
Lecture Notes in Mathematics 1870

Editors:
J.-M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris





Vladimir I. Gurariy · Wolfgang Lusky

Geometry of Müntz Spaces

and Related Questions

ABC



Authors

†Vladimir I. Gurariy

Department of Mathematics
Kent State University
Kent OH 44242
U.S.A.

Wolfgang Lusky

Institute of Mathematics
University of Paderborn
Warburger Str. 100
D-33098 Paderborn
Germany
e-mail: lusky@uni-paderborn.de

Cover: Blaise Pascal (1623-1662)

Library of Congress Control Number: 2005931756

Mathematics Subject Classification (2000):

ISSN print edition: 0075-8434
ISSN electronic edition: 1617-9692
ISBN-10 3-540-28800-7 Springer Berlin Heidelberg New York
ISBN-13 978-3-540-28800-8 Springer Berlin Heidelberg New York
DOI

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned,
specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, reproduction on
microfilm or in any other way, and storage in data banks. Duplication of this publication or parts thereof is
permitted only under the provisions of the German Copyright Law of September 9, 1965, in its current version,
and permission for use must always be obtained from Springer. Violations are liable for prosecution under the
German Copyright Law.

Springer is a part of Springer Science+Business Media
springeronline.com
c© Springer-Verlag Berlin Heidelberg 2005

Printed in The Netherlands

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws and
regulations and therefore free for general use.

Typesetting: by the authors and TechBooks using a Springer LATEX package

Cover design: design & production GmbH, Heidelberg

Printed on acid-free paper SPIN: 11551621 41/TechBooks 5 4 3 2 1 0



After the completion of our book the first named author,

Vladimir I. Gurariy, died. The world lost a great mathematician

and I lost a close friend.
Wolfgang Lusky





Preface

Let Λ = {λk}
∞

k=0 be an increasing sequence of non-negative numbers:

0 = λ0 < λ1 < λ2 < . . .

Moreover let M(Λ) = {tλk}∞k=0 be the sequence of the functions tλk on [0, 1]
and let [M(Λ)]E be the closed linear span of M(Λ) in a given Banach space
E containing M(Λ). We call M(Λ) a Müntz sequence and [M(Λ)]E a Müntz
space.

In our book we shall be mainly concerned with E = C := C[0, 1], the
Banach space of all realvalued continuous functions on [0, 1] endowed with the
sup-norm, and E = C0 := C0[0, 1], the subspace of C consisting of all those
functions f ∈ C with f(0) = 0. Furthermore we deal with E = Lp = Lp[0, 1],
1 ≤ p ≤ ∞, the space of all (classes of) realvalued measurable functions f on
[0, 1] with

||f ||Lp
=

(∫ 1

0

|f(t)|pdt

)1/p

< ∞ if 1 ≤ p < ∞ .

If p = ∞ then we take for ||f ||L∞
the essential sup-norm instead.

We want to study geometric properties of the corresponding Müntz se-
quences and spaces. Let us begin with the famous Müntz theorem, [110]:

For E = C or E = Lp, 1 ≤ p < ∞, we have

[M(Λ)]E �= E if and only if

∞∑

k=1

1

λk
< ∞ .

(A proof of this fact in more generality will be given in 6.1.)
So, if

∑
∞

k=1 1/λk < ∞ we obtain new Banach spaces [M(Λ)]E . This sets
the stage for the central problem we discuss in (Part II of) our book:

What kind of Banach space [M(Λ)]E do we obtain depending on the given Λ
if

∑
∞

k=1 1/λk < ∞?
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This problem is far from being solved. Here we present the known theorems
and prove new results in this direction. For example, if Λ is quasilacunary then
[M(Λ)]Lp

is isomorphic to lp for 1 ≤ p < ∞ and [M(Λ)]C is isomorphic to c0

(Sect. 9.1). But for non-quasilacunary Λ this is not always the case. There are
at least two different isomorphism classes for [M(Λ)]C (Sect. 10.2). Moreover
there is a continuum of different isometry classes for [M(Λ)]C (Sect. 10.4). In
general, [M(Λ)]E can be regarded as a sequence space rather than a function
space. [M(Λ)]Lp

is always isomorphic to a subspace of lp and [M(Λ)]C is iso-
morphic to a subspace of c0 provided that the Müntz condition

∑
k 1/λk < ∞

and the gap condition infk(λk+1−λk) > 0 are satisfied. In addition, [M(Λ)]L1

is always isomorphic to a dual Banach space (Sect. 9.1).
It is an open problem if every [M(Λ)]E has a basis. We discuss more general

bounded approximation properties in Chap. 9. However, [M(Λ)]C can never
have a monotone basis (Sect. 9.4). In this context it is interesting to note that
M(Λ) is always a minimal system provided that the Müntz condition holds.
But M(Λ) is never a basis or even uniformly minimal in [M(Λ)]E for E = C
or E = Lp unless Λ is lacunary (Sect. 9.3). In contrast to Müntz sequences
the trigonometric system {zk}∞k=−∞

on {z ∈ C : |z| = 1} is uniformly
minimal and even an Auerbach system. The traditional bridge between the
trigonometric system and the classical Müntz system {tn}∞n=0, the substitution
by Chebyshev polynomials [12], breaks down if we go over to subsequences of
{tn}∞n=0. So there is no way to relate a general Müntz sequence {tλn}∞n=0 to
the trigonometric system.

It is even unknown in general if the finite dimensional Müntz spaces
[M({λ0, λ1, . . . , λn})]C have uniformly bounded basis constants. In Sects. 10.3
and 12.2 we discuss some special cases and related questions. In Chap. 12 we
investigate phenomena which, we feel, deserve further investigation. Take a
Müntz sequence {tλk}∞k=1, fix n and put Bm = span{tλm+1 , . . . , tλm+n} in C.
Then, for many different Λ = {λk}

∞

k=1, the sequence of n-dimensional Banach
spaces {Bm}∞m=1 converges to the subspace span{t, t log t, . . . , tn−1 log t} of C
with respect to the logarithm of the Banach-Mazur distance. This might be
helpful for gaining further insight in the isomorphism character of [M(Λ)]C .
In Chap. 11 we treat more general classes of subspaces of C[0, 1] which have
many common features with [M(Λ)]C .

It is well-known that there is a close relationship between the theory of
Müntz spaces and fields like approximation theory, harmonic analysis and
functional analysis. The first major contribution to this theory after the sem-
inal papers of Müntz [110] and Szász [136] was given by L. Schwartz [128]
and Clarkson and Erdös [19] who established the fact that, for integer Λ,
each x(t) ∈ [M(Λ)]C has an analytic continuation to the open complex unit
disk. This means, for example, that [M(Λ)]C consists entirely of functions
which are real-analytic on ]0, 1[ provided that the Müntz condition and the
gap condition hold! (See Sect. 6.2.)

In our book we want to change the accent from an analytical to a more
geometrical approach and attempt to put well-known and new results into the
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perspective of a geometrical framework. At the same time we do not pretend
completeness, we rather want to put the emphasis on unsolved problems,
conjectures and ideas according to the taste of the authors. Although there is
a natural overlap in this book with portions from excellent books such as [12]
and [22] we present this material here from our geometric point of view. It
seems to be the first time that Müntz spaces are treated under strict geometric
orientation.

We assume that the reader has a basic knowledge of functional analysis.
The book is divided into two parts and twelve chapters. The first part

contains the preliminary material from the geometry of normed spaces which
is then applied to concrete Müntz spaces in Part II and which the authors
believe to be promising for further investigation.

Both parts are essentially selfcontained and can be read independently of
each other. In the summary Part I we skip some of the proofs and refer to the
literature instead while, as a rule, in Part II we work out the proofs in full
detail.

But Part I is more comprehensive than necessary for a simple outline of
the preliminaries to Part II. There we give a systematic treatise of classi-
cal Banach space notions such as opening and inclination of subspaces (in
Chap. 1). Moreover we introduce the projection function and projection type
of a Banach space (1.6) and discuss their relation to Banach spaces with or
without bases. Here the study of dispositions of subspaces in Banach spaces
plays the main role.

In Chap. 2 we deal with general sequences in Banach spaces and properties
such as minimality, completeness or stability. After the introduction of basic
notions such as isomorphisms and the Banach-Mazur distance in Chap. 3
we study spaces which are (almost) universal with respect to a given class
of Banach spaces and similar notions for bases in Chap. 4. Finally, Chap. 5
is devoted to a discussion of approximation properties centered around the
commuting bounded approximation property (CBAP).

All our Banach spaces are assumed to be real unless indicated otherwise.
(But almost all proofs in the following can be taken over literally to the
complex case.) If E is a Banach space let E∗ denote its topological dual
space, i.e. the space of all linear bounded functionals on E.

Kent, Paderborn Vladimir I. Gurariy1

May 2005 Wolfgang Lusky

1 Supported by Deutsche Forschungsgemeinschaft
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Part I

Subspaces and Sequences in Banach Spaces



2

In the first part of our book we will be concerned with dispositional properties
of a Banach space E, i.e. the geometry of E and its subspaces. They are
important tools for the analysis of E and the study of phenomena such as
basic decompositions, approximations etc. A special role is played by the
connection between “dispositional” properties (in terms of angles, etc.) and
“distancional” properties (in terms of Banach-Mazur distance) which were
discovered and developed in the sixties, [43, 82,116].

In Chap. 1 we introduce the basic notions of the subspace disposition
theory (see [43]) while in Chap. 2 we deal with applications to sequences in
normed spaces. We will mention some often used technical theorems in the
spirit of “planimetry” or “stereometry” in normed spaces.

The emphasis of Chap. 3 lies on isomorphisms and embeddings of Banach
spaces. In Chap. 4 we study Banach spaces with almost universal disposition.
Finally, Chap. 5 is devoted to bounded approximation properties properties of
normed spaces involving various operators of finite rank (FDD, CBAP, etc),
see [99–101].

So Part I is related to questions which, besides being of independent inter-
est, also will lead us to the study of the geometry of Müntz and Müntz-type
sequences in Part II.



1

Disposition of Subspaces

In this chapter we discuss how two or more subspaces in a Banach space affect
each other by their position in a Banach space and we give applications in the
geometry of Banach spaces.

We start with a discussion of well-known different definitions of opening
and relate these notions to the inclination of subspaces. This leads, for exam-
ple, to conditions for the closure of the sum of two subspaces. Finally we focus
on operator theoretic aspects. We introduce projection constants and discuss
the notions of load and projection function which turn out to be important
tools for the analysis of a Banach space.

1.1 Different Definitions of the Opening of Subspaces

M. Krein, M. Krasnoselskii and D. Milman introduced in [74] the following
definition of the opening of two subspaces U and V in a Banach space E:

Θ̂(U, V ) = max

{
sup

x∈U,||x||=1

ρ(x, V ), sup
y∈V,||y||=1

ρ(y, U)

}
.

(Here ρ(·, ·) denotes the distance with respect to the metric given by the
norm.)

A significant part of the applications of this concept is based on the fol-
lowing theorem proved in [74] (see also [44]). Recall, the density character of
a Banach space E is the smallest cardinality of a dense subset of E.

Theorem 1.1.1 Assume that, for the subspaces U and V of E, one of the
following conditions holds:
(i) The density characters of U and V are different.
(ii) One of the spaces U and V is infinite dimensional and the other one is
finite dimensional.
(iii) Both spaces are finite dimensional and their dimensions do not coincide.
Then we have

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 3–21 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005



4 1 Disposition of Subspaces

Θ̂(U, V ) ≥ 1/2 .

If in addition at least one of the subspaces U and V is finite dimensional or
E is a Hilbert space then Θ̂(U, V ) = 1.

If E is a Hilbert space and dim U = dim V then Θ̂(U, V ) can be quite small
(see 1.3.1).

I. Gohberg and A. Marcus [32] changed the definition of sphere opening
by introducing the spherical opening Θ̃ in the following way:

Θ̃(U, V ) = max

{
sup

x∈SU

ρ(x, SV ), sup
y∈SV

ρ(y, SU )

}
,

where SU is the unit sphere in U , i.e. the set of all elements x ∈ U with
||x|| = 1. Analoguously, SV is defined. They established the following

Theorem 1.1.2 The set of all closed subspaces in a Banach space E is a
complete metric space with respect to the spherical opening Θ̃(U, V ) as metric.

It is easy to see that

Θ̂(U, V ) ≤ 1 and Θ̂(U, V ) ≤ Θ̃(U, V ) ≤ 2Θ̂(U, V ) .

(Use the fact that ρ(x, V ) ≤ ρ(x, SV ) ≤ 2ρ(x, V ) and ρ(x,U) ≤ ρ(x, SU ) ≤
2ρ(x,U) for ||x|| = 1.) Theorem 1.1.1 and, accordingly, 1.1.2 become incorrect
if one replaces Θ̂ by Θ̃ and Θ̃ by Θ̂, resp.

Examples. a) Take R2 with the Euklidean norm and put U = {(x, 0) : x ∈
R} and V = R2. Then, according to 1.1.1, Θ̂(U, V ) = 1 but Θ̃(U, V ) =

√
2.

b) Now let E = R2 be endowed with the norm ||(x, y)|| = max(|x|, |y|). Put

U =
{(

x,
x

4

)
: x ∈ R

}
, V =

{(
x,

x

2

)
: x ∈ R

}

and W = {(x, 0) : x ∈ R}. An elementary computation shows Θ̂(W,U) =
1/4, Θ̂(W,V ) = 1/2 and Θ̂(U, V ) = 1/6. Hence

Θ̂(W,U) + Θ̂(U, V ) <
1

2
= Θ̂(W,V )

which proves that Θ̂ is not a metric.
Let us introduce a third definition of opening for which the statements of

both theorems are correct.

Definition 1.1.3 [43] The ball opening of the subspaces U and V in a Ba-
nach space E is defined by the following quantity

Θ(U, V ) = max

{
sup

x∈BU

ρ(x,BV ), sup
y∈BV

ρ(y,BU )

}
,

where BU is the unit ball in U , i.e. the set of all elements x ∈ U with ||x|| ≤ 1
and likewise for BV .
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We derive from the definitions

Lemma 1.1.4 We have

(a) Θ̂(U, V ) ≤ Θ(U, V ) ≤ 1 and

(b) Θ(U, V ) ≤ Θ̃(U, V ) ≤ 2Θ(U, V ).

Proof. (a) is a direct consequence of the definitions.
(b): If ||x|| = 1 and y �= 0, then we obtain

||x − y

||y|| || ≤ ||x − y|| + | 1 − ||y|| | ≤ 2||x − y|| .

Hence ρ(x, SV ) ≤ 2ρ(x,BV ) and, similarly, ρ(y, SU ) ≤ 2ρ(y,BU ). This implies
Θ̃(U, V ) ≤ 2Θ(U, V ). For arbitrary x ∈ BU with x �= 0 we have

ρ(x,BV ) = ||x||ρ
(

x

||x|| ,
1

||x||BV

)
≤ ρ

(
x

||x|| , SV

)

and similarly ρ(y,BU ) ≤ ρ(y/||y||, SU ). Hence

Θ(U, V ) ≤ Θ̃(U, V ) ≤ 2Θ(U, V ) . ⊓⊔

If E is a Hilbert space then ρ(x,U) is the norm of the orthogonal projection of
x with kernel U . This implies that Θ(U, V ) = Θ̂(U, V ) for all closed subspaces
of Hilbert spaces.

Theorem 1.1.5 For the ball opening Θ(U, V ) the statements of both Theo-
rems 1.1.1 as well as 1.1.2 are valid.

Proof. The statement of Theorem 1.1.1 for Θ(U, V ) follows from 1.1.1 and
the fact that Θ̂ ≤ Θ ≤ 1. To prove the assertion of Theorem 1.1.2 for the
ball opening Θ(U, V ), in view of the inequalities in 1.1.4 (b), it is sufficient to
observe that, again, Θ is a metric, i.e. the triangle inequality

Θ(U1, U3) ≤ Θ(U1, U2) + Θ(U2, U3)

is satisfied. This follows by direct verification. ⊓⊔

1.2 Inclination

Now we discuss a related notion.

Definition 1.2.1 [43] Let U and V be subspaces of a Banach space E such
that U �= {0}. The inclination of U to V is defined by

(Û, V ) = inf
x∈U,||x||=1

ρ(x, V ) .
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If V is spanned by the element x ∈ E we will use the notation (Û, x) instead

of (Û, V ). Then we speak of the inclination of U to x. Analoguously we define
the inclination of an element to a subspace and the inclination of an element
to an element of E.

Let U ∩ V = {0} and let P : U + V → U be the projection with P (u + v) = v

for all u ∈ U and v ∈ V . Then we easily obtain ̂(U, V ) = ||P ||−1. Indeed

||P || = sup
x∈U,y∈V

||x||
||x + y|| =

(
inf

x∈U,y∈V

||x + y||
||x||

)−1

=
1

(Û, V )
.

(This even includes the case of unbounded P where ̂(U, V ) = 0 and distin-
guishes inclination from many other definitions of “angle between two sub-
spaces”.)

The definition of inclination has wide applications in the theory of bases
(see, for example [53]) which is mainly due to the following criterion proved
by Grinblum in equivalent terms (see [35,36]).

For a given sequence ē = {ei}∞i=1 of elements in a Banach space E let us
denote by Li,j the span of ei, ei+1, . . . , ej .

Definition 1.2.2 ē is called complete in E if closed span {ei}∞i=1 = E.
ē is called basis of E if each x ∈ E has a unique representation as x =∑∞

i=1 αiei where the series converges in norm.

For more details about these notions see Sects. 2.3–2.5

Theorem 1.2.3 [35] Let ē = {ei}∞i=1 be a complete system in a Banach
space E such that ek �= 0 for all k. Then the following are equivalent
(i) ē is a basis of E
(ii) There is some β > 0 such that

( ̂L1,i, Li+1,j) ≥ β > 0 whenever i < j

(iii) There is a constant β > 0 such that, for all choices of αk,

β

∥∥∥∥∥
i∑

k=1

αkek

∥∥∥∥∥ ≤
∥∥∥∥∥

j∑

k=1

αkek

∥∥∥∥∥ whenever i < j

Proof. The equivalence between (ii) and (iii) follows from the definition of
inclination and the remark following 1.2.1
(i) ⇒ (iii): Let x ∈ E, say x =

∑∞
k=1 αkek. Put |||x||| = supn ||∑n

k=1 αkek||.
Then, by assumption, ||x|| ≤ |||x||| < ∞. An elementary computation shows
that E is complete under |||·|||. So the open mapping theorem yields a constant

β > 0, independent of x, with β|||x||| ≤ ||x|| ≤ |||x|||. Taking x =
∑j

k=1 αkek

we obtain (iii).
(iii) ⇒ (i): Using (iii) we see that
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{
x : x =

∞∑

k=1

αkek for some αk with norm converging series

}

is a closed subspace of E. Since ē is complete we obtain that every x ∈ E has
a representation of the form x =

∑∞
k=1 αkek. This representation is unique.

Indeed if 0 =
∑∞

k=1 αkek then (iii) implies that αk = 0 for all k. Hence ē is a
basis of E. ⊓⊔

The supremum of all β in the preceding theorem will be called the index of
the basis {ei}∞i=1 and denoted by γ({ei}∞i=1).

We also want to define the index γ({ek}∞k=1) for a general sequence in E:

γ({ek}∞k=1) = inf{( ̂L1,i, Li+1,j) : i < j } .

The notion of inclination is non-symmetric, i.e. we have (Û, V ) �= (V̂, U)
in general. The following proposition gives the value of the “degree of non-
symmetry”.

Proposition 1.2.4 Let U and V be non-zero subspaces of E. If (Û, V ) = δ

then (V̂, U) ≥ (1 + δ)−1δ. If E = C[0, 1] then this inequality is sharp for any
δ ∈ ]0, 1].

Proof. Let y ∈ V , ||y|| = 1, x ∈ U . We shall evaluate ||x + y||. Consider two
cases:
Case 1. ||x|| ≤ (1 + δ)−1. Then

||x + y|| ≥ ||y|| − ||x|| ≥ 1 − 1

1 + δ
=

δ

1 + δ
.

Case 2. ||x|| > (1 + δ)−1. Then

||x + y|| ≥ ||y|| − ||x|| ≥ 1 − 1

1 + δ
=

δ

1 + δ
.

Case 2. ||x|| > (1 + δ)−1. Then

||x + y|| ≥ ρ(x, V ) ≥ (Û, V )||x|| ≥ δ

1 + δ
.

The elements x ∈ U and y ∈ V are chosen arbitrarily. Therefore, we have

(V̂, U) = inf
x∈U,y∈V,||y||=1

||x + y|| ≥ δ

1 + δ
.

To show that this inequality is sharp consider the following two functions
in E = C[0, 1]: x(t) = 1, and y(t) = (1 − δ) + 2δt. We check directly that
(x̂, y) = δ and (ŷ, x) = (1 + δ)−1δ. Thus the theorem is proved. ⊓⊔

Proposition 1.2.4 and Definition 1.2.1 imply the following
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Corollary 1.2.5 If (Û, V ) ≥ δ then, for each x ∈ U and y ∈ V , we have

||x + y|| ≥ max

(
δ||x||, δ

1 + δ
||y||

)

In Hilbert spaces we have symmetry.

Theorem 1.2.6 Let E be a Banach space with dim E > 2. Then we have
(Û, V ) = (V̂, U) for any two non-zero subspaces U and V if and only if E is
a Hilbert space.

Proof. [42] At first assume (Û, V ) = (V̂, U) for any two non-zero subspaces
U and V of E. Let Q be a three-dimensional subspace of E and P a two-
dimensional subspace of Q. Obviously there is an element x ∈ Q such that
(x̂, P ) = 1 and so, by assumption, (P̂, x) = 1. This means that the cylindrical
surface with directional line SP (the unit sphere in P ) along x supports the
unit ball BQ of Q. Since P is arbitrary this implies that BQ is an ellipsoid
(see [6]). Hence Q is a Euclidean space which implies that E is a Hilbert space
( [20], p. 151).

Conversely, let E be a Hilbert space and assume that P , Q are subspaces
of E. Obviously, for any given ǫ > 0, there are one-dimensional subspaces
P1 ⊂ P and Q1 ⊂ Q such that

(P̂, Q) ≥ ( ̂P1, Q1) − ǫ

We clearly have that ( ̂P1, Q1) = (Q̂1, P1) ≥ (Q̂, P ). This implies

(P̂, Q) ≥ (Q̂, P ) − ǫ

Since ǫ > 0 was arbitrary we obtain (P̂, Q) ≥ (Q̂, P ). Similarly, we infer

(Q̂, P ) ≥ (P̂, Q) which completes the proof of 1.2.6. ⊓⊔
We remark that there exists a two-dimensional non-Euclidean space with sym-
metric inclination where the unit sphere is a hexagon [61].

