l and
{e2/llel I} i=o-

Proof. By assumption lims_s, €5 /||€S|] = ex/|lex|| for every k = 0,1,...,n.
Since { er/|lek|| : k=0,...,n } is a basis of By41, for some neighbourhood
U of &, the bases e® = { e} /|le3]| : k=0,...,n }, § € U, are p-minimal for
some common p > 0 according to 2.7.2. This implies

61er6109(32+1,3”+1):0 and éllrglod(Bi+1,Bn+1).

Moreover the bases & are totally minimal (see 3.3.4) which proves the last
part of Proposition 12.1.3. O

We call the set {ex}}_, of Proposition 12.1.3 a limiting basis for the bases

{2}
In the following we are concerned with X = C|0, 1]. Here norm convergence
means uniform convergence on [0, 1].

Example. Consider the finite arithmetic Miintz sequence

¢, tiO 20 Y for some § > 0
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which is a basis for the n + 1-dimensional Miintz space B, in C. In the
next section we shall prove that, with respect to the logarithm of the Banach-
Mazur distance, By, = lims_.q BfL 11 exists and we shall exactly describe
By41. We cannot apply 3.3.4 directly since the bases {t!T*9}%_  (depending
on §) are not totally minimal. (The functions t'*#% converge uniformly to ¢
for any k as § — 0. But {t} is not a basis for any n + 1-dimensional space.)
However we can find another family of bases for the spaces BS_; which will
be totally minimal for sufficiently small .

12.2 Special Limiting Miintz Spaces of Finite Dimension

At first we need some information about finite differences.
Let So = {fo, f1, f2, ...} be a given sequence of elements in a Banach space
X. Put

Si={fr—fo, fa— f1, [3— fo,.. .},
So ={(fo = f1) = (fr = fo), (fs = f2) = (fa = f1),...} etc.

Let F} be the initial element of the sequence Sy, for example Fy = fy, F1 =

fi—foand Fy = (fo— f1) — (f1 — fo) = fo — 2f1 + f2. It is easy to prove by
induction that we have

k

Fo= e (5) 5

Jj=0

Thus we have an operator A (called A-procedure) on the set of all sequences
in X which sometimes improves certain properties of the given sequences Sy.
We will call {F,}32, the A-improvement of the sequence Sy. In the following
we always consider the sup-norm || - || on [0, 1].

Proposition 12.2.1 Let Sy = {t,t'7° 1720 414791 for some positive
integer n and some § > 0. Furthermore put

Fy, eg:(s—zFQ,...,enzé—nFn.

1
eg:Fo, e?:g

Then the family of bases {e? i in BfLH = span {eg =0 1s totally minimal
for 0 < § < 0y and some 69 > 0. The limiting space B,+1 = lims_q Bgﬂ
exists and is spanned by

t, tlogt, tlog®t,... tlog"t.

which is a limiting basis for the family {ed}7_,.
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Proof. We have

k

Fip(t) = (=1)F > (=1 (f) 190 = (—1)*e(1 — %)% ~ 6% log t for 6 — 0.
=0

Hence lims g e (t) = tlog"(t) uniformly in ¢ € [0,1] which, by 12.1.2 and
12.1.3 proves the theorem since t,tlogt, ..., tlog" ¢ are linearly independent
and hence form a basis in their span. 0

Corollary 12.2.2 Put, for 0 < m,n, L, = span{t™ t"* ... """} and
let Byy1 = span{t,tlogt, ... tlog" t}. Then lim,, .o d(Ly' |, Bpy1) = 1.

Proof. Take the substitution 7 = ¢, § = 1/m and apply 12.2.1. Note that
span{t™, t™logt,...,t™log" t} is isometrically isomorphic to By 1. O

If we go over from arithmetic to geometric Miintz sequences then we obtain
the same limiting spaces but completely different limiting bases.

Theorem 12.2.3 Let, for some integer n > 0 and some 6 > 0,

So = { t, 6210 ¢+ 40e"

Furthermore put, for the A-improved family {Fy.}}_, of So,

!
5

1 1
Fy, eg:ﬁFg,...,e‘s = _—_F,.