Theorem 1.2.7 Let {ei}∞i=1 be a complete sequence in a Banach space E with

ei �= 0 for all i. Assume that ( ̂L1,i, ei+1) = βi, i = 1, 2, . . .. If β =
∏∞

i=1 βi > 0
then {ei}∞i=1 is a basis in E and γ({ei}∞i=1) ≥ β.

Proof. Let x ∈ L1,i and y ∈ Li+1,j such that y =
∑j

k=i+1 αkek. Then

||x + y|| =

∥∥∥∥∥x +

j−1∑

k=i+1

αkek + αjej

∥∥∥∥∥ ≥
∥∥∥∥∥x +

j−1∑

k=i+1

αkek

∥∥∥∥∥ · ( ̂L1,j−1, ej)

≥
∥∥∥∥∥x +

j−2∑

k=i+1

αkek

∥∥∥∥∥ · ( ̂L1,j−2, ej−1) · ( ̂L1,j−1, ej) ≥ . . .

≥ ||x||βiβi+1 . . . βj−1 ≥ ||x||β

Since ( ̂L1,i, Li+1,j) ≥ β whenever i < j Theorem 1.2.3 implies that the se-
quence {ei}∞i=1 is a basis of E. ⊓⊔
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A sequence {ek}∞k=1 of elements in a normed space will be called normalized
if ||ek|| = 1 for all k.

Definition 1.2.8 The normalized sequence {ei}∞i=1 in the Banach space E is
called δ-minimal for some δ > 0 if ρ(ei, L1,i−1 + Li+1,∞) ≥ δ, i = 1, 2, . . ..
Here Lj,∞ = span {ej , ej+1, . . .}.

We shall discuss minimal sequences in more details in Sect. 2.2. Here we prove

Theorem 1.2.9 [43] Every normalized basis {ei}∞i=1 with index γ is δ-
minimal where δ = (1 + γ)−1γ2. In particular we have, for any x =∑∞

k=1 αkek,

|αk| ≤
1 + γ

γ2
||x||, k = 1, 2, . . . .

Proof. Let x ∈ L1,i−1, y ∈ Li+1,∞. Using Proposition 1.2.4 we have

||ei + x + y|| ≥ ||ei|| · ( ̂ei, L1,i−1) · ( ̂L1,i, Li+1,∞)

≥ ||ei||
γ

1 + γ
γ =

γ2

1 + γ
,

which means that {ei}∞i=1 is δ-minimal with δ = γ2(1 + γ)−1. ⊓⊔

Besides inclination sometimes other versions of an angle between subspaces
are used. Usually all of them are equivalent. Here we mention some of them
as examples.

For non-zero elements x, y ∈ E we define an angle between x and y by

ϕ(x, y) =

∥∥∥∥
x

||x|| −
y

||y||

∥∥∥∥ ,

and an angle between subspaces U and V by

ϕ(U, V ) = inf
x∈U,y∈V

ϕ(x, y) .

It is easy to obtain the relation

(Û, V ) ≤ ϕ(U, V ) ≤ 2(Û, V ) .

For a Hilbert space H we define the cos-angle as

C(x, y) =
|〈x, y〉|

||x|| · ||y|| and C(U, V ) = sup
x∈U,y∈V

C(x, y) .

For a sequence ē = {ei}∞i=1 it is natural to introduce the angle index as

ϕ(ē) = inf
n<m

ϕ(span{ei}n
i=1, span{ei}m

i=n+1)

and cos-index as
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C(ē) = sup
n<m

C(span{ei}n
i=1, span{ei}m

i=n+1)

In connection with the notion of angle we will introduce in Chap. 12 the
concept of angle-convergence for a sequence of elements in a Banach space.

We conclude this section with an extension of the definition of inclination.

Definition 1.2.10 Let A and B be two subsets of E such that x/||x|| ∈ A
whenever x ∈ A and x �= 0. Then the inclination of A to B is defined to be

(Â, B) = inf{ρ(x,B) : x ∈ A, ||x|| = 1} .

Note that this definition does not contradict 1.2.1 in the case that B = {x}
and A is a subspace. We distinguish between ( ̂A, {x}) and (Â, x), i.e. the
inclination of a subspace A and a singleton {x} and the inclination of A and
span{x}.

1.3 Connection between the Opening and Inclination

The following inequality is obvious

(Û, V ) ≤ Θ(U, V ) .

In a Hilbert space we sometimes have equality. For example, if U and V are
orthogonal then (Û, V ) = Θ(U, V ) = 1. If U and V coincide then we always

have (Û, V ) = Θ(U, V ) = 0. It turns out that in a Hilbert space, for any p
with 0 ≤ p ≤ 1 one can find subspaces U and V with dimensions larger than
one which satisfy

(Û, V ) = Θ(U, V ) = p .

This is a particular case of the following

Theorem 1.3.1 [43] In every infinite dimensional Hilbert space, for any
integer n > 1 and numbers p, q with 0 ≤ p ≤ q ≤ 1 there exist n-dimensional
subspaces U and V such that

(Û, V ) = p and Θ(p, q) = q .

Assuming p = q we obtain

Corollary 1.3.2 In every infinite dimensional Hilbert space, for every num-
ber p with 0 ≤ p ≤ 1 and integer n > 1, there exist n-dimensional subspaces
U and V such that

ρ(x, V )

||x|| =
ρ(y, U)

||y|| = p for any x ∈ U, y ∈ V with x �= 0 �= y .
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Proof. Take U and V as in 1.3.1 for p = q. We have, for x ∈ U with x �= 0,

p = ̂(U, V ) ≤ ρ(x, V )

||x|| ≤ Θ(U, V ) = p

and hence equality. Similarly we obtain ρ(y, U)/||y|| = p for y ∈ V . ⊓⊔
Theorem 1.3.1 is also true for infinite dimensional subspaces.

The following indicates the continuous dependence of the inclination on
some parameters, [57].

Lemma 1.3.3 Let U , V and Ũ , Ṽ be non-zero subspaces in a Banach space
E such that (Û, V ) ≥ α > 0 and Θ(U, Ũ) < δ, Θ(V, Ṽ ) < δ. Then

(Û, Ṽ ) > α − 2δ and ( ̂̃U, V ) > α − 2δ .

Proof. Take x ∈ U with ||x|| = 1 and take z ∈ Ṽ . Then we obtain

||x − z|| ≥ ρ(x, V ) − ρ(z, V ) ≥ ̂(U, V ) − Θ̂(V, Ṽ )||z||
≥ ̂(U, V ) − Θ(V, Ṽ )||z|| > α − δ||z|| .

This implies ̂(U, Ṽ ) > α − 2δ. ̂(Ũ , V ) > α − 2δ can be proved similarly. ⊓⊔
As a consequence we have

Theorem 1.3.4 The inclination (Û, V ) is a uniformly continuous function
of the non-zero subspaces U and V with respect to the metric defined by the
ball opening Θ.

Proof. Let ǫ > 0 and put δ = ǫ/4. Consider subspaces U , Ũ , V and Ṽ of E

with Θ(U, Ũ) < δ and Θ(V, Ṽ ) < δ. Put α = ̂(U, V ) and use 1.3.3 to obtain
̂(Ũ , Ṽ ) > α−4δ. Hence ̂(Ũ , Ṽ )− ̂(U, V ) > −ǫ. Putting next α = ̂(Ũ , Ṽ ) and ap-

plying 1.c.3. again we see that ̂(U, V )− ̂(Ũ , Ṽ ) > −ǫ. Thus | ̂(U, V )− ̂(Ũ , Ṽ )| < ǫ.
⊓⊔

Corollary 1.3.5 The distance ρ(x, V ) from an element x ∈ E to a subspace
V ⊂ E is a continuous function in x and V .

Proof. Fix x and V and take xn ∈ E, Vn ⊂ E such that limn→∞ ||x−xn|| = 0
and limn→∞ Θ(V, Vn) = 0.

Case x = 0: Here we have ρ(x, V ) = 0 and

ρ(xn, Vn) ≤ ||xn − x|| + ρ(x, Vn) ≤ ||xn − x|| + Θ(V, Vn) .

This shows that limn→∞ ρ(xn, Vn) = 0 = ρ(x, V ).
Case x �= 0: Then xn �= 0 for large n. Put U = span{x} and Un =

span{xn}. Since x �= 0 we obtain limn→∞ Θ(U,Un) = 0. We have ρ(x, V ) =

||x|| ̂(U, V ) and ρ(xn, Vn) = ||xn|| ̂(Un, Vn). Thus, by 1.3.4, limn→∞ ρ(xn, Vn) =
ρ(x, V ). ⊓⊔
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1.4 Conditions for the Closure of Sums of Subspaces

Now we apply the preceding notions. We consider

Definition 1.4.1 Let U and V be closed subspaces of the Banach space E. If
U ∩V = {0} and U +V is closed then U +V is called direct sum and denoted
by U ⊕ V .

If U ∩ V = {0} and U + V is not closed then U + V is called quasidirect
sum and denoted by U +̂ V .

It is obvious that U +V is closed if U and V are finite dimensional. For infinite
dimensional U and V the sum U + V is not always closed. It is possible to
reformulate the well-known geometric closure criteria of direct sums (see, for
example, [36]) in terms of inclinations in the following way.

Theorem 1.4.2 Let U , V be closed subspaces of a Banach space such that
U ∩ V = {0}. Then U + V is closed if and only if (Û, V ) > 0.

Proof. Let P : U + V → U be the projection with P (x + y) = x for every
x ∈ U and y ∈ V . From the definition of inclination and the remark after

1.b.1. we obtain that P is bounded if and only if ̂(U, V ) > 0. Then we have

||P || = ̂(U, V )
−1

.
So, if U + V is closed then it is complete and the closed graph theorem

tells us that P is bounded. Hence ̂(U, V ) > 0.

Conversely, if ̂(U, V ) > 0 then P is bounded and (id−P ) is bounded. Since
U and V are complete the space U + V must be complete and hence closed.

⊓⊔

Before we begin to formulate the main results of this section we mention the
following useful

Proposition 1.4.3 Let U , U1, U2, V , V1, V2 be subspaces of a Banach space
satisfying U = U1 + U2, V = V1 + V2 and

( ̂U1, U2 + V ) = α, ( ̂V1, V2 + U) = β, ( ̂U2, V2) = γ

for some α > 0, β > 0, γ > 0. Then we have

(Û, V ) ≥ αβγ

α + β + αβ + αγ + βγ
.

Proof. Let u ∈ U , v ∈ V , ui ∈ Ui and vi ∈ Vi, i = 1, 2, be such that
u = u1 + u2, v = v1 + v2 and ||u|| = 1. Moreover, let a be the root of the
equation

a
αβ

α + β
= (1 − a)γ − a, that is a =

γ(α + β)

α + β + αβ + αγ + βγ
.
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Observe that 0 ≤ a ≤ 1. To estimate ||u + v|| we consider two cases:
Case 1. ||u1|| + ||v1|| ≥ a. Here we have two subcases:

Either ||u1|| ≥ aβ/(α + β). Then we obtain

||u + v|| = ||u1 + (u2 + v1 + v2)|| ≥ ||u1||α ≥ aαβ

α + β

Or ||u1|| < aβ/(α + β). This implies ||v1|| ≥ a − ||u1|| > aα/(α + β) and

||u + v|| = ||v1 + (u1 + u2 + v2)|| ≥ ||v1||β ≥ aαβ

α + β

Since 0 ≤ α ≤ 1, case 1 yields

||u + v|| ≥ aαβ

α + β
=

αβγ

α + β + αβ + αγ + βγ

Case 2. ||u1|| + ||v1|| < a. Here we obtain ||u2|| ≥ 1 − ||u1|| ≥ 1 − a and

||u + v|| ≥ ||u2 + v2|| − (||u1|| + ||v1||) ≥ ||u2||γ − a ≥ (1 − a)γ − a

By the choice of a we have ||u + v|| ≥ αβγ/(α + β + αβ + αγ + βγ) in this

case, too. In view of the definition of ̂(U, V ) this yields Proposition 1.4.3 ⊓⊔

Proposition 1.4.4 (“Almost orthogonality”) Let U be a finite dimensional
subspace of an infinite dimensional Banach space E. For arbitrarily given
positive β < 1 there exists a finite codimensional subspace Vβ of E with

(Û, Vβ) > β.

Proof. Fix γ with β < γ < 1. Find e∗1, . . . , e
∗
n ∈ E∗ of norm one such that

sup
k

|e∗k(u)| ≥ γ||u|| for all u ∈ U

Such elements exist since U is finite dimensional. Let V ⊂ E be the intersec-
tion of all kernels of the e∗k. Then V is finite codimensional in E. If u ∈ U
and ||u|| = 1 then, for any v ∈ V , we have ||u − v|| ≥ supk |e∗k(u)| ≥ γ. Hence
̂(U, Vβ) ≥ γ > β. ⊓⊔

Now we introduce essentially non-isomorphic Banach spaces.

Definition 1.4.5 (a) We call two infinite dimensional Banach spaces U and
V partially almost isometric (partially isomorphic, resp.) if for any η > 1 (if
for some η < ∞, resp.) there exist infinite dimensional subspaces Uη ⊂ U ,
Vη ⊂ V and isomorphisms T : Uη → Vη such that max{||T ||, ||T−1||} < η.

If U and V are not partially almost isometric (partially isomorphic, resp.)
then they are called essentially non-isometric (essentially non-isomorphic,
resp.)
(b) A bounded linear operator T : U → V is called strictly singular if, for no
closed infinite dimensional subspace E ⊂ U , T |E is an isomorphism.
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In the following we frequently consider the classical sequence spaces

c0 = {{alphan}∞n=1 : αn ∈ R for all n, lim
n→∞

αn = 0}
c = {{alphan}∞n=1 : αn ∈ R for all n, lim

n→∞
αn exists}

l∞ = {{alphan}∞n=1 : αn ∈ R for all n, sup
n

|αn| < ∞} ,

endowed with the norm ||{alphan}∞n=1|| = supn |αn|, and, if 1 ≤ p < ∞,

lp =

{
{alphan}∞n=1 : αn ∈ R for all n,

∞∑

n=1

|αn|p < ∞
}

endowed with

||{alphan}∞n=1|| =

(
∞∑

n=1

|αn|p
)1/p

.

Take ek = {alphak,n}∞n=1 with αk,n = 0 if n �= k and αn,n = 1. We sometimes
refer to the corresponding sequence {ek}∞k=1 as the unit vector basis of c0 or
lp (if p < ∞).

To illustrate Definition 1.4.5 let, for example, E be one of the spaces c0 or
lp, 1 ≤ p < ∞, and let U and V be infinite dimensional subspaces of E. Then
U and V are partially almost isometric. lp and lr, for 1 ≤ p < ∞, 1 ≤ r < ∞,
p �= r, as well as lp, for 1 ≤ p < ∞, and c0 are examples of essentially
non-isomorphic (therefore essentially non-isometric) Banach spaces. All this
follows from the fact that, for every infinite dimensional subspace U of E
and for every η > 1 there is a subspace Eη ⊂ U and an (onto-)isomorphism
T : Eη → E with max(||T ||, ||T−1||) < η. ( [84], I Propositions 2.a.1. and
2.a.2.)

We mention two more results in this direction without proofs.

Proposition 1.4.6 [84] Every linear bounded T : lp1
→ lp2

, where p1 �= p2,
1 ≤ p1, p2 < ∞, is strictly singular.

The following theorem is based on the fact that lp1
and lp2

are essentially
non-isomorphic if p1 �= p2, 1 ≤ p1, p2 < ∞.

Theorem 1.4.7 (See [25]) Every complemented subspace of lp1
⊕ lp2

for p1 �=
p2, 1 ≤ p1, p2 < ∞, is isomorphic either to lp1

or lp2
or lp1

⊕ lp2
.

Using Proposition 1.4.3 one can prove the following theorem ( [43], indepen-
dently obtained by H.P. Rosenthal, [124], in terms of “totally incomparable”
Banach spaces).

Theorem 1.4.8 Let U and V be closed subspaces of a Banach space E such
that U ∩ V = {0}. Moreover assume that U and V are essentially non-
isometric. Then U + V is closed.
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Proof. (a) At first we claim the following.

Let U1 ⊂ U and V1 ⊂ V be finite codimensional subspaces. Then ̂(U, V ) =

0 if and only if ̂(U1, V1) = 0. (Here the fact that U and V are essentially
non-isometric is not needed. We only use U ∩ V = {0}.)

To prove the claim we observe that, if ̂(U1, V1) = 0, then ̂(U, V ) = 0 follows
directly from the definition of inclination.

To prove the converse let ̂(U, V ) = 0 and assume ̂(U1, V1) > 0. Find finite
dimensional U2 ⊂ U and V2 ⊂ V with U = U1⊕U2 and V = V1⊕V2. We have
that U2 + V2 is finite dimensional and (U1 + V1) ∩ (U2 + V2) = {0}. By our
assumption and 1.4.2 the space U1+V1 is closed. Hence (U1+V1)+(U2+V2) =

U + V is closed. According to 1.4.2 this contradicts ̂(U, V ) = 0.

(b) Now suppose that U +V is not closed, hence ̂(U, V ) = 0. Fix ǫ ∈ ]0, 1[.
Choose sequences {epsiloni}∞i= and {betai}∞i=1 of numbers from ]0, 1[ which
satisfy

β :=

∞∏

i=1

βi > 0 and

∞∑

i=1

ǫi <
ǫβ2

1 + β

Since ̂(U, V ) = 0 there are elements e1 ∈ U and g1 ∈ V such that ||e1|| = 1 and
||e1 − g1|| < ǫ1. By 1.4.4 there is a finite codimensional subspace U1 in U such

that ̂(e1, U1) > β1. Now (a) yields ̂(U1, V ) = 0. Hence we find e2 ∈ U1 and

g2 ∈ V with ||e2|| = 1 and ||e2 − g2|| < ǫ2. Obviously, ̂(e1, e2) ≥ ̂(e1, U1) ≥ β1.
Put L1,2 = span{e1, e2}. Find a finite codimensional subspace U2 ⊂ U with

̂(L1,2, U2) ≥ β2. Again, (a) yields ̂(U2, V ) = 0. Continuation of this procedure
provides us with sequences {ei}∞i=1 of elements ei ∈ U and {gi}∞i=1 of elements
gi ∈ V such that

||ei|| = 1, ̂(L1,i, ei+1) ≥ βi and ||ei − gi|| < ǫi, i = 1, 2, . . . ,

where L1,i = span{e1, . . . , ei}.
Put U0 = closed span{ei}∞i=1 and V0 = closed span{gi}∞i=1. Then {ei}∞i=1

is a basis of U0 in view of 1.2.7 with γ({ei}∞i=1) ≥ β. Define T : U0 →
V0 by T (

∑∞
k=1 αkek) =

∑∞
k=1 αkgk. In view of 1.2.9 we obtain, using the

assumptions on ǫi and βi,

||T − id|| ≤
∞∑

i=1

1 + β

β2
ǫi < ǫ

This implies ||T || ≤ 1 + ǫ. Moreover, T is invertible and

||T−1|| ≤
∞∑

k=0

||id − T ||k ≤ 1

1 − ǫ

Hence max(||T ||, ||T−1||) ≤ 1+ǫ/(1−ǫ). Since ǫ was arbitrary we arrive at the

contradiction that U and V are partially almost isometric. Thus ̂(U, V ) > 0
and U + V is closed, ⊓⊔
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The argument of the last part of the proof of 1.4.8 will be used again for the
proof of the stability Theorem 2.7.2.

1.5 Projection Constants

If X is a complemented subspace of the Banach space E then it is natural to
determine the “quality” of this complementation by introducing the relative
projection constant (see [81] and [138])

λ(X,E) = inf{||P || : P : E → X is a bounded projection} .

It is obvious that for X ⊂ Y ⊂ E “monotonicity” holds:

λ(X,Y ) ≤ λ(X,E) .

We also define the absolute projection constant of X as a quantity which
reflects the “worst” embedding of X into a Banach space Y :

λ(X) = sup{λ(X,Y ) : Y a Banach space containing X} .

If there is a Banach space Y ⊃ X in which X is non-complemented then we
put λ(X) = ∞. Recall that λ(X) < ∞ whenever X is finite dimensional.
Obviously, for every Banach space Y ⊃ X, we have

λ(X,Y ) ≤ λ(X) .

For a compact Hausdorff space K we denote by C(K) the Banach space of all
realvalued continuous functions on K endowed with the sup-norm.

Proposition 1.5.1 Let E be a C(K)-space where K is a compact Hausdorff
space and let X be a finite dimensional subspace of E. Then we have

λ(X,E) = λ(X) .

Proof. We always have λ(X,E) ≤ λ(X).
To prove the opposite inequality let E ⊃ X be a C(K)-space and consider

a bounded projection Q : E → X. Now let Y be any Banach space containing
X. We claim that, for every ǫ > 0, there is a linear operator T : Y → E with
||T || ≤ 1 + ǫ and T |X = idX . Indeed, using a suitable partition of unity, we
find finitely many f1, . . . , fn ∈ E with

max
k

|αk| ≤
∥∥∥∥∥

n∑

k=1

αkfk

∥∥∥∥∥ ≤ (1 + ǫ)max
k

|αk|

for all choices of αk such that X ⊂ F := span{f1, . . . , fn}. Let f∗
k ∈ E∗ be

linear functionals with ||f∗
k || = 1 and
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f∗
k (fj) =

{
1, j = k
0, else

Such f∗
k exist by the Hahn-Banach theorem. Fix an arbitrary bounded pro-

jection Q : E → X and let y∗
1 , . . . , y∗

n ∈ Y be such that y∗
k|X = f∗

k |X and
||y∗

k|| = ||f∗
k |X || ≤ 1 for all k. Put Ty =

∑n
k=1 y∗

k(y)fk. This implies Tx = x if
x ∈ X and ||Ty|| ≤ (1 + ǫ)||y|| for all y ∈ Y . Define P : Y → X by P = QT .
Then P is a projection onto X and we have ||P || ≤ (1 + ǫ)||Q||. We conclude
λ(X) ≤ (1 + ǫ)λ(X,E). Since ǫ was arbitrary we infer λ(X) ≤ λ(X,E). ⊓⊔

Kadec and Snobar [69] proved that for any n-dimensional Banach space Xn

we have λ(Xn) ≤ √
n, n = 1, 2, . . .. König [73] showed that this inequality is

strict for n = 2, 3, . . .: λ(Xn) <
√

n.
Let us give the values of λ(Xn) for some finite dimensional spaces ( [37,

126,138] Theorem 32.6):

Theorem 1.5.2 For any positive integer n we have

λ(lnp ) ∼ √
n if 1 ≤ p ≤ 2,

λ(lnp ) ∼ n1/p if 2 < p < ∞, and

λ(ln∞) = 1.