4 [
60:F0, 61— n 5’!7,

Then the limiting space Bni1 = lims_o span {ei}gzo exists and again is
spanned by
Q2 =1{t, tlogt, tlog*t,... ,tlog"t } .

However, the limiting basis with respect to the family {ei}’gzo is different from
0.

Proof. Using the Taylor formula we obtain

k—1 1 k
a _ alogt (O[ IOg t) (Oé lOg t) 0(c,t)
(=t =y e et

=0

for some 6(c, t) € [0,a]. Hence

) —1 1 k
18y -1 _ log" t 1+6j_1z+logt 1+6j—1kt9j
I k!
1=
k—1 1 ! k
B I o mloght i kg0, logT t
— (m>(1+5)1 (—1) g T (48 = 1)%5 =

l m=0

Il
<
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for some 60; € [0, (1 + §)7 — 1]. Thus we have, for k > 1,

J
_ (=1)* e l k I—m m tloght
= 22 () ) Dy =
J
i—1\* , k
k (1+6)7 -1 (_1)Jt9jt10g t
J 0 k!
B Lol iom (O™ 1 " tloght
=22 m ) (V) 5 Il
k ; k k
k 14+9)7 -1 oo tloght
Letting § — 0 we see that ei converges uniformly to

k-l ! k L
0 (£ e (0) s

1=0 m=0 §=0 J

Let {€x}}_, be the limiting basis of 12.2.1, i.e. &, = tlog®t for all k. Then
we have €, # ey, for k > 1. On the other hand the sequences {é}}_, and
{ex}}_, are similar (see 2.1) which completes the proof of Theorem 12.2.3.0

The proof shows that the limiting basis of {ei}}gzo in the preceding theorem
consists of the functions

k l l
=303 (1) o

Using in 12.2.3 the substitution 7 = ™" and § = 1/m we derive

Corollary 12.2.4 Put, for m,n > 0,
H = span{ gm’ Lm)" 7 i=0,1,....,n}
and _
Bny1 = span{ tlog’t : 7=0,1,...,n }.
Then limyy, oo d(H]' 1, Bpy1) = 1.

More generally we have
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Theorem 12.2.5 Let p(x) = ijo ajzti, x>0, where 0 < pq < ... < fig
and theaj, j =0, ...,s, are given real numbers with as # 0. For fized m,n > 0
put

So = {t, tp(mﬂ)/p(m), o ,tp(ern)/p(M)} )
Let {Fy}}_, be the A-improved family of Sy and put
ep :ufmk~Fk, k=0,1,...,n.
Then the limiting space limy, . span{e}’}}_, exists and is spanned by

{ t,tlogt,... ,tlog"t } .

Proof. Consider the function &(z) = tP(#)/p(m)  Using induction we obtain,
for each k > 1, Miintz polynomials gy, ; of degree less than or equal to ju, —k
which are independent of m and satisfy

dk¢ k—1 . . / k
= Z z)k(f?i;) p(x)/p(m) log? t + <§((:3> p(@)/p(m) lngt .
j=1

So,
ar,; == lim L’j(m)

k, k :
ke p(my m”ug  exists.

An application of Taylor’s formula to @(z) yields, for each k£ > 1, a number
0 € [m,m + k] with
d*®

Fy(t) = whzek

(See [31]). Hence

em(t)_kz_:lquj(@k)mk @0/ 1ogd 1+ (PO k(o) /pm) 108 4
C 2y 0 ) ’

converges to Z;:ll ay, ;t log” t + tlog” t uniformly on [0,1] as m — oco. In view
of 12.1.2 and 12.1.3 this proves the theorem. 0O

With a suitable substitution we see that 12.2.1 is a special case of 12.2.5.
To illustrate the methods at a simple example we stated and proved 12.2.1
separately.

With the substitution ¢ = 71/P(") we obtain

Corollary 12.2.6 Let p be as in 12.2.5. Put A = {p(m)}>>_,. Fiz n and put
Bl (A) = span{tp(m), . ,tp(m+")}, Bni1 = span{t,tlogt,... tlog"t} .