Here lnp is the space Rn endowed with the norm

||(α1, . . . , αn)|| =

{
(
∑n

k=1 |αk|p)1/p if 1 ≤ p < ∞
supk |αk| if p = ∞

The only trivial part in the preceding theorem is λ(ln∞) = 1. Indeed, let E
be a Banach space with E ⊃ ln∞. Consider the elements e1, . . . , en ∈ ln∞
with ||∑n

k=1 αkek|| = maxk |αk| for all αk and find, using the Hahn-Banach
theorem, functionals e∗1, . . . , e

∗
n ∈ E∗ with ||e∗k|| = 1 for all k and e∗k(ej) ={

1, j = k
0, else

. Put, for e ∈ E, Pe =
∑n

k=1 e∗k(e)ek. Then P : E → ln∞ is a

projection with ||P || = 1.
ln∞ is indeed the only finite dimensional Banach space with projection

constant 1.

Theorem 1.5.3 Let X be an n-dimensional Banach space with λ(X) = 1.
Then X is isometrically isomorphic to ln∞.

Proof. Let BX∗ be the closed unit ball of X∗ and exBX∗ the set of extreme
points of BX∗ . (a is an extreme point of the convex set A if a = b = c whenever
b, c ∈ A and 0 < λ < 1 such that a = λb + (1−λ)c.) Denote the w∗-closure of
exBX∗ by K. Hence we have K = −K. Let

Y = {f : f : K → R continuous and f(x∗) = −f(−x∗) whenever x∗ ∈ K}
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Y is a closed subspace of C(K). We may identify x ∈ X with the function
x̂ ∈ Y where x̂(x∗) = x∗(x), x∗ ∈ K. Then we have ||x̂|| = ||x||. Hence we can
identify X with the subspace X̂ = {x̂ : x ∈ X} of Y .

We claim that X̂ = Y . To prove the claim fix x∗ ∈ exBX∗ and put

Fx∗ = {µ ∈ C(K)∗ : ||µ|| = 1 and µ(x̂) = x∗(x) for all x ∈ X} .

Since x∗ is an extreme point of BX∗ the set Fx∗ is a face of the unit ball of
C(K)∗, i.e. whenever ν1, ν2 ∈ C(K)∗ and 0 ≤ λ ≤ 1 such that ||ν1||, ||ν2|| ≤ 1
and λν1 +(1−λ)ν2 ∈ Fx∗ then ν1, ν2 ∈ Fx∗ . Moreover Fx∗ is w∗-compact and
convex. Hence by the Krein-Milman theorem Fx∗ has an extreme point. The
face property of Fx∗ implies that every extreme point of Fx∗ is an extreme
point of the unit ball of C(K)∗. The latter extreme points are of the form
±δk for some k ∈ K, where δk(f) = f(k), f ∈ C(K). We conclude that
exFx∗ = {deltax∗ ,−δ−x∗} and

Fx∗ = {λδx∗ − (1 − λ)δ−x∗ : 0 ≤ λ ≤ 1} .

We have δx∗(y) = −δ−x∗(y) for all y ∈ Y which implies Fx∗ |Y = {deltax∗ |Y }.
By assumption we find a linear P : Y → X with P x̂ = x for all x ∈ X

and ||P || = 1. The adjoint operator P ∗ maps BX∗ onto a w∗-compact convex
subset of BY ∗ , the closed unit ball of Y ∗. We even have P ∗BX∗ = BY ∗ .
Indeed otherwise, by the separation theorem, we find y ∈ Y with ||y|| >
supx∗∈exBX∗

|x∗(Py)|. But for x∗ ∈ exBX∗ we have x∗ ◦ P ∈ Fx∗ |Y , i.e.
x∗ ◦ P = δx∗ |Y , and thus

||y|| = sup
k∈K

|y(k)| = sup
x∗∈exBX∗

|(x∗ ◦ P )(y)|

since exBX∗ is dense in K. We arrive at a contradiction which shows that
P ∗(BX∗) = BY ∗ . Therefore P : Y → X is an isometric isomorphism proving
our claim.

For any x∗
0, x

∗
1, . . . , x

∗
m ∈ exBX∗ with x∗

i �= ±x∗
j if i �= j the Tietze exten-

sion theorem yields a function f ∈ C(K) with f(±x∗
0) = ±1 and f(±x∗

j ) = 0

if j > 0. Let y ∈ Y be the function with y(x∗) = 2−1f(x∗) − 2−1f(−x∗),
x∗ ∈ K. Then y(x∗

0) = 1 and y(x∗
j ) = 0 if j > 0. Since Y ∼= X was

n-dimensional we conclude exBX∗ = {pmx∗
1, . . . ,±x∗

n} for some x∗
j and

Y = C({x∗
1, . . . , x

∗
n}) = ln∞. ⊓⊔

A more elaborate version of the preceding proof shows that an arbitrary Ba-
nach space X satisfies λ(X) = 1 if and only if X is isometrically isomorphic
to a C(K)-space with an extremally disconnected compact Hausdorff space
K (i.e. where the closure of any open subset of K is open again), see [71]
and [34,111].

A compactness argument involving families of projections onto finite di-
mensional subspaces yields the next proposition.
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Proposition 1.5.4 Let E1 ⊂ E2 ⊂ . . . be a sequence of finite dimensional
subspaces of E with ∪∞

k=1Ek = E. Then

lim
k→∞

λ(E1, Ek) = λ(E1, E) .

Proof. By assumption we have

λ(E1, E2) ≤ λ(E1, E3) ≤ . . . ≤ λ(E1, E) < ∞ .

Hence limn→∞ λ(E1, En) exists and satisfies

lim
n→∞

λ(E1, En) ≤ λ(E1, E) .

Conversely, take, for each n, a projection Pn : En → E1 with ||Pn|| ≤
λ(E1, En) + 1/n. Hence supn ||Pn|| ≤ λ(E1, E) + 1. Let

K = {(λ(E1, E) + 1)x : x ∈ E1, ||x|| ≤ 1} .

Then K is compact since E1 is finite dimensional. Let BE be the closed
unit ball of E and consider the element γn := {Pne}e∈BE

of KBE . Since
KBE is compact we find an accumulation point {xe}e∈BE

of the sequence
{gamman}∞n=1. Define, for e ∈ E \ {0}, Pe = ||e||xe/||e||. Then P : E → E1

is a bounded projection with ||P || ≤ lim supn→∞ ||Pn|| ≤ limn→∞ λ(E1, En).
This implies λ(E1, E) ≤ limn→∞ λ(E1, En) and completes the proof. ⊓⊔

Definition 1.5.5 For a complemented subspace X ⊂ E the quantity

l(X,E) = λ(X,E)/λ(X)

will be called the load of X in E.
If, for α ∈ [0, 1], l(X,E) ≤ α then X is called α-unloaded in E.
If l(X,E) = 1 then X is called loaded.
A sequence of subspaces X1 ⊂ X2 ⊂ . . . in E is called unloaded if

limk→∞ l(Xk, E) = 0.

Proposition 1.5.1 tells us that each subspace of a C(K)-space is loaded.
The notion of load will be used in 10.4. There we need some facts about

the behaviour of λ(X), λ(X,E) and l(X,E) under isomorphisms.

Proposition 1.5.6 (a) Let S : X → Y be an isomorphism between the Ba-
nach spaces X and Y . Then we have

λ(SX) ≤ (||S|| · ||S−1||)λ(X) and λ(X) ≤ (||S|| · ||S−1||)λ(SX)

(b) Let X be a complemented subspace of the Banach space E. Furthermore
let F be another Banach space and assume that T : E → F is an (onto)-
isomorphism. Then we have

λ(TX,F ) ≤ (||T || · ||T−1||)λ(X,E) and l(TX,F ) ≤ (||T || · ||T−1||)2l(X,E)
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Proof. (a): We may assume without loss of generality ||S|| = 1. Then we have
1 ≤ ||S|| · ||S−1|| = ||S−1||.

We claim that, for any Banach space E ⊃ X, there is a Banach space F ⊃
SX and an (onto-)isomorphism T : E → F with T |X = S and ||T || = ||S||,
||T−1|| = ||S−1||.

Indeed, let U = {(e, Sx) : e ∈ E, x ∈ X} be endowed with ||(e, Sx)|| =
||e|| + ||Sx||. Consider the subspace V of U defined by V = {(x,−Sx) : x ∈
X}. Put F = U/V . Identify y ∈ SX with (0, y) + V in F . This identification
is an isometry. Indeed, we have

||y|| ≥ ||(0, y) + V || = inf
x∈X

(||x|| + ||y − Sx||)

≥ inf
x∈X

(||x|| + ||y|| − ||S|| · ||x||)

= ||y||

From now on we regard SX as a subspace of F . Define T : E → F by
Te = (e, 0) + V , e ∈ E. Then, if x ∈ X, we have Tx = (0, Sx) + V which
corresponds to Sx. Moreover, for a general element e ∈ E we obtain

||e|| ≥ ||Te|| = inf
x∈X

(||e − x|| + ||Sx||)

≥ inf
x∈X

(
1

||S−1|| ||e|| −
1

||S−1|| ||x|| + ||Sx||
)

≥ 1

||S−1|| ||e||

This proves the claim. The claim yields λ(X) ≤ ||S|| · ||S−1||λ(SX). By ex-
changing X and SX we infer λ(SX) ≤ ||S|| · ||S−1||λ(X).
(b) is an easy consequence of (a). ⊓⊔

The argument of the proof of 1.5.6 (a) will be used again in the proof of
Lemma 4.3.1.

1.6 The Projection Function of a Banach Space

For a given infinite dimensional Banach space E we define the following pro-
jection function for t ∈ [1,∞[ [48]:

fE(t) = inf{λ(X,E) : X a subspace of E, dim X < ∞, λ(X) ≥ t} .

The definition of fE(t) makes sense for every t ≥ 1 since every infinite di-
mensional Banach space E contains a finite dimensional subspace X with
λ(X) ≥ t. Indeed, a famous theorem of Dvoretsky [24] states that, for every n
and every ǫ > 0, there is a subspace X ⊂ E and an isomorphism S : X → ln2
with ||S|| · ||S−1|| ≤ 1 + ǫ. Hence we obtain
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sup{λ(X) : X a subspace of E, dim X < ∞} = ∞

in view of 1.5.2 and 1.5.6.
If fE(t) ∼ t, i.e. if fE(t) is asymptotically equivalent to t for t → ∞, then

E is said to have the C-projection type. If fE(t) is bounded, i.e. if fE(t) ∼ 1,
then E is said to have the L-projection type.

In view of Proposition 1.5.1 every C(K)-space has the C-projection type.
On the other hand, lp, 1 ≤ p < ∞, has the L-projection type. This follows
from the fact that λ(lnp , lp) = 1 but supn λ(lnp ) = ∞ according to 1.5.2.

A Banach space which has either C- or L-projection type will be said to
have standard projection type, otherwise it will be of non-standard projection
type.

It is not clear whether a Banach space of non-standard projection type
exists at all:

Problems 1.6.1 Does every infinite dimensional separable Banach space
have standard projection type?

A Banach space with non-standard projection type cannot have a basis.

Proposition 1.6.2 Let E be a Banach space with basis. Then E has standard
projection type.

Proof. Let {ek}∞k=1 be a basis of E and put Ln = span{e1, . . . , en}. 1.2.3
implies that supn λ(Ln, E) < ∞. So, if supn λ(Ln) = ∞, then E has L-
projection type.

Now assume that c := supn λ(Ln) < ∞. Fix t and consider any finite
dimensional subspace X ⊂ E with λ(X) > t. In view of 1.5.6 we may assume
that X ⊂ Ln for suitable large n. Let Y be a C(K)-space with Y ⊃ Ln (for
example, take K to be the closed unit ball of L∗

n under the w∗-topology).
With 1.5.6 we conclude

λ(X) = λ(X,Y ) ≤ λ(X,Ln)λ(Ln, Y ) ≤ λ(X,E)c ≤ cλ(X) .

Hence, in this case, E has C-projection type. ⊓⊔

Proposition 1.6.2 is actually true under weaker assumptions (see the end of
Sect. 5.1).

Pisier, [121], constructed a separable Banach space E in which every n-
dimensional subspace Xn satisfies λ(Xn, E) ∼ √

n. In view of the result of
Kadec and Snobar mentioned in Sect. 1.4 this space E has C-projection type.





2

Sequences in Normed Spaces

Here we study, among other things, completeness and minimality of sequences
in Banach spaces. This includes a discussion of bases and finite dimensional
Schauder decompositions. Moreover this gives rise to the introduction of uni-
formly convex and uniformly smooth Banach spaces.

2.1 Complete, Supercomplete
and {ck}-Complete Sequences

For a given sequence ē = {ek}∞k=1 in a normed space E we sometimes write
Ln(ē) = span {ek}n

k=1. Two sequences ē and ḡ in E will be called similar if
Ln(ē) = Ln(ḡ), n = 1, 2, . . .

As an example we mention the similarity of two sequences of polynomials
{pn(t)}∞n=0 and {qn(t)}∞n=0 with degree pn = degree qn = n in C[0, 1], say.
This simple fact will be used in Part II in connection with various Müntz
sequences.

Recall (see a sequence ē in E is complete if span(ē) is dense in E.

Definition 2.1.1 The sequence ē in E is called supercomplete if {ek}∞k=n is
complete in E for n = 1, 2, . . .,

hypercomplete if each subsequence of ē is complete in E.

Using the Weierstraß theorem we see that {tk}∞k=0 in C[0, 1] is supercomplete

but not hypercomplete since {t2j}∞j=0 is not complete in C[0, 1] (see 6.1.5).
The first known examples of hypercomplete sequences were the sequences
{tλk}∞k=0 where λ0 = 0 and λk ↑ λ for some λ > 0. (The hypercompleteness
is a consequence of the Müntz theorem 6.1.5).

Lateron it turned out that there exist hypercomplete sequences in any infi-
nite dimensional separable Banach space. In particular, we have the following

Theorem 2.1.2 For each complete linearly independent sequence ē = {ek}∞k=1

in an infinite dimensional separable Banach space E let

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 23–43 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005

1.2),
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gn =
n∑

j=1

j−n ej

||ej ||
.

Then ḡ = {gn}∞n=1 is a hypercomplete sequence which is similar to ē.

Proof. Consider gn =
∑n

j=1 j−nej/||ej ||, n = 1, 2, . . .. Clearly ḡ = {gn}∞n=1 is
similar to ē. We claim that ḡ is hypercomplete. To this end let {gnk

}∞k=1 be
an arbitrary subsequence of ḡ. If e∗ ∈ E∗ is such that e∗(gnk

) = 0 for all k
then we have

∑nk

j=1 j−nke∗(ej/||ej ||) = 0. Hence

∣∣∣∣e∗
(

e1

||e1||

)∣∣∣∣ =

∣∣∣∣∣∣
−

nk∑

j=2

1

jnk
e∗

(
ej

||ej ||

)∣∣∣∣∣∣
≤ ||e∗||

nk∑

j=2

1

jnk
≤ nk − 1

2nk
||e∗||

for all k. This implies e∗(e1) = 0. Similarly we obtain

∣∣∣∣e∗
(

e2

||e2||

)∣∣∣∣ =

∣∣∣∣∣∣
−2nk

nk∑

j=3

1

jnk
e∗

(
ej

||ej ||

)∣∣∣∣∣∣
≤ (nk − 2)

(
2

3

)nk

||e∗||

for all k and hence e∗(e2) = 0. Continuing in this fashion we arrive at
e∗(ek) = 0 for all k and thus e∗ = 0 since ē is complete. The separation
theorem implies that span{gnk

}∞k=1 = E which shows that ḡ is hypercomplete
and proves the theorem. ⊓⊔

We note the following straighforward

Proposition 2.1.3 (a) Similar sequences ē and ḡ are either simultaneously
complete or non-complete in E.

(b) If ē is complete and ek ∈ span(ḡ) for each k then ḡ is complete, too.

For a dual Banach space E∗ the following notion is close to the concept of
“completeness”.

Definition 2.1.4 The sequence of functionals e∗k ∈ E∗ is called total if, for
each x ∈ E, the condition e∗k(x) = 0, k = 1, 2, . . . implies x = 0.

We derive easily

Proposition 2.1.5 If the sequence ē∗ = {e∗k}∞k=1 ⊂ E∗ is complete in E∗

then it is total.

Completeness of a sequence ē does not imply essential geometric properties
of ē such as being a basis for E. This is shown by the following

Proposition 2.1.6 For any element x of an infinite dimensional separa-
ble Banach space E there is a hypercomplete sequence {gn}∞n=1 such that
limn→∞ gn = x.
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Proof. Assume at first that x �= 0. Let {ek}∞k=1 be a complete linearly indepen-
dent sequence in E with e1 = x. Put gn = ||x||∑n

j=1 j−nej/||ej ||. According
to 2.1.2, {gn}∞n=1 is hypercomplete. We have ||x−gn|| ≤ ||x||(n−1)/2n. Hence
limn→∞ gn = x.

If x = 0 then take any hypercomplete system {g̃k}∞k=1 and put

gn =
g̃n

n||g̃n|| + 1
. ⊓⊔

If x �= 0 the sequence ḡ = {gn}∞n=1 in 2.1.6 satisfies

lim
n→∞

∥∥∥∥
gn+1

||gn+1||
− gn

||gn||

∥∥∥∥ = 0 .

Hence ḡ cannot be a basis in view of 1.2.3 or 1.2.7 .
Completeness of a sequence ē = {ek}∞k=1 in E can be considered as an

abstract version of the Weierstraß approximation theorem:
Given x ∈ E and ǫ > 0 there exists a “polynomial” Px,ǫ =

∑m
k=1 akek such

that ||x − Px,ǫ|| ≤ ǫ.
Now consider a sequence c̄ of positive numbers ck such that, for any x ∈ E

and any ǫ > 0, we find an approximation of x by Px,ǫ as before where in
addition |ak| ≤ ck||x|| for all k. Then ē is called c̄-complete. If we always find
Px,ǫ with |ak| ≤ ck for all k then ē is called super c̄-complete.

Theorem 2.1.7 (See [55]) Each complete (supercomplete) sequence ē in
an infinite dimensional separable Banach space E is c̄-complete (super c̄-
complete, resp.) for some sequence c̄ = c̄(ē) of positive numbers.

Proof. Let ē = {ek}∞k=1 be complete. We may assume that ē is normalized.
a) At first we claim, there are positive numbers c̃k such that, for any n, any
x ∈ E and ǫ > 0 there is y =

∑m
k=1 αkek with ||x − y|| ≤ ǫ, m ≥ n and

|αk| ≤ c̃k||x|| for k = 1, 2, . . . , n.

Indeed, put Lk+1,∞ = closed span{ek+1, ek+2, . . .} and dk = ̂(ek, Lk+1,∞),
k = 1, 2 . . .. Let k1 < k2 < . . . be the indices with dkj

�= 0. Then define
c̃1 = . . . = c̃k1−1 = 0 and c̃k1

= 1/dk1
. This clearly settles the case n = k1.

Now assume that the claim is true for some n = km−1 with respect to
c̃1, . . . , c̃km−1

.
Put c̃k = 0 if km−1 + 1 ≤ k ≤ km − 1 and

c̃km
=

2 +
∑km−1

k=1 c̃k

dkm

.

Then we obtain the case n = km.
Indeed, fix x �= 0 and find, for each ǫ ∈ ]0, 1[, an element y =

∑
k αkek

with ||x − y|| ≤ ǫ||x|| and |αk| ≤ c̃k||x||, k = 1, . . . , km−1. Since dkm−1+1 =
. . . = dkm−1 = 0 we may assume that αkm−1+1 = . . . = αkm−1 = 0. Then we
have
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2||x|| ≥ ||y|| =

∥∥∥∥∥∥

km−1∑

k=1

αkek + αkm
ekm

+
∑

k>km

αkek

∥∥∥∥∥∥

≥ |αkm
|dkm

−
km−1∑

k=1

c̃k||x||

which implies |αkm
| ≤ c̃km

||x||.
If dk = 0 for all k then take c̃1 = c̃2 = . . . = 0.

b) To show the general case take the sequence {c̃k}∞k=1 of a) and consider a
dense sequence {xk}∞k=1 in E with xk �= 0 for all k. Find y1 =

∑n1

k=1 α1,kek

with ||x1 − y1|| ≤ ||x1|| and |α1,1| ≤ c̃1||x1||. Put

c1 = 2c̃1 and ck = 2max(|α1,k|, c̃k), k = 2, . . . , n1 .

Assume next that we have already n1 < n2 < . . . < nm−1 and c1, . . . , cnm−1
.

Then consider ym =
∑nm

k=1 αm,kek with nm > nm−1, ||xm − ym|| ≤ ||xm||/m
and |αm,k| ≤ c̃k||xm||, k = 1, . . . , nm−1. Put

ck = 2max(c̃k, |αm,k|) if nm−1 + 1 ≤ k ≤ nm .

Now, if x ∈ E \ {0} is arbitrary and ǫ ∈ ]0, 2[ then find m with ||x − xm|| ≤
ǫ||x||/2 and 1/m ≤ ǫ/4. We obtain ||xm|| ≤ 2||x|| and hence

||x − ym|| ≤ ǫ||x||, ym =

nm∑

k=1

αm,kek and |αm,k| ≤
1

2
ck||xm||

for all k = 1, . . . , nm. Since ||xm|| ≤ 2||x|| we conclude |αm,k| ≤ ck||x|| for all
k. This proves the first part of 2.1.7.
c) Now let ē be supercomplete. Let cn,k > 0 be such that, for any x, any n and
any ǫ > 0, there is yn =

∑
k≥n αn,kek with ||x−yn|| ≤ ǫ and |αn,k| ≤ cn,k||x||.

The existence of the cn,k follows from b) and the fact that {ek}∞k=n is complete.

Fix N ≥ ||x|| and put y = N−1
∑N

n=1 yn. Then we have ||x − y|| ≤ ǫ and

y =
∑

k N−1
∑min(k,N)

n=1 αn,kek. We obtain

∣∣∣∣∣∣
1

N

min(k,N)∑

n=1

αn,k

∣∣∣∣∣∣
≤ 1

N

k∑

n=1

cn,k||x|| ≤
k∑

n=1

cn,k .

Put ck =
∑k

n=1 cn,k. This shows that ē is super c̄-complete. ⊓⊔

In 6.4 we give estimates of the possible numbers c̄ for the system {tk}∞k=0 in
C[0, 1].

We finish this subsection with the follwing simple but useful observation.

A sequence {ek}∞k=1 is called repeating if, for each k, there is a subsequence
{enj

}∞j=1 such that limj→∞ enj
= ek.

As a direct consequence of the definitions we obtain
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Proposition 2.1.8 Any complete repeating sequence is supercomplete.

We leave it to the reader to construct, with Proposition 2.1.8, examples of
supercomplete sequences.

2.2 Minimal and Uniformly Minimal Sequences

Let ē be a sequence of non-zero elements in a Banach space E and put

L(k) = closed span {e1, . . . , ek−1, ek+1, ek+2, . . .} .

Recall, we defined Li,j = span{ei, ei+1, . . . , ej} and
Li,∞ = closed span{ei, ei+1, . . .}.

Definition 2.2.1 ē is called δ̄-minimal if ( ̂ek, L(k)) ≥ δk, k = 1, 2, . . ., for a
sequence δ̄ = {δk}∞k=1 of non-negative numbers.

ē is called minimal if it is δ̄-minimal for some δ̄ = {δk}∞k=1 of strictly
positive numbers δk.

If, in the preceding definition , δk ≥ δ > 0 for all k and some δ > 0 then
ē is called uniformly minimal or δ-minimal (see 1.2.8). A 1-minimal system
sometimes is called Auerbach system.

ē is called separated if infj �=k
̂(ej , ek) > 0.

Finally, ē is called closing if

lim
k→∞

̂(ek, ek+1) = 0 .

Obviously, we have

(“uniformly minimal” ⇒ “separated”) and (“closing” ⇒ “non-separated”) .

As a direct consequence of the definition we obtain that

ē is minimal if and only if, for any k, L(k) ⊂
�= closed span(ē)

which explains the name.

Example. Consider ē = {tk2}∞k=1 in C[0, 1]. It will be shown in 6.1.5 and 9.2.2
that ē is minimal but not uniformly minimal. On the other hand {tk}∞k=1 is
not minimal in C[0, 1] although it is linearly independent. This is an easy con-
sequence of the Weierstraß theorem. {tk}∞k=1 is even ω-linearly independent.
(A sequence ē = {ek}∞k=1 is called ω-linearly independent if

∑∞
k=1 αkek = 0

always implies α1 = α2 = . . . = 0.)

Proposition 2.2.2 Let ē = {ek}∞k=1 be a sequence in E with ek �= 0 for all k
and assume that δ̄ = {δk}∞k=1 is a sequence of positive numbers.
(a) Then the following are equivalent.

(i) ē = {ek}∞k=1 is δ̄-minimal.
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(ii) For any x =
∑

k αkek (finite sum or convergent series) we have

|αk| ≤
||x||

δk||ek||
, k = 1, 2, . . .

(b) Let τ̄ = {τk}∞k=1 be such that

̂(ek, Ln+1,∞) ≥ τn, n = 1, 2, . . . , and τ1 =δ1, δn ≤ τn

n−1∏

j=1

τj

1 + τj
, n = 2, 3, . . .

Then τ̄ is δ̄-minimal.

Proof. (a): Let Q : span(ē) → span{ek} be the projection with

Qej =

{
ek if j = k
0 else

Then, according to 1.2, we have ̂(ek, L(k)) = ||Q||−1. From this we infer im-
mediately Proposition 2.2.2 (a).
(b): By assumption we obtain

τn−1

1 + τn−1

∥∥∥∥∥∥
∑

k≥n

αkek

∥∥∥∥∥∥
≤

∥∥∥∥∥∥
∑

k≥n−1

αkek

∥∥∥∥∥∥
for all αk and n ≥ 2 .

Using induction we see that this implies

n−1∏

j=1

τj

1 + τj

∥∥∥∥∥∥
∑

k≥n

αkek

∥∥∥∥∥∥
≤

∥∥∥∥∥∥
∑

k≥1

αkek

∥∥∥∥∥∥
for all αk and n ≥ 2 .

Hence
∥∥∥∥∥∥
en +

∑

j �=n

αjej

∥∥∥∥∥∥
≥

∥∥∥∥∥∥
en +

∑

j>n

αjej

∥∥∥∥∥∥

n−1∏

j=1

τj

1 + τj
≥ τn

n−1∏

j=1

τj

1 + τj
≥ δn .

We obtain ̂(en, L(n)) which proves (b). ⊓⊔
Let ē be a given sequence. Then L1,n = span{e1, . . . , en} will be called the
n’th natural projection subspace (or Fourier projection subspace).

νn(ē) = νn = ̂(L1,n, Ln+1,∞) is the n’th natural inclination number and
πn(ē) = πn = 1/νn the n’th natural projection number ( [42], for the definition
of Li,j see 1.2.2).

In the preceding proof we already used the following fact for a minimal
sequence ē:

Let Pn : span (ē) → L1,n be the projection with Pn(ej) = 0 for j =
n + 1, n + 2, . . .. Then we have πn(ē) = ||Pn||.

We easily obtain the following
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Corollary 2.2.3 For a δ̄-minimal system ē we have

νn(ē) ≥ min{δk}n
k=1

n

In particular, if ē is δ-minimal for some δ > 0 then

νn(ē) ≥ δ

n
and πn(ē) ≤ n

δ

Proof. Let Pn : span(ē) → L1,n be the projection with Pnej = 0 if j > n.
2.2.2 implies

||Pn|| ≤
1

δ1
+ . . . +

1

δn
≤ n

min{δk}n
k=1

Hence

νn(ē) = ̂(L1,n, Ln+1,∞) =
1

||Pn||
≥ min{δk}n

k=1

n
⊓⊔

So, for a 1-minimal system we have νn(ē) ≥ 1/n and πn(ē) ≤ n. Sometimes
we obtain better estimates.

For example, consider the trigonometric system in E = C[0, 1] where e0 =
1, e2k = cos(2πkt) and e2k+1 = sin(2πkt), k = 1, 2, . . .. Then ē = {ek}∞k=0 is 1-
minimal since for every f =

∑
k αkek in C[0, 1] the Fourier coefficients satisfy

|αk| ≤ ||f ||. It is known that c1 log n ≤ πn(ē) ≤ c2 log n for some absolute
constants c1 > 0 and c2 > 0, [12].

Proposition 2.2.4 The sequence ē = {ek}∞k=1 is minimal if and only if there
exists a sequence ē∗ = {e∗k}∞k=1 ⊂ E∗ of functionals such that

e∗i (ej) =

{
1 if i = j
0 if i �= j

In this case ē is δ̄-minimal with δk = (||ek|| · ||e∗k||)−1.

Proof. Let ē be δ̄-minimal for some δ̄ = {δk}∞k=1 with positive δk. Then ē must
be linearly independent. Fix k and define the linear functional e∗k on span(ē)
by e∗k(

∑
αjej) = αk. Then, according to 2.2.2, ||e∗k|| ≤ (δk||ek||)−1. Hence e∗k

can be extended to a bounded linear functional on E. We have e∗k(ej) = 0 if
k �= j.

Now assume that functionals e∗k ∈ E∗ exist as indicated in the proposition.
Put x =

∑
αjej . We obtain

|αk| = e∗k(x) ≤ ||x|| · ||e∗k|| .

Hence, by 2.2.2, ē is δ̄-minimal with δk = (||ek|| · ||e∗k||)−1. ⊓⊔



30 2 Sequences in Normed Spaces

The sequence ē∗ is called conjugate to ē and the sequence of pairs (ej , e
∗
j )

is called biorthogonal. If ē is complete in E then the conjugate sequence is
uniquely determined.

In the preceding example where ē is the trigonometric system in C[0, 1]
let

e∗0(f) =

∫ 1

0

f(t)dt and e∗k(f) = 2

∫ 1

0

f(t)ek(t)dt for all f ∈ C[0, 1] .

Then ē∗ = {e∗k}∞k=1 is conjugate to ē. Here ē is even complete in C[0, 1] and
ē∗ is total.

Definition 2.2.5 [52] If ē is a complete minimal sequence in E such that the
conjugate sequence ē∗ is total then ē is called Markushevich basis or M-basis.

In general, a Markushevich basis is not a basis. The preceding trigonometric
system in C[0, 1] is a counterexample. Here ē is not a basis since there are
continuous functions whose Fourier series do not converge uniformly.

The following is due to Markushevich [102].

Proposition 2.2.6 Each separable Banach space has a Markushevich basis.

Proof. Let E be a separable Banach space. Fix {xk}∞k=1 in E such that
span{xk}∞k=1 is dense in E and xk �= 0 for all k. Moreover, let {x∗

k}∞k=1 be a
total system in E∗ which must exist since E is separable. (Here the unit ball
BE∗ of E∗ is w∗-metrizable and w∗-compact. Take, for example, {x∗

k}∞k=1 to
be w∗-dense in BE∗ .)

Define {ek}∞k=1 and {e∗k}∞k=1 by induction. Take e1 = x1. Let a be an index
such that x∗

a(x1) �= 0 and put e∗1 = x∗
a/x∗

a(x1). Then let b be the smallest index
with x∗

b �∈ span{e∗1} and put e∗2 = x∗
b − x∗

b(e1)e
∗
1. Next let c be any index with

e∗2(xc) �= 0 and define e2 = (xc − e∗1(xc)e1)/e∗2(xc). Then we have

e∗j (ei) =

{
1 if i = j
0 else

for i, j = 1, 2 .

Now assume that we have already e1, . . . , e2n and e∗1, . . . , e
∗
2n with

e∗j (ei) =

{
1 if i = j
0 else

and x1, . . . , xn ∈ span{ej}2n
j=1, x∗

1, . . . , x
∗
n ∈ span{e∗j}2n

j=1.

Let p be the smallest index with xp �∈ span{ej}2n
j=1 and put

e2n+1 = xp −
2n∑

j=1

e∗j (xp)ej .

Fix x∗
q such that x∗

q(e2n+1) �= 0 and define
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e∗2n+1 =
1

x∗
q(e2n+1)


x∗

q −
2n∑

j=1

x∗
q(ej)e

∗
j


 .

Finally, let u be the smallest index with x∗
u �∈ span{e∗j}2n+1

j=1 and put

e∗2n+2 = x∗
u −

2n+1∑

j=1

x∗
u(ej)e

∗
j .

Fix xv such that e∗2n+2(xv) �= 0 and define

e2n+2 =
1

e∗2n+2(xv)


xv −

2n+1∑

j=1

e∗j (xv)ej


 .

Then we obtain

e∗j (ei) =

{
1 if i = j
0 else

for i, j = 1, . . . , 2n + 2

and x1, . . . , xn+1 ∈ span{ej}2n+2
j=1 , x∗

1, . . . , x
∗
n+1 ∈ span{e∗j}2n+2

j=1 .
Thus, by construction, in view of 2.2.4, {ej}∞j=1 is a Markushevich basis

of E. ⊓⊔

2.2.6 can be extended. To this end we need the following

Definition 2.2.7 A Markushevich basis ē = {ek}∞k=1 with conjugate func-
tionals e∗k is called hereditarily complete or strong if, for each x ∈ E,

x ∈ span { ek : e∗k(x) �= 0 } .

One can prove the following stronger version of Proposition 2.2.6

Theorem 2.2.8 (See [50, 137]) Each separable Banach space has a strong
Markushevich basis. If the Banach space is infinite dimensional then it also
has a Markushevich basis which is not strong.

An important case of a uniformly minimal sequence ē is an Auerbach sequence,
i.e. a 1-minimal sequence.

Theorem 2.2.9 (See [3]) In each n-dimensional Banach space there exists
an Auerbach system.

Proof. Let x1, . . . , xn be a basis of the n-dimensional space E. For any set
of elements yj =

∑n
k=1 αj,kxk with ||yj || ≤ 1, j = 1, . . . , n, let ∆(y1, . . . , yn)

be the determinant of the matrix with the entries αj,k, j, k = 1, . . . , n. Since
the closed unit ball BE of E is compact ∆ attains its maximum at some
n-tuple (e1, . . . , en) where ej ∈ BE . The multilinearity of ∆ ensures that
||e1|| = . . . = ||en|| = 1. Define
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e∗k(x) = ∆(e1, . . . , ek−1, x, ek+1, . . . , en)/∆(e1, . . . , en) .

Then we obtain e∗k(ej) =

{
1 if k = j
0 else

for all k and j and ||e∗k|| = 1 for all k.

2.2.2 shows that {ek}n
k=1 is an Auerbach system. ⊓⊔

It is completely unknown whether the infinite dimensional version of Theorem
2.2.9 is true. However one can show that every separable Banach space, for
any ǫ > 0, has a Markushevich basis {ek}∞k=1 with conjugate system {e∗k}∞k=1

such that ||ek|| · ||e∗k|| ≤ 1 + ǫ for all k (see [114]).

2.3 Bases

Let ē = {ek}∞k=1 be a sequence in E with ek �= 0 for all k. In 1.2 we introduced
the index

γ(ē) = inf{ ̂(L1,i, Li+1,j) : i < j} .

We call ν(ē) = 1/γ(ē) the characteristic of the sequence ē and put ν(ē) = ∞
if γ(ē) = 0 [42].

If ē is linearly independent then we can define the following projections
Pm : span(ē) → L1,m with Pm(

∑
k αkek) =

∑m
k=1 αkek. The definitions imply

that
ν(ē) = sup

m
||Pm||

(see the remark after 1.2.1). With 1.2.3 we obtain

Proposition 2.3.1 ē is a basis of closed span(ē) if and only if ν(ē) < ∞. In
this case we have ∥∥∥∥∥

n∑

k=1

αkek

∥∥∥∥∥ ≤ ν(ē)

∥∥∥∥∥
∞∑

k=1

αkek

∥∥∥∥∥

for all n and all choices of αk.

If ē is a basis of closed span(ē) ⊂ E then ē is called basic sequence in E.
If ē is a basis of E and ē∗ is the sequence conjugate to ē then 2.3.1 implies

that ē∗ is a basis sequence in E∗.
The characteristic ν(ē) of a basic sequence, for obvious reasons, is also

called the basis constant of ē.
Moreover, let

γ(E) = sup{γ(ē) : ē a complete sequence of non-zero elements in E}

be the index of E and ν(E) = 1/γ(E) the characteristic of E.
In 1972 Per Enflo constructed a separable Banach space E such that

ν(E) = ∞, i.e. this E does not have a basis, [27]. This gave a negative solution
to the famous “basis problem.”
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Theorem 2.3.2 There exists a separable Banach space without basis.

But the “popular” Banach spaces have bases and sometimes even bases with
special features. One is the the following

Definition 2.3.3 Let ū = {uk}∞k=1 be a sequence of pairwise distinct elements
of a compact metric space K. A basis ē = {ek}∞k=1 is called interpolating at the
nodes ū if for any f =

∑∞
k=1 αkek ∈ C(K) the n’th partial sum interpolates

f at u1, . . . , un, i.e. if

f(uj) =

(
n∑

k=1

αkek

)
(uj), j = 1, . . . , n, n = 1, 2, . . .

It is easy to see that in this case necessarily ū is dense in K. Indeed, by
definition, for any m > n, with f = em, we obtain em(un) = 0. We claim,
em(um) �= 0 for all m. In fact, otherwise let m0 = inf{m : em(um) = 0}. Find
g ∈ C(K) with g(um) = 0 for m < m0 and g(m0) = 1, say g =

∑∞
k=1 βkek. We

obtain 0 = g(u1) = β1e1(u1) which implies β1 = 0. Continuation yields β1 =
β2 = . . . = βm0−1 = 0 and 1 = g(um0

) = βm0
em0

(um0
). Hence em0

(um0
) �= 0,

a contradiction. Thus em(uj) = 0 if m > j and em(um) �= 0 for all m.
If ū were not dense in K we would find f ∈ C(K), f �= 0, with f(un) = 0 for

all n. By the preceding we would get f =
∑∞

k=1 αkek with α1 = α2 = . . . = 0,
a contradiction.

On the other hand we have

Theorem 2.3.4 [46, 97] If ū is a dense set of nodes in the compact metric
space K then there exists a monotone basis of C(K) which interpolates at ū.

Here a basis ē is called monotone if γ(ē) = 1. By definition this means,

∥∥∥∥∥
n∑

k=1

αkek

∥∥∥∥∥ ≤
∥∥∥∥∥

∞∑

k=1

αkek

∥∥∥∥∥ for all n and all scalars αk .

The proof of 2.3.4 is long and involved. We want to illustrate 2.3.4 with an
example. Take K = [0, 1] and fix a dense sequence ū = {uk}∞k=1 in [0, 1] such
that u1 = 0, u2 = 1 and uk �= uj if j �= k. Let Pn be the operator which
assigns to each f ∈ C[0, 1] the piecewise affine function Pn(f) with nodes
at u1, . . . , un such that Pn(f)(uk) = f(uk), k = 1, . . . , n. It is clear that Pn

is linear in f and that ||Pn(f)|| ≤ ||f || for each f ∈ C[0, 1]. If ek,n is the
piecewise affine function with nodes at u1, . . . , un such that

ek,n(uj) =

{
1, j = k
0, j �= k

, k = 1, . . . , n ,

then Pn(ek,n) = ek,n. We obtain that En := PnC[0, 1] = span{e1,n, . . . , en,n}.
Hence Pn is a projection onto En with ||Pn|| = 1. If we put en = en,n for all
n then ē = {ek}∞k=1 is a basic sequence with basis projections {Pn}∞n=1 since
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Pnem =

{
em if m < n
0 else

(in view of 2.3.1). Clearly, limn→∞ ||Pn(f)−f || = 0 for any f ∈ C[0, 1]. Hence
ē is a monotone basis of C[0, 1] which interpolates at ū.

Theorem 2.3.4 states that a similar construction of a basis is possible over
any compact metric space for any prefixed dense set of nodes.

2.4 Uniformly Convex and Uniformly Smooth Spaces

Here we mention some basic facts about uniformly convex and uniformly
smooth Banach spaces. Then, in the next section, we discuss bases in these
special Banach spaces.

Definition 2.4.1 The following function on E is called the modulus of con-
vexity of E

δE(ω) = inf

{
1 − 1

2
||x + y|| : x, y ∈ E, ||x|| ≤ 1, ||y|| ≤ 1, ||x − y|| ≥ ω

}
,

0 ≤ ω ≤ 2. E is called uniformly convex if δE(ω) > 0 for all ω > 0.
The modulus of smoothness of E [79] is the function

σE(τ)=sup

{ ||x + y||+||x − y||
2

− 1 : x, y ∈ E, ||y|| ≤ 1, ||x|| ≤ τ

}
, τ > 0 .

E is called uniformly smooth if limτ→0 σE(τ)/τ = 0.

It can be shown that in the definition of δE the inf can be taken over all x,
y with ||x|| = ||y|| = 1 and ||x − y|| ≥ ω without changing δE . Similarly, in
the definition of σE the sup can be taken over all x and y with ||x|| = 1 and
||y|| = τ (see [84], II p.60).

Classical examples of uniformly convex spaces are Lp and lp for 1 < p < ∞.
Their modulus of convexity is

δE(ω) ∼ p − 1

2

(ω

2

)2

if 1 < p < 2 and δE(ω) ∼ 1

p

(ω

2

)p

if p ≥ 2 ,

see [18].
The notions of uniform convexity and uniform smoothness are in a way

dual to each other. The following proposition is due to S̆mul’yan, [133].

Proposition 2.4.2 A Banach space E is uniformly convex if and only if E∗

is uniformly smooth.
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Proof. [79] We claim that

σE∗(τ) = sup

{
1

2
τω − δE(ω) : 0 ≤ ω ≤ 2

}
for all τ > 0

Indeed, we have

2σE∗(τ) = sup{||x∗ + τy∗|| + ||x∗ − τy∗|| − 2 : x∗, y∗ ∈ E∗,

||x∗|| ≤ 1, ||y∗|| ≤ 1}
= sup{x∗(x) + τy∗(x) + x∗(y) − τy∗(y) − 2 : x ∈ E, y ∈ E,

||x|| ≤ 1, ||y|| ≤ 1, x∗ ∈ E∗, y∗ ∈ E∗, ||x∗|| ≤ 1, ||y∗|| ≤ 1}
= sup{||x + y|| + τ ||x − y|| − 2 : x ∈ E, y ∈ E,

||x|| ≤ 1, ||y|| ≤ 1}
= sup{||x + y|| + τω − 2 : x ∈ E, y ∈ E, ||x|| ≤ 1, ||y|| ≤ 1,

||x − y|| ≥ ω, 0 ≤ ω ≤ 2}
= sup{τω − 2δE(ω) : 0 ≤ ω ≤ 2}

If E is uniformly convex then we have δE(ω) > 0 for all ω. By definition,
δE(ω) is increasing. Fix ǫ > 0 and consider τ with 0 < τ < δE(ǫ). We obtain

ω ≤ 2ǫ +
2δE(ǫ)

τ
≤ 2ǫ +

2δE(ω)

τ
if ǫ ≤ ω ≤ 2

and, clearly, ω ≤ 2ǫ + 2δE(ω)/τ if 0 ≤ ω ≤ ǫ. We conclude, using the claim,
that σE∗(τ)/τ ≤ ǫ. Hence limτ→0 σE∗(τ)/τ = 0 and E∗ is uniformly smooth.

Conversely, if E∗ is uniformly smooth then, for every ω ∈ ]0, 2[, there exists
a τ > 0 such that σE∗(τ) ≤ τω/4. The claim yields that τω/2−δE(ω) ≤ τω/4
i.e. δE(ω) ≥ τω/4. Hence δE(ω) > 0 for all ω > 0 and E is uniformly
convex. ⊓⊔
Uniform smoothness and uniform convexity are properties which depend on
the isometric character of a Banach space. They may get lost if we go over
to isomorphic Banach spaces. However, we have the following fundamental
result, due to Enflo, [26].

Theorem 2.4.3 A Banach space E is isomorphic to a uniformly convex space
if and only if E is isomorphic to a uniformly smooth space.

A Banach space E which is isomorphic to a uniformly convex space is called
superreflexive.

Proposition 2.4.4 [106] Every uniformly convex Banach space is reflexive.

Proof. Regard E as subspace of E∗∗ in the canonical way. Fix a norm one
element x∗∗ ∈ E∗∗ and find a directed set {xα}α∈A of elements in E with
w∗ − limα xα = x∗∗ and ||xα|| ≤ 1 for all α. Hence limα,β ||xα + xβ || =
2||x∗∗|| = 2. The uniform convexity of E implies limα,β ||xα − xβ || = 0. This
means that {xα}α∈A converges in norm and limα ||xα−x∗∗|| = 0, i.e. x∗∗ ∈ E.
Hence E = E∗∗. ⊓⊔
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Let E be a uniformly smooth Banach space. Then, using the w∗-density of
the unit ball of E in the unit ball of E∗∗ (if we regard E as subspace of E∗∗)
we see that E∗∗ is uniformly smooth, too. Hence E∗ is uniformly convex by
2.4.2. We conclude with 2.4.4 that every uniformly smooth Banach space E
is reflexive, too (since E∗ is reflexive).

Finally, we note the well-known result of the existence and uniqueness of
best approximation in uniformly convex spaces.

Proposition 2.4.5 Let E be a uniformly convex space and X ⊂ E a closed
subspace. Then, for any element e ∈ E, there exists a unique element x0 ∈ X
of best approximation, i.e.

||e − x0|| = inf
x∈X

||e − x|| .

Proof. Assume that e ∈ E \ X. Find xn ∈ X with

||e − xn|| ≤ inf
x∈X

||e − x|| + 1

n
.