Then lim,, o d(B)" 1 (A), Bpy1) = 1.
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In particular, Corollary 12.2.6 applies to u-arithmetic sequences A = {m#*}5°_,.
The preceding proof shows that 12.2.5 remains true if p :]0, co[—]0, oo] is
a smooth function with

lim PET4)

=1 for every a > 0 and
e—oo p(z)

W@ W) Y
P () pt=1 ()
for every k > 1. So in particular 12.2.6 is true for A = {m?log(m + 1)}5_,.

Problems 12.2.7 Let
L, = span{tk}zzl, L = span{thrk}Z;é and B, = span{t logk t}Z;é .
Is it true that sup,, sup,, d(L,, L") < oo or sup,, d(Bp, L,) < c0?

The substitution e™* = ¢ might be of some help here. Note that B,, is isometric
to the space span{e % se™*, ... s"e *} C C[0, ).

It might be promising to study other improving procedures, different from
A, for example in connection with Miintz-Legendre polynomials. For finite
trigonometric sequences much more is known in comparison with finite Miintz
sequences, see [105].
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almost orthogonality, 13, 138
angle, 9

angle convergence, 154
Auerbach system, 31

Banach-Mazur distance, 48
BAP (bounded approximation
property), 61
basic sequence, 32, 42
basis, 6, 32, 62, 124, 125
Besselian, 38
Hilbertian, 38
interpolating, 33
monotone, 33, 132, 133
of subspaces, 40
Riesz, 43
unconditional, 39
universal, 53,150
basis constant, 32
Bernstein-type inequality, 113

c-approximation, 87
c.a.s. (commuting approximating
sequence), 61
CBAP (commuting bounded ap-
proximation property), 61,
117
shrinking, 66, 123
w”-shrinking, 66, 123
characteristic indices, 118
Chebychev set, 107, 133
cos-angle, 9

A-improvement, 155

A-procedure, 155
density character, 3
disposition, 54, 152

FDD (finite dimensional Schauder
decomposition), 40, 61, 123, 139

gap condition, 78, 117, 127, 133, 135,
145

inclination, 5
index, 7, 32
angle index, 9, 36
cos-index, 9
isometric
almost, 14
partially, 14
partially almost, 13
essentially non-, 13
isomorphic, 45
essentially non-, 13
partially, 13
partially almost, 13

limiting

basis, 154

seminorm, 51

set, 154

space, 51, 153
load, 19, 143
Lorentz point, 107
Lorentz-Saff-Varga-type theorem, 107
Markushevich basis, 30

hereditarily complete, 31
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strong, 33
minimal, 27, 76, 77, 92
d-minimal, 27, 83
totally, 51
uniformly, 9, 27, 83, 125, 135
Minkowski compact, 50
Minkowski curve, 49
Minkowski representation, 49
Minkowski surface, 49
modulus
of convexity, 34
of smoothness, 34
Miintz polynomial, 73
Miintz sequence, VII
absolutely monotone, 95
arithmetic, 95
block arithmetic, 95
block lacunary, 93, 96, 102
dense, 93
geometric, 95
k-regular, 95
quasilacunary, 81, 83, 127, 135
lacunary, 81, 82, 124, 137
non-dense, 93
rational, 93, 1
sparse, 93
standard, 93
Miintz space, VII
Miintz theorem, 115

Newman inequality, 108, 111

opening, 3
ball, 11
spherical, 4

Parseval theorem, 38
polyhedral, 50,143

positive octant, 102
projection conjecture, 48
projection constant, 137, 143
projection function, 20,137
projetion subspace, 28

projection type, 21, 137

Remez-type inequality, 119

sequence
balanced, 134
biorthogonal, 33
close, 42
closing, 27, 102
complete, 6, 23, 92, 133
c-complete, 25
condensed, 147
conjugate, 30
deflected, 134
equivalent, 41
hypercomplete, 23
monotone, 133
normalized, 9
repeating, 26
restricted, 134
separated, 27, 125
similar, 23
super c-complete, 26
supercomplete, 23
smooth point, 54
strictly normed, 143
strictly singular, 13
sum
direct, 12
quasidirect, 12
summing basis, 126
superreflexive, 35

total, 24
transitivity problem, 58

uniformly convex, 34
uniformly smooth, 34
unit vector basis, 14, 126, 132
universal, 53, 150

almost, 53, 150
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