Hence {xn}∞n=1 is bounded. Since E, and therefore X, is reflexive we find
a weak accumulation point x0 ∈ X of {xn}∞n=1. We clearly have b :=
||e − x0|| = infx∈X ||e − x|| > 0. Now let y0 ∈ X be another element with
||e− y0|| = infx∈X ||e− x||. If x0 �= y0 then, in view of the uniform convexity,
we obtain, with ω = ||e−x0 − (e− y0)||/b = ||x0 − y0||/b > 0, that δE(ω) > 0.
Hence ||e − (x0 + y0)/2|| < b which contradicts the fact that x0 and y0 were
optimal already. Thus x0 = y0. ⊓⊔

2.5 Bases in Uniformly Convex Spaces

Here we collect some classical theorems about bases in uniformly convex
spaces.

The proof of the following theorem is based on the interplay between the
positivity of δE(ω) and the positivity of the angle index ϕE(ē) of 1.2.9. Recall,

ϕE(ē) = inf

{∥∥∥∥
x

||x|| −
y

||y||

∥∥∥∥ : x ∈ span{ei}m
i=1, x �= 0 ,

y ∈ span{ei}m+n
i=m+1, y �= 0, n,m = 1, 2, . . .

}

If γ(ē) is the index of ē then we easily obtain

γ(ē) ≤ ϕE(ē) ≤ 2γ(ē) .

Hence, by 2.3.1, ē is a basic sequence if and only if ϕE(ē) > 0.
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Theorem 2.5.1 [40] Let E be a uniformly convex space and ē = {ek}∞k=1

a normalized basis of E. Then there exist exponents 1 < τ ≤ ρ < ∞ and
numbers A,B > 0 (depending on ē) such that, for any element x =

∑
k αkek,

the following inequalities hold

B

(∑

k

|αk|ρ
)1/ρ

≤ ||x|| ≤ A

(∑

k

|αk|τ
)1/τ

.

Proof. We need to show the right-hand inequality only. Indeed, then by du-
alizing, involving the conjugate sequence, we see that the left-hand inequality
holds for any normalized basis in a uniformly smooth space. An application
of 2.4.2 finishes the proof.

To prove the right-hand inequality let λ = 2(1 − δE(ϕE(ē)/2)) and fix a
number τ with 1 < τ < log 2/ log λ. Observe that we have ϕE(ē)/2 ≤ 1 by
definition. Hence δE(ϕE(ē)/2) ≤ 1/2 and λ ≥ 1.

We claim that there exists η = η(τ, λ) ∈ ]0, 1[ such that, for x, y ∈ E with
||x|| ≤ 1 and ||y|| ≤ 1 and ||x − y|| ≥ ϕE(ē), we have

||x + ty||τ < 1 + tτ whenever |1 − t| ≤ η .

Indeed, the definition of δE implies ||x + y|| ≤ λ. Moreover we have λτ < 2
since λ ≥ 1. This proves the claim for t = 1. Since ||x + ty||τ ≤ (λ + |1 − t|)τ

and (λ+ |1− t|)τ and 1+ tτ are continuous in t we derive the claim for t close
enough to 1.

To finish the proof of the theorem let x =
∑m

i=1 αiei. Put A = 4/η. Then

we show ||x|| ≤ A (
∑m

i=1 |αi|τ )
1/τ

by induction on m.
If m = 1 then the assertion is clear since A ≥ 1.

Suppose now that, for some n, ||x|| ≤ A (
∑m

i=1 |αi|τ )
1/τ

for all m ≤ n and
all choices of αi.

Then, finally, consider x =
∑n+1

i=1 αiei. We distinguish between two cases.
Case 1: There is i0 ≤ n + 1 such that 4−1η||x|| ≤ |αi0 |. Then we have

||x|| ≤ 4

η
|αi0 | ≤

4

η

(
n+1∑

i=1

|αi|τ
)1/τ

which proves step n + 1 of the induction in this case. So we are left with
Case 2: |αi| ≤ 4−1η||x|| for all i. Put

xj =

j∑

i=1

αiei and yj =

n+1∑

i=j+1

αiei and x0 = 0 = yn+1

Then we obtain x = xj + yj , j = 0, 1, . . . , n + 1. Moreover we have

||x0|| − ||y0|| < 0 < ||xn+1|| − ||yn+1||
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(provided that x �= 0) and

| ||xj+1|| − ||xj || | ≤
η

4
||x|| and | ||yj+1|| − ||yj || | ≤

η

4
||x|| .

Let r = sup{j : ||xj || − ||yj || < 0} + 1. Then

||xr−1|| − ||yr−1|| < 0 < ||xr|| − ||yr|| ≤ ||xr−1|| − ||yr−1|| +
η

2
||x|| .

Hence 0 < ||xr|| − ||yr|| ≤ 2−1η||x||. In particular ||yr|| ≤ ||xr|| and 0 < r <
n + 1 since 0 < η < 1. We may assume without loss of generality ||xr|| = 1
(otherwise take x/||xr|| instead of x). Then we have, with t = ||yr||, 0 ≤ 1−t ≤
η since ||x|| = ||xr+yr|| ≤ 2. The claim yields, since ||xr−||yr||−1yr|| ≥ ϕE(ē),

||x||τ =

∥∥∥∥xr + t
yr

||yr||

∥∥∥∥
τ

< 1 + tτ = ||xr||τ + ||yr||τ .

Including the induction hypothesis we obtain

||x|| ≤ A

(
r∑

i=1

|αi|τ +

n+1∑

i=r+1

|αi|τ
)1/τ

which concludes the proof. ⊓⊔

Since
∑

k k−τ < ∞ if 1 < τ we obtain

Corollary 2.5.2 Under the assumptions of the preceding theorem the har-
monic series

∑
k ek/k converges in norm.

In a Hilbert space H, which is of course uniformly convex, one can give a
quantitative generalization of Parseval’s theorem with a proof which is similar
to that of 2.5.1. In fact one can show:

Theorem 2.5.3 [51] Let ē be a normalized basis of the Hilbert space H.
Assume that there is η ∈ [0, 1[ satisfying C(ē) ≥ η where C(ē) is the cos-index
of 1.b. Then the inequalities of Theorem 2.5.1 hold with

τ =
2

1 +
√

η
, ρ =

2

1 −√
η
, A = 1 + 5

√
η, B =

1 −√
η

1 + 5
√

η
.

In particular, for an orthonormal basis in H we have C(ē) = 0. Hence in this
case 2.5.3 yields the Parseval theorem.

A normalized basis in an arbitrary Banach space is called ρ-Besselian (or
τ -Hilbertian, resp.) if it satisfies the left-hand side (or right-hand side, resp.)
of Theorem 2.5.1.

It was shown by Szarek [134] that C[0, 1] does not have a basis which is
ρ-Besselian for some ρ. Combining this with 2.5.1 we obtain
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Theorem 2.5.4 A sequence of continuous functions xn(t) on [0, 1] with

0 < inf
n

inf
t
|xn(t)| ≤ sup

n
sup

t
|xn(t)| < ∞

cannot be simultaneously a basis in C and in Lp for any p ∈ ]1,∞[.

Proof. Assume that {xn}∞n=1 is a basis in C as well as in Lp for some
p ∈ ]1,∞[. Let || · ||C be the sup-norm in C and || · ||Lp

the norm in Lp.
Then {xn/||xn||C}∞n=1 is a normalized basis in C and {xn/||xn||Lp

}∞n=1 is a
normalized basis in Lp. By our assumption we find a constant b > 0 with
b ≤ ||xn||Lp

/||xn||C for all n. Since Lp is uniformly convex, according to 2.5.1,
we find some ρ > 1 and a constant B > 0 with

Bb

(∑

k

|αk|ρ
)1/ρ

≤ B

(∑

k

(
|αk|

||xk||Lp

||xk||C

)ρ
)1/ρ

≤
∥∥∥∥∥
∑

k

αk
xk

||xk||C

∥∥∥∥∥
Lp

≤
∥∥∥∥∥
∑

k

αk
xk

||xk||C

∥∥∥∥∥
C

for all choices of αk. Hence {xn/||xn||C}∞n=1 is a ρ-Besselian basis in C which
is impossible. ⊓⊔

From 2.3.3 we obtain the result, due to Olevskii [113], that a uniformly
bounded sequence of continuous functions fn on [0, 1] which is orthonormal
in L2 cannot be a basis in C[0, 1]. This applies in particular to the trigono-
metric system (see 2.2). As a corollary we obtain the classical result that
there are continuous functions on [0, 1] whose Fourier series does not converge
uniformly.

Definition 2.5.5 A basis ē = {ek}∞k=1 in a Banach space E is called un-
conditional if, for any permutation π of the indices, the series

∑
k απ(k)eπ(k)

converges whenever
∑

k αkek converges.

Theorem 2.5.6 [66] Let {ek}∞k=1 be a normalized unconditional basis in
a uniformly convex space E. Then, for each x =

∑
k αkek ∈ E, the series∑

k δE(|αk|) converges.

Proof. [83] Assume that for some x=
∑∞

k=1 αkek ∈ E we have
∑∞

k=1 δE(|αk|)=
∞. Choose signs ǫk ∈ {1,−1} and put Sn =

∑n
k=1 ǫkαkek such that

||Sn−1 + ǫnαnen|| ≥ ||Sn−1 − ǫnαnen|| for all n .

By assumption, S := limn Sn exists in E. We may assume without loss of
generality ||S|| = 3/2 such that 1 ≤ ||Sn|| ≤ 2 for large enough n. Put

yn =
Sn

||Sn||
and zn =

Sn−1 − ǫnαnen

||Sn||
.
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Hence ||yn|| = 1, ||zn|| ≤ 1 and ||yn − zn|| = 2|αn|/||Sn||. This implies, since
δE is increasing,

δE(|αn|) ≤ δE

(
2|αn|
||Sn||

)
≤ 1 − ||yn + zn||

2
= 1 − ||Sn−1||

||Sn||
≤ ||Sn|| − ||Sn−1||

for large enough n. We obtain
n∑

k=n0

δE(|αk|) ≤ ||Sn|| − ||Sn0
||

if n0 is large enough. Now
∑∞

k=n0
δE(|αk|) = ∞ contradicts the fact that

limn ||Sn|| exists. Hence the theorem follows. ⊓⊔
In [16] the result of 2.5.6 was extended to normalized monotone bases. In [23]
and, independently, in [119] it was shown that, in case of E = Lp or E = lp
for 1 < p < ∞, monotone bases are always unconditional. We have

Theorem 2.5.7 Each monotone basis in Lp or lp for 1 < p < ∞ is uncon-
ditional.

2.6 Bases of Subspaces

Let {Ek}∞k=1 be a sequence of closed subspaces of a Banach space E. {Ek}∞k=1

will be called basis of subspaces for E if each x ∈ E has a unique representation
as

x =
∑

k

ek, where ek ∈ Ek, k = 1, 2, . . . .

Then we sometimes write E =
∑

k ⊕Ek. If all Ek are finite dimensional we
also call {Ek}∞k=1 a finite dimensional Schauder decomposition (FDD), see
Definition 5.1.1.

Repeating the argument of the proof of 1.2.3 we obtain

Proposition 2.6.1 Let {Ek}∞k=1 be a sequence of closed subspaces of E. Then
the following are equivalent

(i) {Ek}∞k=1 is a basis of subspaces of E
(ii) There is some δ > 0 such that

̂(E1 + E2 + . . . + En, En+1 + En+2 + . . . + En+m) ≥ δ

whenever m and n are positive integers.
(iii) There is a constant δ > 0 such that, for all choices of ek ∈ Ek and

all indices m and n,

δ

∥∥∥∥∥
n∑

k=1

ek

∥∥∥∥∥ ≤
∥∥∥∥∥

m+n∑

k=1

ek

∥∥∥∥∥

Combining 1.2.3 with 2.6.1 we obtain
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Theorem 2.6.2 Let {Ek}∞k=1 be a basis of subspaces of E such that all Ek

are finite dimensional. Moreover, let ēk = {ek,j}mk
j=1 be bases of Ek with

infk γ(ēk) > 0. Then

e1,1, . . . , e1,m1
, e2,1, . . . , e2,m2

, e3,1, . . .

is a basis of E.

Let Ek, k = 1, 2, . . ., be a sequence of Banach spaces. For 1 ≤ p < ∞ put

(
∞∑

k=1

⊕Ek

)

(lp)

=

{
{ek}∞k=1 : ek ∈ Ek for all k,

∞∑

k=1

||ek||p < ∞
}

and consider the norm

||{ek}∞k=1|| =

(
∞∑

k=1

||ek||p
)1/p

.

Moreover we define
(

∞∑

k=1

⊕Ek

)

(l∞)

= {{ek}∞k=1 : ek ∈ Ek for all k, sup
k

||ek|| < ∞}

endowed with the norm ||{ek}∞k=1|| = supk ||ek|| and

(
∞∑

k=1

⊕Ek

)

(c0)

=



{ek}∞k=1 ∈

(
∞∑

k=1

⊕Ek

)

(l∞)

: lim
k→∞

||ek|| = 0



 .

Clearly, if supk dim Ek < ∞ then (
∑

k ⊕Ek)(lp) is isomorphic to lp and
(
∑

k ⊕Ek)(c0) is isomorphic to c0. Similarly we define (
∑n

k=1 ⊕Ek)(lp) for any

positive integer n.

2.7 Stability of Sequences

We conclude Chap. 2 with some stability results. At first we introduce

Definition 2.7.1 Let ē = {ek}∞k=1 and ḡ = {gk}∞k=1 be sequences in the
Banach spaces E and F , resp. Then, for some a ≥ 1, ē and ḡ are called
a-equivalent if there is an isomorphism T from closed span(ē) onto closed
span(ḡ) such that Tek = gk for k = 1, 2, . . . with ||T || · ||T−1|| ≤ a.

If a = 1 then ē and ḡ are called isometrically equivalent.

Then we prove a stability result for basic and minimal sequences.
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Theorem 2.7.2 [75] Let ē = {ek}∞k=1 be a δ̄-minimal sequence in E where
δ̄ = {δk}∞k=1 has positive δk.
(a) For some a > 1 let ǭ = {ǫk}∞k=1 satisfy

∞∑

k=1

||ek||
δk

ǫk <
a − 1

a + 1
.

Then ḡ is a minimal sequence which is a-equivalent to ē whenever ḡ = {gk}∞k=1

is a sequence of elements in E with ||gk − ek|| ≤ ǫk for all k. If ē is a basic
sequence in E then ḡ is a basic sequence, too.
(b) For any α > 0 there is ǭ = {ǫk}∞k=1 such that for any sequence ḡ = {gk}∞k=1

in E with ||ek − gk|| ≤ ǫk, k = 1, 2, . . ., we have Θ( span(ē),span(ḡ) ) < α.

Proof. We prove (a). (b) can be shown with similar arguments.
Let 0 < ǫ < 1 be such that (1 + ǫ)(1 − ǫ)−1 < a. Assume that ē is δ̄-

minimal with δ̄ = {δk}∞k=1. Fix ǫk > 0 such that
∑∞

k=1 ||ek||ǫk/δk < ǫ and
take a sequence ḡ with ||ek − gk|| ≤ ǫk for all k. Consider x =

∑n
k=1 αkek and

define Tx =
∑n

k=1 αkgk. Then we obtain, using 2.2.2,

||x − Tx|| ≤
n∑

k=1

|αk|ǫk ≤
(

n∑

k=1

||ek||
δk

ǫk

)
||x|| ≤ ǫ||x|| .

Hence (1 − ǫ)||x|| ≤ ||Tx|| ≤ (1 + ǫ)||x||. This implies that T can be
extended to an isomorphism T : closed span(ē) → closed span(ḡ) with
||T || · ||T−1|| ≤ (1+ ǫ)/(1− ǫ) ≤ a. As a consequence of 2.2.2 the sequence ḡ is
minimal, too. If ē is a basic sequence then ḡ is a basic sequence which follows,
for example, from 2.3.1. ⊓⊔

Sequences ē and ḡ with ||ek − gk|| ≤ ǫk for all k will be called ǭ-close.
There is a similar result for the stability of complete sequences. We have

Theorem 2.7.3 [55, 56] Let ē = {ek}∞k=1 be a normalized c̄-complete se-
quence for some sequence c̄ = {ck}∞k=1 of positive numbers. If for some se-
quence ǭ = {ǫk}∞k=1 of positive numbers the condition

∑
k ckǫk < 1 holds then

each sequence ḡ which is ǭ-close to ē is complete in E, too.

Proof. Let ḡ be ǭ-close to ē. Fix ǫ > 0 such that ǫ < 1 − ∑
k ckǫk. Assume

that X := closed span(ḡ) �= E. Then E/X �= {0}. Hence we find y ∈ E with

1 = ||y + X|| = inf
x∈X

||y − x|| and ||y|| ≤ 1 + ǫ .

Since ē is c̄-complete there are αk, k = 1, 2, . . . , n for suitable n, such that
∥∥∥∥∥y −

n∑

k=1

αkek

∥∥∥∥∥ ≤ ǫ2

2
and |αk| ≤ ck||y|| for all k .

We obtain, with x0 =
∑n

k=1 αkgk,
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||y − x0|| ≤
ǫ2

2
+

n∑

k=1

|αk| · ||gk − ek||

≤ ǫ2

2
+

n∑

k=1

ckǫk||y||

≤ ǫ2

2
+ 1 − ǫ2 < 1

contradicting infx∈X ||y − x|| = 1. So X must be equal to E. ⊓⊔

We conclude this section with the following theorem due to Paley and Wiener,
[115].

Theorem 2.7.4 Let ē = {ek}∞k=1 be an orthonormal basis in a Hilbert space
H and assume that 0 ≤ θ < 1. If the sequence ḡ = {gk}∞k=1 ⊂ H satisfies the
condition ∥∥∥∥∥

∑

k

αk(gk − ek)

∥∥∥∥∥

2

≤ θ
∑

k

|αk|2

for all scalars αk then ḡ is a Riesz basis of H, i.e. a basis of H which is
equivalent to an orthonormal basis.

Proof. Put T (
∑∞

k=1 αkek) =
∑∞

k=1 αkgk. From our assumption we obtain that
T is well-defined and that

||x − Tx|| ≤ θ||x|| for all x ∈ H.

Hence S := id +
∑∞

k=1(id − T )k converges in the operator norm and S sat-
isfies TS = ST = id. This means that T : H → H is an onto-isomorphism.
Thus ḡ is a basis of H which is ||T || · ||T−1||-equivalent to the orthonormal
basis ē. ⊓⊔





3

Isomorphisms, Isometries and Embeddings

Problems of isomorphisms and isometries play a central role in the theory of
normed spaces. While two isomorphic normed spaces are identical from the
linear point of view two isometric normed spaces are identical from a geometric
point if view.

In this chapter we discuss basic notions such as almost isometries and
Banach-Mazur distance. We also mention the largely unresolved connection
between Banach-Mazur distance and projection constant. Finally we deal with
polyhedral spaces and limiting spaces.

3.1 Classical Isomorphisms

We start with basic definitions.

Definition 3.1.1 Two normed spaces E1 and E2 are called a-isomorphic for
some a ≥ 1 if there is an onto-isomorphism T : E1 → E2 with

||T || · ||T−1|| ≤ a .

Then T is called an a-isomorphism. (1 + ǫ)-isomorphic for all ǫ > 0.

There are well-known examples of almost isometric Banach spaces which are
not isometric. The following example was communicated to us by P. Enflo.

Example. Let pj be positive numbers with pj ↑ ∞. Put

E =




∞∑

j=1

⊕l2pj




(l2)

and F = (l2∞ ⊕ E)(l2) .

Then E satisfies ||x + y|| < ||x|| + ||y|| whenever x, y ∈ E are linearly inde-
pendent. This is not true for F in view of the first component of F . Hence E
and F are not isometric. On the other hand, fix ǫ > 0. Then there is j0 such

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 45–51 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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that there exist isomorphisms Tj : l2pj+1
→ l2pj

, j ≥ j0 and T0 : l2pj
→ l2∞ with

||Tj || · ||T−1
j || ≤ 1 + ǫ, j = 0 and j ≥ j0. Define T : E → F by

T{xj}∞j=1 = (T0xj0 , xj1 , . . . , xj0−1, Tj0xj0+1, Tj0+1xj0+2, . . .) .

Then we obtain ||T || · ||T−1|| ≤ 1 + ǫ. This proves, since ǫ > 0 was arbitrary,
that E and F are almost isometric.

There are even examples, due to Benyamini, of Banach spaces X and Y
such that X∗ and Y ∗ are isometrically isomorphic to l1 and X and Y are
almost isometric but not isometric.

However for Hilbert spaces we have

Proposition 3.1.2 Let E and F be almost isometric Banach spaces. If F is
a Hilbert space then E is a Hilbert space.

Proof. Let BE be the closed unit ball of E. Fix a sequence of (1 + 1/n)-
isomorphisms Tn : E → F and consider the elements

γn = {〈Tnx, Tny〉}x,y∈BE

in K = [−2, 2]BE×BE . Since K is compact we find an accumulation point
γ ∈ K of {γn}∞n=1, say γ = {γ(x, y)}x,y∈BE

. For arbitrary x, y ∈ E put
〈〈x, y〉〉 = 0 if x = 0 or y = 0 and

〈〈x, y〉〉 = ||x|| · ||y|| · γ
(

x

||x|| ,
y

||y||

)

if x �= 0 and y �= 0. It is easily checked that 〈〈·, ·〉〉 is a scalar product in E
with ||x|| =

√
〈〈x, x〉〉 for all x ∈ E. ⊓⊔

There are other Banach spaces different from Hilbert spaces which have a
corresponding property. For example, let G be the space of almost universal
disposition which we shall discuss in the next chapter. Then any Banach
space E which is almost isometric to G is already isometric to G. (This is a
consequence of 4.3.3.)

It is a well-known fact that all separable infinite dimensional Hilbert spaces
are isometric.

If T is an isomorphism (isometry) from E1 onto a subspace X of E2 we
call T an isomorphic (isometric) embedding of E1 into E2. X is then called
isomorphic (isometric) copy of E1.

The following amazing fact is due to Milutin which we mention without
proof.

Theorem 3.1.3 [108] For any metric compact space K whose cardinality is
that of the continuum the space C(K) is isomorphic to C[0, 1].

Here we prove a classical fact concerning C(K)-spaces.
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Proposition 3.1.4 Let K be a metric compact space, fix k ∈ K and put

Ck(K) = {f : f ∈ C(K), f(k) = 0} .

Then Ck(K) is always isomorphic to C(K) provided that C(K) is infinite
dimensional. In particular, C0[0, 1] is isomorphic to C[0, 1].

Proof. If dim C(K) = ∞ then K has infinitely many points. Let d be the
metric on K. If k is the only non-isolated point in K then C(K) is isomorphic
to c and Ck(K) is isomorphic to c0 and hence both spaces are isomorphic. So
assume that there is a non-isolated point h ∈ K \ {k}. Using induction we
define a sequence {fj}∞j=1 of elements in Ck(K) vanishing at h.

Consider a closed infinite subset H1 of K with diameter less than one
containing h and fix an element k1 �∈ H1 ∪ {k}. Find a norm one element
f1 ∈ Ck(K) with f1|H1

= 0 and f1(k1) = 1.
Assume next that we have already k1, . . . , kn−1 ∈ K, a closed infinite

subset Hn−1 ⊂ K with diameter less than (n − 1)−1 containing h and norm
one elements fj ∈ Ck(K), j = 1, . . . , n − 1, with

fj(kl) =

{
1, j = l
0, j �= l

, fj |Hn−1
= 0, l, j = 1, . . . , n − 1 ,

and
∑n−1

j=1 |fj | ≤ 1 +
∑n−1

j=1 2−j . Then consider a closed infinite subset Hn ⊂
Hn−1 with diameter less than 1/n containing h and fix an element kn ∈ Hn−1\
(Hn−1 ∪ {k}). Put A = {s : s ∈ K,

∑n−1
j=1 |fj(s)| ≥ 2−n}. In particular we

have k1, . . . , kn−1 ∈ A. Find, using the Tietze extension theorem, fn ∈ Ck(K)
with fn(kn) = 1 = ||fn|| and fn|A∪Hn

= 0. Then we obtain
∑n

j=1 |fj | ≤
1 +

∑n
j=1 2−j on K and

fj(kl) =

{
1, l = j
0, l �= j

, l, j = 1, . . . , n .

Hence

sup
j

|αj | ≤

∥∥∥∥∥∥

n∑

j=1

αjfj

∥∥∥∥∥∥
≤ 2 sup

j
|αj |

for all n and all choices of αj . Moreover, since limn→∞ diam Hn = 0 we have
limn→∞ kn = h.

Put X = closed span {fj}∞j=1. Then X is isomorphic to c0. Moreover, we
have X ⊂ Ck(K) and X is complemented in C(K). In fact, for f ∈ C(K)
define

Pf =
∞∑

j=1

(f(kj) − f(h))fj .

Since limj kj = h, P is a well-defined projection onto X with ||P || ≤ 2. Let
Y = (id − P )Ck(K). Since Ck(K) is complemented in C(K) and R ⊕ c0 is
isomorphic to c0 we obtain
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C(K) = R ⊕ Ck(K) = R ⊕ X ⊕ Y ∼ R ⊕ c0 ⊕ Y ∼ c0 ⊕ Y ∼ Ck(K) .

Here “ ∼” means “is isomorphic to.” ⊓⊔

3.2 The Banach-Mazur Distance

For any two isomorphic Banach spaces E1 and E2 put

d(E1, E2) = inf{||T || · ||T−1|| : T : E1 → E2 an onto-isomorphism} .

Definition 3.2.1 d(E1, E2) is called the Banach-Mazur distance of E1 and
E2.

Originally Banach and Mazur studied log d(E1, E2), [3], which has the prop-
erties of a pseudometric but it is more convenient to deal with d(E1, E2)
instead, [53]. (We have log d(E1, E2) = 0 whenever E1 and E2 are almost
isometric.)

Let us give (without proof) several exact or approximate values of Banach-
Mazur distances for finite dimensional spaces.

Theorem 3.2.2 [69] Let E be an n-dimensional Banach space. Then we
have

d(ln2 , E) ≤ √
n, d(ln∞, E) ≤ n,

d(lnp1
, lnp2

) = n|1/p1−1/p2| if 1 ≤ p1, p2 ≤ 2 or 2 ≤ p1, p2 < ∞ ,

d(lnp1
, lnp2

) ∼ max{n|1/2−1/p1|, n|1/2−1/p2|} if (p1 − 2)(p2 − 2) < 0 .

With Proposition 1.5.6 we obtain

Proposition 3.2.3 The Banach-Mazur distance satisfies the multiplicative
triangle inequality

d(E1, E3) ≤ d(E1, E2) · d(E2, E3)

for any isomorphic Banach spaces E1, E2 and E3. Furthermore we have the
following relation between the Banach-Mazur distance and the projection con-
stant

λ(E1) ≤ λ(E2) · d(E1, E2) .

We finish this section with a fundamental conjecture concerning the relation-
ship between the projection constant of a finite dimensional Banach space
and its Banach-Mzur distance to an ln∞-space. Conjecture. There exists a

real-valued continuous function f(t) on [1,∞[ with f(1) = 1 such that, for
any n-dimensional Banach space X, we have

d(X, ln∞) ≤ f( λ(X)) .

Only a few partial results related to this question are known. In 1.5.3 we
showed that the conjecture is true in t = 1. This can be extended to values of
t close to 1 which we mention without proof:
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Theorem 3.2.4 (See [145]) For some constant λ0 > 1 there exists a function
on [1, λ0] satisfying the preceding conjecture on this interval.

Some more results suggesting a positive answer to the preceding conjecture
were obtained by Bourgain, [7].

3.3 Minkowski Representation
of n-Dimensional Banach Spaces and Limiting Spaces

Let {uk}n
k=1 be the unit vector basis of Rn, i.e. uk = (0, . . . , 0︸ ︷︷ ︸

k−1

, 1, 0, . . . , 0).

Furthermore let E be any n-dimensional Banach space with normalized basis
ē = {ek}n

k=1. We introduce a new norm || · ||(E,ē) in Rn as follows. For each
vector x =

∑n
k=1 αkuk we put

||x||(E,ē) =

∥∥∥∥∥
n∑

k=1

αkek

∥∥∥∥∥ .

Rn
(E,ē) := (Rn, || · ||(E,ē)) is called the Minkowski representation of (E, ē). This

way we have defined a canonical isometry T : E → Rn
(E,ē) with T (ek) = uk

for all k. The unit sphere in Rn
(E,ē) is called the Minkowski surface of (E, ē)

(and Minkowski curve if n = 2).
In the following we always identify E with a Minkowski representation.

Then the norm of each n-dimensional Banach space corresponds to a norm
on Rn.

Proposition 3.3.1 The set Mn of all n-dimensional Banach spaces is a
compact space with respect to the pseudometric log d(·, ·) where d(·, ·) is the
Banach-Mazur distance.

Proof. Take Em ∈ Mn, m = 1, 2, . . .. According to our remarks preceding
3.3.1 we can Em identify with (Rn, || · ||m) where || · ||m is a certain norm on
Rn. We can even choose an Auerbach system ē = {ek}n

k=1 in Em (see 2.2.9)
and arrange || · ||m such that

||(α1, . . . , αn)||m =

∥∥∥∥∥
n∑

k=1

αkek

∥∥∥∥∥ for all αk .

(Recall that log d(Em, Ẽm) = 0 if Ẽm is isometric to Em). Let

B = {(α1, . . . , αn) ∈ Rn : max
k

|αk| ≤ 1} .

Then B is compact and
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Bm := {x ∈ Rn : ||x||m ≤ 1} ⊂ B .

Consider the element γm = {||x||m}x∈B in [0, 1]B . Since [0, 1]B is compact we
find an accumulation point γ = {γ(x)}x∈B of {γm}∞m=1. We easily check that

|||x||| =

{
λγ(x

λ ) if x ∈ λB and x �= 0
0 if x = 0

defines a seminorm on Rn with

max
k

|αk| ≤ |||(α1, . . . , αn)||| for all αk .

Hence ||| · ||| is a norm on Rn. Put E = (Rn, ||| · |||). We obtain that, for each
ǫ > 0 and m0 > 0, there is m ≥ m0 such that sup|||x|||≤1 | |||x|||−||x||m | ≤ ǫ.
Hence log d(E,Em) ≤ ǫ which implies that Mn is compact. ⊓⊔

We call Mn the Minkowski compact. Since compact metric spaces are separa-
ble we obtain from 3.3.1 a sequence of n-dimensional Banach spaces Em such
that, for any n-dimensional Banach space E and any ǫ > 0, there is a suitable
index m0 with

d(E,Em0
) ≤ 1 + ǫ

Definition 3.3.2 A (not necessarily finite dimensional) Banach space X is
called polyhedral if the Minkowski curves of any two-dimensional subspace are
polygons.

Clearly, if Y is a two-dimensional Banach space and a Minkowski curve of
Y (with respect to a given normalized basis in Y ) is a polygon then the
Minkowski curve of Y with respect to any other normalized basis of Y is a
polygon.

Proposition 3.3.3 A Banach space X is polyhedral if and only if, for each
linearly independent x and y in X, there exist αx > 0 and βy > 0 such
that ||αx + βy|| is additive in α and β on each of the four domains (α, β) ∈
]0, αx[×]0, βy[, (α, β) ∈ ]−αx, 0[×]0, βy[, (α, β) ∈ ]0, αx[×]−βy, 0[ and (α, β) ∈
] − αx, 0[×] − βy, 0[.

Proof. The condition indicated is certainly equivalent to the additivity of
||αx + βy|| on the domains of the form ]α0, α0 + θ1α1[×]β0, β0 + θ2β1[, for
any θ1, θ2 ∈ {1,−1} and any α0, β0 ∈ R with respect to suitable α1 and β1

(in view of the homogeneity of the norm, consider α0x and β0y instead of x
and y). Hence the condition in Proposition 3.3.3 is equivalent to the situation
where {

(α, β) ∈ R2 :

∥∥∥∥α
x

||x|| + β
y

||y||

∥∥∥∥ = 1

}

is a polygon. Then the proposition is a direct consequence of the preceding
definition. ⊓⊔
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Let Ω be a metric space. We consider a family FΩ = {(Eω, ēω)}ω∈Ω where
Eω are n-dimensional Banach spaces and ēω are normalized bases of Eω. FΩ

is called totally minimal with respect to ρ, for some ρ > 0, if each ēω is ρ-
minimal (see 1.2.8). We denote the norm of the Minkowski representation of
(Eω, ēω) in Rn by || · ||ω.

FΩ is called converging in ω ∈ Ω if, for each sequence ω̄ = {ωk}∞k=1 ⊂ Ω
with limk→∞ ωk = ω and for each x ∈ Rn, limk→∞ ||x||ωk

exists and does
not depend on ω̄. We denote this limit by ||x||(ω). Then, obviously, || · ||(ω) is
a seminorm on Rn. Let us point out that || · ||(ω) is not necessarily equal to
|| · ||ω. || · ||(ω) will be called limiting (semi-)norm.

Example. Let Ω = [0, 1], ē0 = {1, t} ⊂ C[0, 1] and ēω = {cos(ωt), sin(ωt)} ⊂
C[0, 1] if 0 < ω ≤ 1. Here we have

||(α, β)||ω = sup
t∈[0,1]

|α cos(ωt) + β sin(ωt)| if 0 < ω ≤ 1

and ||(α, β)||0 = supt∈[0,1] |α+βt|. Hence || · ||(0) exists but it is different from
|| · ||0. || · ||(0) is not a norm since we obtain limω→0 ||(0, 1)||ω = 0.

Theorem 3.3.4 Let the family FΩ be converging at ω ∈ Ω. Then the limiting
seminorm || · ||(ω) is a norm provided that FΩ is totally minimal.

Proof. Let FΩ be totally minimal with respect to some ρ > 0. For each
x = (α1, . . . , αn) �= 0 there is at least one k0 with αk0

�= 0. If ωk ∈ Ω and
limk→∞ ωk = ω then we have, by 2.2.2,

||x||ωj
= ||(α1, . . . , αn)||ωj

≥ ρ|αk0
| > 0, j = 1, 2, . . . .

We obtain for the limiting seminorm

||x||(ω) ≥ ρ|αk0
| > 0 .

Therefore || · ||(ω) is a norm. ⊓⊔

The converse of 3.3.4 is also true in the following sense:
If || · ||(ω) exists and is a norm then there is a neighbourhood U of ω in Ω

such that {(Eτ , ēτ )}τ∈U is totally minimal.
This is again an easy consequence of the definitions.
Rn endowed with a limiting norm || · ||(ω) will be called limiting space of

the family FΩ.
If || · ||(ω) exists and is a norm then we obtain for the Banach-Mazur

distances, if limk→∞ ωk = ω,

lim
k→∞

log d((Rn, || · ||ωk
), (Rn, || · ||(ω))) = 0 .

The notion of limiting spaces will be used in Chap. 12, for studying limiting
Müntz spaces.
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Spaces of Universal Disposition

A Banach space U is called universal (for all separable Banach spaces) if for
each separable Banach space X there is a subspace Y in U such that X is
isometric to Y . Banach and Mazur showed [3] that C = C[0, 1] is a universal
space. Pelczynski proved the same result for the disk algebra A = closed span
{zk : k = 0, 1, . . .} ⊂ CC(T) where T = {z ∈ C : |z| = 1} and CC(T) is the
space of all complexvalued continuous functions on T.

Here we want to study spaces U which are universal with respect to em-
beddings of Banach spaces X ⊂ Y where X and Y belong to special classes.

4.1 Coincidence of Embeddings

Let U be a Banach space and E a subspace of U . Furthermore let X be a
given class of Banach spaces, F the class of all finite dimensional spaces and
S the class of all separable Banach spaces.

Definition 4.1.1 We shall call U a-universal relative to X if for any X ∈ X
we can find a subspace F in U and an isomorphism T from X onto F with
max{||T ||, ||T−1||} ≤ a. If U is a-universal relative to X for all a > 1 (resp.,
for a = 1) we call U almost universal (resp., universal) relative to X .

For example, C = C[0, 1] is universal relative to S and A is universal for the
class of all separable Banach spaces over C. However, here we only deal with
the real case.

Proposition 4.1.2 c0 is almost universal relative to F .

Proof. Fix ǫ > 0. Let X ∈ F . Since dim X < ∞ the closed unit ball of X is
compact and we find finitely many x∗

1, . . . , x
∗
m ∈ X∗ with ||x∗

k|| ≤ 1 for all k
such that

(1 − ǫ)||x|| ≤ sup
k≤m

|x∗
k(x)| ≤ ||x|| for all x ∈ X

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 53–60 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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Define T : X → c0 by Tx = (x∗
1(x), . . . , x∗

m(x), 0 . . .). Then we have ||T || ≤ 1
and ||T−1|| ≤ (1 − ǫ)−1. ⊓⊔

Now we want to introduce a much stronger property.

Definition 4.1.3 We shall call E a subspace of a-universal disposition in U
relative to X if for any pair of Banach spaces X ∈ X and Y ∈ X , where
X ⊂ Y and X is isomorphic to E, and for any isomorphism T : X → E there
are a subspace F ⊃ E of U and an onto-isomorphism T̃ : Y → F such that

T̃ |X = T and ||T̃ || ≤ a||T ||, ||T̃−1|| ≤ a||T−1|| .

If E is a subspace of a-universal disposition in U relative to X for all a > 1
(resp., for a = 1) we shall call E a subspace of almost universal disposition
(resp., universal disposition) relative to X .

So we have the following diagram

X ∋ X T
−→ E ⊂ U

∩ ∩
X ∋ Y T̃

−→ F ⊂ U

In other words: E in U mimics almost exactly all possible embeddings
defined by X .

Definition 4.1.4 We shall call U a space of a-universal (resp., of almost
universal, universal) disposition relative to X if any subspace E in U is a
subspace of a-universal (resp., almost universal, universal) disposition in U
relative to X .

For example a Hilbert space is a space of universal disposition relative to the
class of all Euclidean spaces. In the next sections we discuss spaces of almost
universal disposition relative to F .

4.2 Existence of Spaces of Almost Universal Disposition

The main theorems about existence and non-existence of universal spaces
relative to F are the following.

Theorem 4.2.1 [45] There exists a separable Banach space of almost uni-
versal disposition relative to F .

A proof for 4.2.1 will be given in the more general context of 4.3.2.
Recall that x is a smooth point of the Banach space X if there is exactly

one element x∗ ∈ X∗ with ||x∗|| = 1 and x∗(x) = ||x||. It is well known that
the set of all smooth points in a separable Banach space is a dense subset [103].
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Theorem 4.2.2 [45] There does not exist a separable Banach space of uni-
versal disposition relative to F .

Proof. Assume that U is a separable Banach space of universal disposition for
F . Then let Ω = {xn}∞n=1 be dense in U . Assume that E1, F1 ⊂ U are finite
dimensional subspaces of U such that there is an isometry T1 : E1 → F1. Fix n
and put E2 = span{x1, . . . , xn}+E1. Find an isometric extension T2 : E2 → U
of T1. Then put F2 = TE2 and F3 = span{x1, . . . , xn}+F2. Find an isometric
extension T−1

3 : F3 → U of T−1
2 . Continuing in this fashion (letting n → ∞),

by induction starting from E1 = F1 = {0}, we find a surjective isometric
extension T∞ : U → U of T1. This implies that every x ∈ U with ||x|| = 1
is a smooth point of U . Indeed, let x0 be a smooth point with ||x0|| = 1
and put E1 = span{x0}. Take any other point x ∈ U with ||x|| = 1 and
put F1 = span{x}. According to the preceding argument we find an onto-
isometry T : U → U with Tx0 = x. Hence x is a smooth point, too. On the
other hand, let B = R2 be endowed with the norm ||(s, t)|| = max(|s|, |t|). Put
A = {(s, 0) : s ∈ R}. Fix x ∈ U with ||x|| = 1 and define T (s, 0) = sx. Then
T : A → U is an isometry which can be extended to an isometry T̃ : B → U
by assumption. Since (1, 1) is non-smooth in B, T̃ (1, 1) must be non-smooth
in U , a contradiction. ⊓⊔

4.3 Uniqueness and Universality of Spaces
of Almost Universal Disposition

We start with a technical

Lemma 4.3.1 Let G be a Banach space such that, for any E,F ∈ F with
E ⊂ F and dim F/E = 1, any isometry T : E → G and any ǫ > 0 there is
a linear extension T̃ : F → G of T with ||T || · ||T−1|| ≤ 1 + ǫ. Then G is of
almost universal disposition relative to F .

Proof. Let X,Y ∈ F such that X ⊂ Y and assume that there is an isomor-
phism S : X → G. We claim that, for any ǫ > 0, we can extend S to an
isomorphism S̃ : Y → G with ||S̃|| ≤ (1 + ǫ)||S|| and ||S̃−1|| ≤ (1 + ǫ)||S−1||.
Without loss of generality we can assume that dim Y/X = 1.

Endow Y ⊕ G with the norm ||(y, g)|| = ||y|| + ||g|| for y ∈ Y and g ∈ G
and put V = {(x,−||S||−1Sx) ∈ Y ⊕G : x ∈ X}. Define i : G → (Y ⊕G)/V
by i(g) = (0, g) + V and j : Y → (Y ⊕ G)/V by j(y) = (y, 0) + V . We obtain

||g|| ≥ ||i(g)|| = inf
x∈X

(
||x|| +

∥∥∥∥g − S

||S||x
∥∥∥∥
)

≥ ||g|| for all g ∈ G .

Hence i is an isometry. Moreover, since ||S|| · ||S−1|| ≥ 1,

||y|| ≥ ||j(y)|| = inf
x∈X

(
||y − x|| + ||Sx||

||S||

)
≥ ||y||

||S|| · ||S−1|| for all y ∈ Y .
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Finally, we have j(x) = (x, 0) + V = (0, ||S||−1Sx) + V for all x ∈ X. Put
E = jX and F = jY . Then dim F/E = 1. Let T : E → G be defined by
Tjx = i−1jx = ||S||−1Sx. Then T is an isometry and we find, for any ǫ > 0,
an isomorphic extension T̃ : F → G with max(||T̃ ||, ||T̃−1||) ≤ 1 + ǫ. Define
S̃y = ||S||T̃ jy, for y ∈ Y . Then S̃ extends S and we obtain ||S̃|| ≤ (1+ ǫ)||S||.
Finally we have

||S̃y|| ≥ ||S||
||T̃−1||

||j(y)|| ≥ ||y||
||S−1|| · ||T̃−1||

which implies ||S̃−1|| ≤ ||S−1|| · ||T̃−1|| ≤ (1 + ǫ)||S−1||. ⊓⊔

In the following theorem we consider a general L1-space, i.e. the Banach space
of (classes of) absolutely integrable functions f : Ω → R, where (Ω,Σ, µ) is
a given measure space, endowed with the norm ||f || =

∫
Ω
|f |dµ.

Theorem 4.3.2 [141] Let X be a separable Banach space whose dual X∗ is
isometric to an L1-space. Then there is a space G ⊃ X of almost universal
disposition relative to F and a contractive projection P : G → X.

Proof. [92] a) Let X be a separable L1-predual space. It was shown in [80]
that it satisfies the following intersection properties of balls:

Whenever x1, . . . , xn ∈ X and r1, . . . , rn > 0 such that ||xi −xj || ≤ ri + rj

for i �= j then there is an element u ∈ X with ||u + xi|| ≤ ri for all i. (Here
−u lies in the intersection of all closed balls with center xi and radius ri.)

For a general Banach space Y let B(Y ) be its closed unit ball. For A ⊂ Y
let absconv(A) be the absolutely convex hull of A.

b) Now fix an arbitrary separable Banach space Y and a countable dense
subset ∆ of Y . Let Ω be the collection of all finite sets {(yk, λk)}n

k=1 where
y1, . . . , yn ∈ ∆, n = 1, 2, . . ., and the λk are rational numbers such that

∥∥∥∥
yk

λk
− yj

λj

∥∥∥∥ ≤ 1

λk
+

1

λj
whenever k �= j .

Then Ω is countable, say Ω = {ωm}∞m=1 with ωm = {(ym,k, λm,k)}nm

k=1. Let
U be the space of all finite sequences (α1, . . . , αn, 0, . . .) with αk ∈ R, n =
1, 2, . . ., and put uk = (0, . . . , 0︸ ︷︷ ︸

k−1

, 1, 0, . . .). Let

B1 = {(y, 0) ∈ Y ⊕ U : ||y|| ≤ 1}

and define Γ (Y ) to be the space Y ⊕U endowed with the gauge functional of

B2 := absconv

(
B1 ∪

∞⋃

m=1

{(ym,k, λm,kum) : k = 1, . . . , nm}
)

as norm. Identify y ∈ Y with (y, 0) ∈ Γ (Y ) and u ∈ U with (0, u) ∈ Γ (Y ).
Hence Y becomes a subspace of Γ (Y ). We claim that (after the identification)
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B2 ∩ Y = B1 which shows that the identification of Y with a subspace in
Γ (Y ) is an isometric embedding. To prove the claim it suffices to show that
||∑nm

k=1 αkym,k|| ≤ 1 whenever
∑

k |αk| ≤ 1 and
∑nm

k=1 αkλm,k = 0. To this
end embed Y in a suitable C(K)-space (for example with K = B(Y ∗)) which
is an L1-predual and find f ∈ C(K) with ||f +λ−1

m,kyk|| ≤ λ−1
m,k for all k (which

is possible since ||λ−1
m,kyk − λ−1

m,jyj || ≤ λ−1
m,k + λ−1

m,j if k �= j). Hence

∥∥∥∥∥
nm∑

k=1

αkym,k

∥∥∥∥∥ =

∣∣∣∣∣
nm∑

k=1

αkλm,k

(
ym,k

λm,k
+ f

)∣∣∣∣∣ ≤
nm∑

k=1

|αk| ≤ 1 .

Clearly, for every m,

B2 ∩ (Y + span{um}) = absconv(B1 ∪ {(ym,k, λm,kum) : k = 1, . . . , nm}).

From now on, for y ∈ Y and u ∈ U we write y + u ∈ Γ (Y ) instead of
(y, u) ∈ Γ (Y ).

If P : Y → X is a contractive linear map then we find xm ∈ X with
||P (λ−1

m,kym,k)+xm|| ≤ λ−1
m,k for all k and m since X is an L1-predual. Extend

P to P̃ : Γ (Y ) → X by putting P̃ (um) = xm for all m. Then P̃ becomes a
contractive extension of P .

c) Now start with Y0 = X and put Y1 = Γ (Y0). Repeat the procedure, put
Y2 = Γ (Y1), Y3 = Γ (Y2) etc. and obtain, by induction, a sequence of spaces
Y0 ⊂ Y1 ⊂ . . .. Take G to be the completion of ∪∞

j=1Yj . Clearly, by b), P0 = id
on Y0 can be extended to a contractive projection P : G → X.

Finally we show that G is of almost universal disposition relative to F . To
this end let E, F be finite dimensional Banach spaces with E ⊂ F and dim
F/E = 1 and let T : E → G be an isometry. Fix ǫ > 0 such that ǫ < 1/4.
Let f0 ∈ F \ E be such that there is a projection Q : F → span{f0} with
QE = {0} and ||Q|| = 1. (Find f∗ ∈ F ∗ with ||f∗|| = 1 and f∗|E = 0. Then
take f0 ∈ F with f∗(f0) = 1.) Let e1, . . . , en ∈ E and λ1, . . . , λn ∈ Q be such
that B0 := absconv(B(E) ∪ {λkf0 + ek : k = 1, . . . , n}) satisfies

1

1 + ǫ
B(F ) ⊂ B0 ⊂ B(F ) .

Let T1 : E → G be such that T1E ⊂ Yj for some j and ||T1|| ≤ 1 + ǫ,
||T − T1|| ≤ ǫ, ||T−1

1 || ≤ 1 + ǫ. Hence

1

1 + ǫ
B(T1E) ⊂ T1B(E) ⊂ (1 + ǫ)B(T1E) .

In view of the construction in b) we can arrange the T1ek such that, in addi-
tion, for some u ∈ Yj+1,

B(Yj+1 ∩ (T1E + span{u}))
= absconv(B(T1E) ∪ {λku + T1ek : k = 1, . . . , n}).
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Extend T1 to T̃1 : F → G by putting T̃1f0 = u. This yields

1

1 + ǫ
T̃1B(F ) ⊂ T̃1B0 ⊂ (1 + ǫ)B(T̃1F ) ⊂ (1 + ǫ)2T̃1B(F )

and we have ||T̃1|| ≤ (1 + ǫ)2 and ||T̃−1
1 || ≤ (1 + ǫ)2. Finally, let

T̃ = T (id − Q) + T̃1Q .

Then T̃ is an extension of T with ||T̃ − T̃1|| ≤ 2ǫ. Hence ||T̃ || ≤ (1 + ǫ)2 + 2ǫ.
Moreover, we obtain, for f ∈ F ,

||f ||
(1 + ǫ)2

≤ ||f ||
||T̃−1

1 ||
≤ ||T̃ f || + ||(T̃ − T̃1)f || ≤ ||T̃ f || + 2ǫ||f ||

which implies

||T̃−1|| ≤
(

1

(1 + ǫ)2
− 2ǫ

)−1

.

Thus we have

||T̃ || · ||T̃−1|| ≤ ((1 + ǫ)2 + 2ǫ)

(
1

(1 + ǫ)2
− 2ǫ

)−1

.

Since ǫ > 0 can be chosen arbitrarily small Lemma 4.3.1 completes the proof.
⊓⊔

Let G1 and G2 be two separable spaces of almost universal disposition relative
to F . Using this property and induction we find, for every ǫ > 0, a surjective
(1 + ǫ)-isomorphism T : G1 → G2. (This is the (1 + ǫ)-analogue of the proof
of 4.2.2.) By refining this argument one can indeed show

Theorem 4.3.3 [86] Two separable spaces of almost universal disposition
relative to F are isometric.

So we have essentially one separable Banach space of almost universal dispo-
sition relative to F . This space will be denoted by G. It can be shown that
G∗ is isometric to an L1-space, i.e. G is an L1-predual space. Moreover G
satisfies 4.3.2 and hence contains all separable L1-predual spaces as comple-
mented subspaces. In particular, G contains an isometric copy of C and is
thus universal relative to S.

Mazur formulated the following transitivity problem:
Does there exist a separable infinite dimensional non-Hilbert space X such

that, for any x and y in X with ||x|| = ||y||, there is an onto-isometry T :
X → X with Tx = y?

The space G comes close to this property, it is “almost transitive ”in the
following sense.

Theorem 4.3.4 [86, 90] For each x and y in G with ||x|| = ||y|| and each
ǫ > 0 there is a (1 + ǫ)-isomorphism T from G onto G with Tx = y. If x and
y both are smooth points of G then T can be chosen to be an isometry.
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Using the fact that G has almost universal disposition relative to F we find
as before, for every ǫ > 0 and all x, y ∈ G with ||x|| = ||y|| = 1 an (1 + ǫ)-
isomorphism T from G onto G with Tx = y. Again a (highly non-trivial)
refinement of this argument proves the second part of 4.3.4.

Problems 4.3.5 Does there exist a subspace X in c0 of a-universal disposi-
tion for some a?

4.4 Synthesis of Sequences

What we did with Banach spaces and dispositions of their subspaces in the
preceding sections can also be done with sequences. There are notions of
universality for bases. For example the follwing theorem is due to Pelczynski.

Theorem 4.4.1 [117] (a) There is a Banach space U1 with a universal basis
ū in the sense that, for each Banach space X with basis ē, there is a subse-
quence of ū which is equivalent to ē.
(b) There is a Banach space U2 with a universal unconditional basis v̄ in the
sense that, for any Banach space X with unconditional basis f̄ , there is a
subsequence of v̄ which is equivalent to f̄ .

Proof. We use that every separable Banach space X can be isometrically
embedded into C[0, 1]. Let {fn}∞n=1 be dense in C[0, 1]. For a sequence of real
numbers αk put

||{αk}∞k=1||1 = sup
n

∥∥∥∥∥
n∑

k=1

αkfk

∥∥∥∥∥

and

||{αk}∞k=1||2 = sup{|∑n
k=1 απ(k)fπ(k):

π a permutation of the indices , n = 1, 2, . . .}.
Define U1 = {{αk}∞k=1 : ||{αk}∞k=1||1 < ∞} and

U2 = {{αk}∞k=1 : ||{αk}∞k=1||2 < ∞} .

Let uk = vk = (0, . . . , 0︸ ︷︷ ︸
k−1

, 1, 0, . . .). Then ū = {uk}∞k=1 is a monotone basis for

U1 (see 2.3.1) and v̄ = {vk}∞k=1 is an unconditional basis for U2. If x̄ = {xk}∞k=1

is any basis in any Banach space X we may regard x̄ as sequence in C[0, 1].
Fix ǫ > 0 and ǫk > 0. Find fnk

such that ||fnk
− xk|| ≤ ǫk for all k. If the ǫk

are small enough, according to 2.7.2, x̄ and {fnk
}∞k=1 are (1+ ǫ)-equivalent in

C[0, 1]. Since we have

1

ν(x̄)
sup

n

∥∥∥∥∥
n∑

k=1

αkxk

∥∥∥∥∥ ≤
∥∥∥∥∥

∞∑

k=1

αkxk

∥∥∥∥∥ ≤ sup
n

∥∥∥∥∥
n∑

k=1

αkxk

∥∥∥∥∥
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for all αk, where ν(x̄) is the basis constant of x̄, we see that x̄ and {unk
}∞k=1

are ν(x̄)(1 + ǫ)-equivalent with respect to the norm || · ||1. Similarly, if x̄
is unconditional we see that x̄ and {vnk

}∞k=1 are equivalent with respect
to || · ||2. ⊓⊔

The construction in the proof even includes that, for every ǫ > 0 and every
monotone basis, there is a suitable subsequence of ū which is (1+ǫ)-equivalent
to ū. The preceding proof can be extended to show that for every basis x̄ in
X there is a subsequence {unk

}∞k=1 of ū which is equivalent to x̄ such that the
natural projection P : U → span{unk

}∞k=1 with P (
∑

j αjuj) =
∑

k αnk
unk

for all αj is bounded.
On the other hand there is a number of negative results about the existence

of universal sequences. We conclude this section by giving one of them.

Theorem 4.4.2 [38] An infinite dimensional separable Hilbert space does not
have a basis ū which is universal for all normalized bases in Hilbert spaces,
i.e. such that all normalized bases in Hilbert spaces are equivalent to suitable
subsequences of ū.
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Bounded Approximation Properties

Throughout this section let X be a separable Banach space. We investigate
certain approximation properties for X and deal with the question under
which additional condition then X has a basis. In this context we also give a
sufficient criterion for X to be a dual Banach space.

5.1 Basic Definitions

We want to study some bounded approximation properties of X which might
be regarded as generalizations of the notion of basis.

Definition 5.1.1 (i) X is said to have the bounded approximation property
(BAP) if there exists a sequence of linear bounded operators Rn : X → X of
finite rank such that limn→∞ Rnx = x for all x ∈ X. If in addition ||Rn|| = 1
for all n then X has the metric approximation property (MAP).

(ii) X has the commuting bounded approximation property (CBAP) if X has
the BAP with respect to a sequence {Rn}∞n=1 satisfying the condition of (i)
and, in addition,

RnRm = Rmin(m,n) if m �= n .

{Rn}∞n=1 is then called commuting approximating sequence (c.a.s.) of X.

(iii) X has the finite dimensional decomposition property (FDD) if there is a
c.a.s. {Rn}∞n=1 of X satisfying in addition R2

n = Rn for all n.

Note that, by the uniform boundedness principle, we obtain supn||Rn|| < ∞
whenever limn→∞ Rnx = x for all x ∈ X. FDD means that we have X =∑∞

n=1 ⊕((Rn−Rn−1)X), since in this case the Rn are projections. (We always
put R0 = 0.) Moreover we have dim (Rn − Rn−1)X < ∞ (see 2.6.) In this
context the existence of a basis can be characterized as follows:

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 61–69 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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Lemma 5.1.2 X has a basis if and only if X has an FDD with respect to a
c.a.s. {Rn}∞n=1 such that supn dim (Rn − Rn−1)X < ∞.

Proof. The necessity of the condition for the existence of a basis is clear.
For the sufficiency put mn = dim (Rn − Rn−1)X and find bases {en,j}mn

j=1 of
(Rn−Rn−1)X with uniformly bounded basis constants (for example Auerbach
systems). Then {en,j : j = 1, . . . , mn; n = 1, 2, . . .} (in the lexicocraphical
order of the indices) is a basis of X. (See 2.6.2.) ⊓⊔

As a direct consequence of the definition we obtain the following line of im-
plications:

X has a basis ⇒ X has FDD ⇒ X has CBAP ⇒ X has BAP .

On the other hand it is known [123, 135] that X has CBAP �⇒ X has FDD
and X has FDD �⇒ X has a basis.

The fundamental fact concerning the connection of BAP and basis goes
back to Pelczynski, [118], see also [64]:

Theorem 5.1.3 X has the BAP if and only if there is a Banach space V
such that X ⊕ V has a basis.

Proof. If X ⊕V has a basis ē = {ek}∞k=1 then let Rm be the basis projections
of ē (i.e. Rm(

∑
k αkek) =

∑m
k=1 αkek for all αk). Moreover let P : X⊕V → X

be the projection with ker P = V . Then PRm|X are finite rank operators on
X with limm→∞ PRmx = x for all x ∈ X.

Conversely, let Rm : X → X be finite rank operators with limm→∞ Rmx =
x for all x ∈ X. Let nm = dim (Rm − Rm−1)X and let {xm,j : j =
1, . . . , nm} be an Auerbach system of (Rm −Rm−1)X with conjugate system
{x∗

m,j}nm
j=1. Let Z be the Banach space of all sequences {yl}∞l=1 with yj ∈ X

and ||{yl}∞l=1|| = supn ||∑n
l=1 yl|| < ∞. Fix an integer l, say l =

∑m−1
m′=1 n2

m′ +
knm+j for some m, k < nm and j < nm. Define el = {ul′}∞l′=1 with ul′ = xm,j

if l′ = l and ul′ = 0 else. (The index l goes n1-times through the indices of the
Auerbach system of (R1 − R0)X, then n2-times through that of (R2 − R1)X
and so on.) By definition of the norm in Z, since each el lives on a different
component, ē = {el}∞l=1 is a basic sequence in Z.

Let S : Z → X be the operator with S{yl}∞l=1 =
∑∞

l=1 yl. Hence ||S|| = 1.
Finally, define T : X → Z by

Tx = {vl}∞l=1 with vl =
1

nm
x∗

m,j ((Rm − Rm−1)x) xm,j

if l =
∑m−1

m′=1 n2
m′ +knm +j. Then, using

∑m−1
m′=1(Rm′ −Rm′−1) = Rm−1 (with

R0 = 0), we obtain
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||Tx|| =

sup
m,k,j

||Rm−1x +
k

nm
(Rm − Rm−1)x +

1

nm

j∑

j′=1

x∗
m,j ((Rm − Rm−1)x) xm,j ||

≤ 5(sup
n

||Rn||)||x|| .

Moreover STx = x for all x ∈ X. Put Y = closed span (ē). Then ē is a
basis of Y . TS is a bounded projection from Y onto TX. Hence we have
Y = TX ⊕ (ker S ∩ Y ) and TX is isomorphic to X. ⊓⊔

Sometimes it is easier to show the existence of a basis in X by using indirect
methods, see [100]:

Theorem 5.1.4 Let X have the CBAP and assume there is a c.a.s. {Rn}∞n=1

such that the Rn − Rn−1 factor uniformly through lmn
p ’s for some p with 1 ≤

p ≤ ∞. I.e. assume that there are uniformly bounded linear operators

Tn : X → lmn
p and Sn : lmn

p → X

satisfying SnTn = Rn − Rn−1 for all n. Then X has a basis.

Proof. We prove Theorem 5.1.4 only under the additional assumption that X
contains a complemented subspace Y which is isomorphic to lp if 1 ≤ p < ∞
in the assertion of the theorem or to c0 if p = ∞. Since Y is then isomorphic
to (Y ⊕ Y ⊕ . . .)(lp) or to (Y ⊕ Y ⊕ . . .)(c0) we obtain that X = Z ⊕ Y , for
some subspace Z, is isomorphic to Z ⊕ Y ⊕ Y = X ⊕ Y . So we have to show
that X ⊕ Y has a basis. However, the theorem is true in general without this
assumption (see [100]).

We show the case 1 ≤ p < ∞, the case p = ∞ is identical (where we have
to replace lp by c0). Take Sn, Tn, and Dn := lmn

p as in the statement of the
theorem. Assume

SnDn ⊂ (Rn+1 − Rn−2)X for all n (5.1)

This is no loss of generality since otherwise take (Rn+1 −Rn−2)Sn instead of
Sn and use (Rn+1 − Rn−2)(Rn − Rn−1) = Rn − Rn−1. (Put R0 = R−1 = 0.)
Let

U = closed span{{(Rk+1 − Rk−2)x}∞k=1 : x ∈ X, there is n with Rnx = x}

be regarded as subspace of (
∑

n ⊕Rn+1X)(lp). (Recall, if Rnx = x then
(Rk+1 − Rk−2)x = 0 for k ≥ n + 3). Put V := (

∑⊕Dk)(lp). Then we have
V = lp.

a) We claim that U is isomorphic to lp. Indeed, let S : V → U be defined by

S{dj}∞j=1 = {(Rk+1 − Rk−2)
∑

j

Sjdj}∞k=1 if {dk}∞k=1 ∈ V .
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Then S is well-defined and bounded. (Consider dk which are eventually zero
and use (5.1). We have

(Rk+1 − Rk−2)(Rj+1 − Rj−2) = 0

if k ≥ j + 4 or k ≤ j − 4.) Moreover, let T : U → V be the operator with

T{(Rk+1 − Rk−2)x}∞k=1 = {Tk(Rk+1 − Rk−2)x}∞k=1, x ∈ X

which is clearly bounded.
If {dk}∞k=1 ∈ TU where dk = Tk(Rk+1−Rk−2)x for some x then we obtain

(Rn+1 − Rn−2)
∑

k

Skdk = (Rn+1 − Rn−2)
∑

k

(Rk − Rk−1)x

= (Rn+1 − Rn−2)x.

Hence ST = idU which implies that TS : V → TU is a bounded projection
and U is isomorphic to TU . Since V = lp the space TU as a complemented
subspace of V is isomorphic to lp [116]. This proves the claim.
b) Construction of an FDD on X ⊕ lp. Put

i(x) = {(Rk+1 − Rk−2)x}∞k=1 ∈ U if x ∈ X and there is n with Rnx = x .

i is not bounded on X but i is uniformly bounded on all (Rn+1 − Rn−2)X
since Rm(Rn+1 − Rn−2) = 0 if m < n − 2 and (id − Rm)(Rn+1 − Rn−2) = 0
if m > n + 1.

Finally, let R̄n : U → U be defined by

R̄n{(Rk+1 − Rk−2)x}∞k=1 = {(Rk+1 − Rk−2)Rnx}∞k=1 .

Then R̄nR̄m = R̄min(n,m), if n �= m, and R̄n → id pointwise on U . Moreover,
we have i ◦ Rn = R̄n ◦ i.

Find finite dimensional En ⊂ U with

i(Rn+1X) ⊂ En and sup
n

d(En, ldim En
p ) < ∞

(d(·, ·) is the Banach-Mazur distance, see 3.2.)
Put W = X ⊕ (

∑⊕En)(lp) and define on W

Pn(x, {ek}∞k=1) = (Rnx+i−1(R̄n−R̄n
2
)en, (e1, . . . , en−1,

i(Rn+1−Rn−1)x+(id−R̄n)en, 0, . . .)) .

It is easily checked that P3nP3m = P3 min(n,m) for all n and m including the
case n = m.
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If en ∈ En with en = {(Rk+1 − Rk−2)x}∞k=1 for some x ∈ X then

f := (R̄n−R̄2
n)en =

( 0, . . . , 0︸ ︷︷ ︸
n−2

, R2
n(id − Rn)x,Rn(id − Rn)x,Rn(id − Rn)x,Rn(id − Rn)2x, 0, . . . )

and i−1(f) = (Rn − R2
n)x. Hence, ||i−1(f)|| ≤ ||f ||. This implies that

supn ||Pn|| < ∞. Thus, {P3n}∞n=1 is a c.a.s. of an FDD of W .
c) Construction of a basis in W ⊕ lp. At first we claim that Pn −Pn−1 factors
uniformly through lmp -spaces. To this end put

Gn = Dn−2 ⊕ . . . Dn+2 ⊕ En−1 ⊕ En

Define, S̃n : Gn → W , with x = Sn−2dn−2 + . . . + Sn+2dn+2, by

S̃n(dn−2, . . . , dn+2, en−1, en) =

((Rn − Rn−1)x + i−1(R̄n − R̄2
n)en − i−1(R̄n−1 − R̄2

n−1)en−1, (0, . . . , 0︸ ︷︷ ︸
n−2

,

R̄n−1en−1−i(Rn−Rn−2)x, (id−R̄n)en+i(Rn+1−Rn−1)x, 0, . . .)) .

Moreover, let T̃n : W → Gn be the operator with

T̃n(x, {ek}∞k=1) = (Tn−2x, . . . , Tn+2x, en−1, en) .

Then Pn−Pn−1 = S̃nT̃n. Hence also the P3n−P3n−3 factor uniformly through
lmp -spaces. Since the P3n − P3n−3 are projections it is easily checked that
then the spaces (P3n − P3n−3)W are uniformly complemented in lmp -spaces.
Hence there are finite dimensional Banach spaces Fn ⊃ (P3n − P3n−3)W

with supn d(Fn, ldim Fn
p ) < ∞ and there exist uniformly bounded projections

Qn : Fn → (P3n −P3n−3)W . This implies that F := (
∑

n ⊕(id−Qn)Fn)(lp) is
complemented in (

∑
n ⊕Fn)(lp). The latter space is isomorphic to lp. Therefore

F , as a complemented subspace of lp, is isomorphic to lp. Hence we obtain

Z = X⊕lp ∼ X⊕lp⊕lp ∼ W⊕F ∼
(∑

n

⊕QnFn

)
⊕
(∑

n

⊕(id − Qn)Fn

)

(lp)

where “ ∼” means “is isomorphic to”. Thus, Z has an FDD whose summands

are uniformly isomorphic to QnFn ⊕ (id − Qn)Fn = Fn that is, to ldim Fn
p .

Take in each Fn the elements corresponding to the unit vector basis of lmn
p .

They form, in the lexicographical order, a basis of Z (see 2.6.2). ⊓⊔

The proof does not contain arguments which depend on the real numbers. It
carries over literally to the complex case.

Note that the condition of the theorem is also necessary for the existence
of a basis in X. This follows from the fact that if Rn are basis projections
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on X then Rn −Rn−1 always has rank one and therefore factors through any
lp’s. (Here Rn(

∑∞
k=1 αkek) =

∑n
k=1 αkek.)

If we replace Rn −Rn−1 by Rn in the assumption of the theorem then we
obtain a Banach space X which has finite dimensional subspaces E1 ⊂ E2 ⊂
. . . with X = ∪nEn and supn d(En, lmn

p ) < ∞ for some mn, [82]. Such a space
X is called a Lp-space.

Finally we recall that it is an open question whether there exists a sepa-
rable Banach space with non-standard projection type (see 1.6). Such a space
cannot have FDD which follows from the definition in 1.6. (The proof is iden-
tical to that of 1.6.2.)

5.2 The Shrinking CBAP

Now we discuss special CBAP’s.

Definition 5.2.1 Let {Rn}∞n=1 be a c.a.s. of X such that {R∗
n}∞n=1 is a c.a.s.

for X∗. Then {Rn}∞n=1 is called a shrinking c.a.s. and X is said to have the
shrinking CBAP.

If X is isomorphic to a dual Banach space Y ∗ and {Rn}∞n=1 is a c.a.s. of
Y such that {R∗

n}∞n=1 is a c.a.s. of X then {R∗
n}∞n=1 is called a w∗-shrinking

c.a.s. and X has a w∗-shrinking CBAP.

If X is a reflexive Banach space with CBAP then every c.a.s. {Rn}∞n=1 is
shrinking. This is an easy consequence of the separation theorem.

In the following we always put R0 = 0.

Theorem 5.2.2 a) Assume that X is a closed subspace of lp, 1 < p < ∞.
Then for every c.a.s {Rn}∞n=1 there are integers 0 = m0 < m1 < m2 < . . .
and numbers c1 > 0, c2 > 0 satisfying

c1

(∑

k

||(Rmk+1
− Rmk

)x||p
)1/p

≤ ||x|| ≤ c2

(∑

k

||(Rmk+1
− Rmk

)x||p
)1/p

if x ∈ X.
b) Let X ⊂ c0 be a closed subspace. Then X has the shrinking CBAP if and
only if there are a c.a.s. {Rn}∞n=1, integers 0 = m0 < m1 < m2 < . . . and
numbers c1 > 0, c2 > 0 satisfying

c1 sup
k

||(Rmk+1
− Rmk

)x|| ≤ ||x|| ≤ c2 sup
k

||(Rmk+1
− Rmk

)x||

if x ∈ X.

Proof. Suppose that X ⊂ c0 and that the inequalities of b) hold. Without
loss of generality we can assume that mk = k for all k (otherwise go over to a
suitable subsequence of the Rm). Then X can be identified with the subspace
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{{(Rn − Rn−1)x}∞n=1 : x ∈ X} of Y :=

(∑

n

⊕(Rn − Rn−1)X

)

(c0)

.

So any Φ ∈ X∗ can be extended to an element Φ̂ ∈ Y ∗ which has the
form Φ̂ = {Φn}∞n=1, Φn ∈ ((Rn − Rn−1)X)∗ with

∑
n ||Φn|| < ∞. Put

Ψn = (Φ1, Φ2, . . . , Φn, 0, 0, . . .). Then

|(Φ̂ − Φ̂ ◦ Rn)({(Rk − Rk−1)x}∞k=1)|

≤ 1

c1
(1+ sup

j
||Rj ||)

∑

j>n

||Φj || · ||x||+ |(Ψn −Ψn ◦Rn)({(Rk −Rk−1)x}∞k=1)|

≤ 1

c1
(1 + sup

j
||Rj ||)

∑

j>n

||Φj || · ||x|| + |Φn((R2
n − Rn−1)x)|

≤ 1

c1
(1 + sup

j
||Rj ||)

∑

j>n

||Φn|| · ||x|| + 2(sup
n

||Rn||)2||Φn|| · ||x||.

(We used Rn(Rn − Rn−1) = R2
n − Rn−1 and (id − Rn)(Rm − Rm−1) = 0 if

m < n.) This implies limn ||Φ − R∗
nΦ|| = 0. Hence X∗ has a c.a.s. and X has

the shrinking CBAP.
Now assume that {Rn}∞n=1 is a shrinking c.a.s. of X. We prove the case

X ⊂ lp. The case X ⊂ c0 is similar. Let p−1 + q−1 = 1 and let Φn denote the
unit vectors in lq = l∗p. We have, since dim RnX < ∞,

lim
m→∞

||ΦmRn|| = 0 for each n

and, since {R∗
n}∞n=1 is a c.a.s. of X∗,

lim
n→∞

||Φm(id − Rn)|| = 0 for each m .

We find, by induction, for any ǫ > 0, integers

1 < n1 < n2 < . . . and 1 ≤ m1 < m2 < . . . with

||Φj(id−Rnk
)|| ≤ ǫ

2k
, j =1, . . . , mk and ||ΦiRnk

|| ≤ ǫ

2k
, i=mk+1,mk+1+1, . . .

Fix j, say ml ≤ j < ml+1. Then

|Φj(x − (Rnl+1
− Rnl−1

)x)| ≤
( ǫ

2l+1
+

ǫ

2l−1

)
||x||

If ǫ is small enough we obtain, using the Minkowski inequality,

||x|| ≤ c2

(∑

k

||(Rmk+1
− Rmk

)x||p
)1/p

, x ∈ X .



68 5 Bounded Approximation Properties

Duality finally yields

c1

( ∑

k

||(Rmk+1
− Rmk

)x||p
)1/p

≤ ||x||, x ∈ X .

(Remember, we considered only 1 < p < ∞.) For X ⊂ c0 we use

sup
k

||(Rmk+1
− Rmk

)x|| ≤ (2 sup
m

||Rm||)||x||, x ∈ X .

⊓⊔

We finish this section with an l1-version of 5.2.2.

Theorem 5.2.3 Let {Rn}∞n=1 be a c.a.s. on X such that, for some constant
c > 0,

c
∑

k

||(Rk+1 − Rk)x|| ≤ ||x|| ≤
∑

k

||(Rk+1 − Rk)x||, x ∈ X.

Then X is isomorphic to a dual space and {Rn}∞n=1 is a w∗-shrinking c.a.s.

Proof. Put En = (Rn − Rn−1)X and note that RmEn ⊂ En for all m since

Rm(Rn − Rn−1) =





0, m < n − 1
Rn − Rn−1, m > n
R2

n − Rn−1, m = n
Rn−1 − R2

n−1, m = n − 1

(5.2)

Define

Y = {{e∗n}∞n=1 : e∗n ∈ E∗
n,

(e∗n+1 ◦ (Rn+1 − Rn) + e∗n ◦ (Rn − Rn−1) + e∗n−1 ◦ (Rn−1 − Rn−2))|En

= e∗n for all n, limn ||e∗n|| = 0}

⊂ (
∑

n ⊕E∗
n)(c0).

(Put R−1 = 0 = R0.) For x ∈ X let j(x) ∈ Y ∗ be the element with

〈j(x), {e∗n}∞n=1〉 =

∞∑

n=1

e∗n((Rn − Rn−1)x) .

By assumption this definition makes sense and we obtain ||j(x)|| ≤ 1/c||x||.
Consider x∗ ∈ X∗ with x∗ = x∗ ◦ Rm for some m. Then, in view of (5.2),
limn ||x∗|En

|| = 0. We have

((Rn+1 − Rn) + (Rn − Rn−1) + (Rn−1 − Rn−2))(Rn − Rn−1) = Rn − Rn−1 .
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This implies that {x∗|En
}∞n=1 ∈ Y . Hence ||x|| ≤ ||j(x)|| since

||x|| = sup

{ ∣∣∣∣∣
∞∑

n=1

x∗((Rn − Rn−1)x)

∣∣∣∣∣ : x∗ ∈ X∗ with ||x∗|| ≤ 1 and

x∗ ◦ Rm = x∗ for some m

}
.

Thus ||x|| ≤ ||j(x)|| ≤ 1/c||x|| for all x ∈ X.
We claim jX = Y ∗. To this end let y∗ ∈ Y ∗. Then there is an element

ē = {en}∞n=1 ∈ (
∑⊕En)(l1) with ē|Y = y∗. Put x =

∑∞
k=1 ek. Then we have,

by (1),

(Rj − Rj−1)(x) =

{
R1(e1 + e2), j = 1

(Rj − Rj−1)(ej−1 + ej + ej+1), j > 1

We obtain, if {e∗k}∞k=1 ∈ Y , with e0 = 0,

〈j(x), {e∗n}∞n=1〉 =
∑

n e∗n((Rn − Rn−1)(en−1 + en + en+1))

=
∑

n

(e∗n+1 ◦ (Rn+1 − Rn) + e∗n ◦ (Rn − Rn−1) + e∗n−1 ◦ (Rn−1 − Rn−2))(en)

=
∑

n e∗n(en)

by definition of Y . This means j(x) = y∗ and so Y ∗ = j(X). It is clear that
the R∗

n define a c.a.s. on Y . ⊓⊔
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On the Geometry of Müntz Sequences



72

Now we come to the applications of the first part of our book. Using the
concepts and results of Part I we study Müntz sequences. Here we always
consider a sequence Λ of real numbers λk satisfying

λ0 = 0 < λ1 < λ2 < . . .

(In 6.5 we also study negative exponents.)
Let us put M(Λ) = {tλk}∞k=1 and let [M(Λ)]E be the closed linear span of

M(Λ) in a given Banach space E which contains M(Λ). We denote the norm
in E by || · ||E . Mainly we consider E = C = C[0, 1] and E = Lp = Lp[0, 1]
for 1 ≤ p < ∞. Frequently we drop λ0 and start with λ1. In this context
we also consider E = C0 = C0[0, 1], the subspace of C[0, 1] consisting of all
continuous functions which vanish at 0.

We start with Chap. 6 where we deal with the classical versions of the
Müntz theorem i.e. with cases where [M(Λ)]E �= E. This gives rise to a study
of the Banach space [M(Λ)]E . After a preparatory analysis of Müntz polyno-
mials f(t) =

∑n
k=1 αktλk in Chaps. 7 and 8 we discuss bounded approxima-

tion properties in [M((Λ)]E for E = C or E = Lp in Chap. 9. Here we give a
complete isomorphic classification of [M(Λ)]E for quasilacunary Λ.

In Chap. 10 we show, among other things, that there are at least two differ-
ent ismorphism classes and infinitely many isometry classes of [M(Λ)]C . Chap-
ter 11 deals with generalizations of Müntz spaces while, finally, in Chap. 12
we study limiting norms on finite dimensional Müntz spaces.



6

Coefficient Estimates and the Müntz Theorem

Fix Λ = {λk}∞k=1 satisfying λ0 = 0 < λ1 < λ2 < . . .. The classical Müntz
theorem states that [M(Λ)]E �= E if and only if

∑∞
k=1

1
λk

< ∞ where E = C0

or E = Lp, 1 ≤ p < ∞. We start with a proof for this theorem which essentially
characterizes when M(Λ) is a minimal sequence. This is the case whenever
we have “good” coefficient estimates for the Müntz polynomials

∑n
k=1 αktλk .

Instead of only considering C0 or Lp we shall work in a much more general
setting.

In the following let E be the completion of the vector space C0 with respect
to a given seminorm || · ||E with ||tλk ||E �= 0 for all λk ∈ Λ. We assume further
that the operators

Tρ : [M(Λ)]E → [M(Λ)]E with (Tρf)(t) = f(ρt), t ∈ [0, 1] ,

for all f ∈ span M(Λ), are bounded with respect to || · ||E whenever 0 < ρ < 1
and that

sup
ρ0≤ρ≤1

||Tρ|| < ∞ for all ρ0 ∈ ]0, 1[ (6.1)

where ||Tρ|| is the corresponding operator norm.
Examples for || · ||E include the sup-norm and the Lp-norms on [0, 1]. More

generally, we can consider Orlicz function spaces over [0, 1] (see [84]). Here let
M : [0,∞[→ [0,∞[ be a continuous convex increasing function with M(0) = 0
and limt→∞ M(t) = ∞ and put

||f || = inf

{
δ > 0 :

∫ 1

0

M

( |f(t)|
δ

)
< 1

}

Also, occasionally, we apply some of the following results to suitable quotient
spaces.

6.1 The Müntz Theorem

We begin with a technical lemma.

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 73–92 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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Lemma 6.1.1 For arbitrary real numbers ai, bi, i = 1, . . . n, we have

n∏

i=1

n∏

j=1

(ai + bj)

∣∣∣∣∣∣∣

1
a1+b1

. . . 1
a1+bn

...
...

1
an+b1

. . . 1
an+bn

∣∣∣∣∣∣∣
=

n∏

i=1

n∏

j=1
j<i

(ai − aj)(bi − bj)

Proof. We may assume that a1, . . . , an, b1, . . . , bn are mutually different. Let
l = l(a1, . . . , bn) and r = r(a1, . . . , bn) be the left-hand side and the right-hand
side, resp., of the above equation. l and r are polynomials in a1 of degree n−1
with zeros a2, . . . , bn. (Here we keep a2, . . . , bn fixed.) Hence l = f1r for some
constant f1 = f1(a2, . . . , bn). Next, we regard l and r as polynomials in a2

and obtain similarly l = f2r for some constant f2 = f2(a1, a3, . . . , bn). This
means f1 = f2 and therefore f1 is independent of a1 and a2. Continuation of
this argument eventually yields that f1 is independent of a1, . . . , bn.

Taking the limits b1 → −a1, . . ., bn → −an we see that r becomes

∏

j<i

(ai − aj)(−ai + aj) =

n∏

i=1

n∏

j=1
i�=j

(ai − aj) .

Moreover,

l =

n∏

i=1

n∏

j=1
i�=j

(ai + bj)

∣∣∣∣∣∣∣∣∣∣∣

1 a1+b1
a1+b2

. . . a1+b1
a1+bn

a2+b2
a2+b1

1 . . . a2+b2
a2+bn

...
...

an+bn

an+b1
. . . . . . 1

∣∣∣∣∣∣∣∣∣∣∣

changes to

n∏

i=1

n∏

j=1
i�=j

(ai − aj)

∣∣∣∣∣∣∣∣∣∣∣

1 0 0 . . . 0
0 1 0 . . . 0
...

. . .
...

0 . . . 0 1 0
0 . . . 0 0 1

∣∣∣∣∣∣∣∣∣∣∣

= lim r .

Since lim l = f1 lim r we see that f1 = 1. ⊓⊔

At first we give a coefficient estimate for the sup-norm || · ||C in C = C[0, 1].

Proposition 6.1.2 For any Müntz polynomial f(t) =
∑n

k=1 αktλk and any
m we have

|αm| ≤




n∑

j=1

1

λj + 1




( ∏n
i=1(λi + λm + 1)2∏n

i=1; i�=m(λi − λm)2

)
||f ||C
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Proof. We want to find functions gm(t) =
∑n

l=1 γm,lt
λl ∈ L1[0, 1] such that

∫ 1

0

gm(t)tλj dt = δm,j , j = 1, . . . , n, (6.2)

where δm,j =

{
1, m = j
0, m �= j

. Hence we have to find γm,l such that

n∑

l=1

γm,l
1

λl + λj + 1
= δm,j , j = 1, . . . , n .

Let det(b1, . . . , bn) be the determinant with the columns b1, . . . , bn. Putting
xm = (δm,1, . . . , δm,n)t and al = ((λ1 + λl + 1)−1, . . . , (λn + λl + 1)−1)t, we
see that Cramer’s rule implies

γm,l =
det(a1, . . . , al−1, xm, al+1, . . . , an)

det(a1, . . . , an)
.

Hence with

a′
l =

(
1

λ1 + λl + 1
, . . . ,

1

λm−1 + λl + 1
,

1

λm+1 + λl + 1
, . . . ,

1

λn + λl + 1

)t

we obtain

γm,l = (−1)l+m det(a′
1, . . . , a

′
l−1, a

′
l+1, . . . , a

′
n)

det(a1, . . . , an)
.

Lemma 6.1.1 helps us to estimate |γm,l|:

|γm,l| ≤
(∏

j<i; i,j �=m(λi − λj)
2

∏
i,j �=m(λi + λj + 1)

)( ∏
j<i(λi − λj)

2

∏
i,j(λi + λj + 1)

)−1

=

∏n
i=1(λi + λm + 1)2∏n
i=1; i�=m(λi − λm)2

We have

||gm||L1
=

∫ 1

0

|gm(t)|dt

≤
n∑

l=1

1

λl + 1
|γm,l|

≤
(

n∑

l=1

1

λl + 1

) ∏n
i=1(λi + λm + 1)2∏n
i=1; i �=m(λi − λm)2

Now, (6.2) yields

|αm| = |
∫ 1

0

gm(t)f(t)dt| ≤ ||gm||L1
· ||f ||C

which implies the proposition. ⊓⊔
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From Proposition 6.1.2 we easily derive

Corollary 6.1.3 Let
∑∞

j=1 1/λj < ∞. Then M(Λ) = {tλj}∞j=1 is a minimal
system with respect to the sup-norm in C[0, 1]. Moreover, there is a constant
d > 0 such that

|f(t)| ≤ dtλ1 ||f ||C , 0 ≤ t ≤ 1 ,

for any f ∈ [M(Λ)]C . In particular,

||f ||C = sup{|f(s)| : d−1/λ1 ≤ s ≤ 1} .

Proof. With f(t) =
∑

k αktλk Proposition 6.1.2 implies

|αm| ≤



∞∑

j=1

1

λj + 1


 (2λm + 1)2

∏

i>m

(
1 +

2λm + 1

λi − λm

) ∏

i<m

(
1 +

2λi + 1

λm − λi

)
||f ||C ≤




∞∑

j=1

1

λj + 1


 (2λm + 1)2 exp

(
2
∑

i>m

2λm + 1

λi − λm
+ 2

∑

i<m

2λi + 1

λm − λi

)
||f ||C < ∞

Hence the coefficient functionals for {tλk}∞k=1 are bounded which proves the
first statement of the corollary (see

For each fixed t > 0 the functional Φt with Φt(f) = f(t)/tλ1 , f ∈ [M(Λ)]C ,
is bounded on [M(Λ)]C . By the preceding argument, also Φ0 with Φ0(f) =
limt→0 f(t)/tλ1 = α1 is bounded on [M(Λ)]C . Since supt |Φt(f)| < ∞ for each
f ∈ [M(Λ)]C the uniform boundedness principle yields d = supt ||Φt|| < ∞.
This proves |f(t)| ≤ dtλ1 ||f ||C for any t ∈ [0, 1] and any f ∈ [M(λ)]C . In par-
ticular, |f(s)| < ||f ||C whenever 0 ≤ s < d−1/λ1 which yields the remaining
part of the corollary. ⊓⊔
Now we turn to general norms. As already indicated we consider an arbitrary
(semi-)norm on a space E which contains C0[0, 1] such that ||tλk ||E �= 0 for all
λk ∈ Λ. Moreover, we assume that supρ0≤ρ≤1 ||Tρ|| < ∞ for any ρ0 > 0 where
Tρ : [M(Λ)]E → [M(Λ)]E is the operator with (Tρf)(t) = f(ρt), t ∈ [0, 1], for
f ∈ span M(Λ).

As another consequence we obtain one direction of the Müntz theorem in
this general setting.

Proposition 6.1.4 Assume that
∑∞

k=1 1/λk < ∞. Then {tλk}∞k=1 is a min-
imal system in [M(Λ)]E.

Actually, for any Müntz polynomial f(t) =
∑

k αktλk and any index m we
have

||αmtλm ||E ≤




∞∑

j=1

1

λj + 1




∏∞
i=1(λi + λm + 1)2∏∞

i=1; i �=m(λi − λm)2
( sup
d−1/λ1≤ρ≤1

||Tρ||)||f ||E

where d is the constant of Corollary 6.1.3

2.2.2).



6.1 The Müntz Theorem 77

Proof. Fix a functional Φ ∈ E∗ of norm one. For any f(t) =
∑n

k=1 αktλk put

fΦ(ρ) = Φ(Tρf) =

n∑

k=1

αkΦ(tλk)ρλk .

Then 6.1.3 yields, for any m, a constant dm > 0 with

|αmΦ(tλm)| ≤ dm sup
0≤ρ≤1

|fΦ(ρ)| = dm sup
d−1/λ1≤ρ≤1

|fΦ(ρ)|

≤ dm( sup
d−1/λ1≤ρ≤1

||Tρ||)||f ||E

where d is the constant of Corollary 6.1.3. Hence

|αm| · ||tλm ||E ≤ dm( sup
d−1/λ1≤ρ≤1

||Tρ||)||f ||E

which implies that {tλk}∞k=1 is minimal in [M(λ)]E . According to 6.1.1, we
have

dm =




∞∑

j=1

1

λj + 1




∏∞
i=1(λi + λm + 1)2∏∞
i=1; i �=m(λi − λm)2

which is bounded if
∑∞

j=1 1/λj < ∞. ⊓⊔

For the other direction we use the elegant argument of von Golitschek [33].

Theorem 6.1.5 Assume that, for some constant κ > 0, ||f ||E ≤ κ||f ||C
whenever f ∈ C0. Moreover suppose that there is µ > 0, µ �∈ Λ, with ||tµ||E �=
0. Then the following are equivalent:
(i)

∑∞
k=1 1/λk < ∞

(ii) [M(Λ)]E �= E
(iii) {tλk}∞k=1 is a minimal system in [M(Λ)]E.

Proof. (ii) ⇒ (i): (von Golitschek, [33]) Assume
∑

k 1/λk = ∞. Let m �= λk,
k = 1, 2, . . .. Define q0(t) = tm and

qn(t) = (λn − m)tλn

∫ 1

t

qn−1(s)s
−1−λnds, n = 1, 2, . . . .

Then qn has the form

qn(t) = θtm −
n∑

k=0

an,ktλk for some an,k, θ ∈ {1,−1}

which can be easily seen by induction. We obtain ||q0||C = 1 and, by con-
struction,
||qn||C ≤ |1 − m/λn| · ||qn−1||C . By assumption, this implies
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||qn||E ≤ κ||qn||C ≤
n∏

k=0

∣∣∣∣1 − m

λk

∣∣∣∣ → 0 as n → ∞ .

Hence tm ∈ [M(Λ)]E for all m and therefore [M(Λ)]E = E. This contradicts
(ii).
(i) ⇒ (ii): Take µ > 0 with µ �∈ Λ. Now, 6.1.4 applied to Λ̃ = {µ, λ1, λ2, . . .}
shows that tµ �∈ [M(Λ)]E which implies (ii).
(i) ⇒ (iii): This follows from 6.1.4.
(iii) ⇒ (i): Assume

∑
k 1/λk =∞. Put Λ̃={λ2, λ3, . . .}. Then also

∑
k≥2 1/λk =

∞ and hence, by what we have proved already, [M(Λ̃)]E = E. This implies
tλ1 ∈ closed span {tλk : k = 2, 3, . . .}, a contradiction to minimality. ⊓⊔

As mentioned before 6.1.5 includes the cases E = Lp and E = C0.
For E = Lp, 1 ≤ p < ∞, we even could consider sequences Λ with −1/p <

λ1 < λ2 < . . .. 6.1.5 would remain valid if we replaced (i) by

∞∑

k=1

λk + 1/p

(λk + 1/p)2 + 1
< ∞ .

See [12] for details.
6.1.5 tells us that the case

∑∞
k=1 1/λk = ∞ is not too exciting. However,

if
∑∞

k=1 1/λk < ∞ we obtain new Banach spaces [M(Λ)]E . Therefore, in the
following we will be mostly concerned with the latter case. It turns out that
further coefficient theorems are essential for the investigation.

6.2 The Clarkson-Erdös Theorem

Here we want to refine the estimate of Proposition 6.1.4 provided that the gap
condition

inf
k

(λk+1 − λk) > 0

is satisfied.

Lemma 6.2.1 Assume
∑∞

k=1 1/λk < ∞ and c := infk(λk+1 − λk) > 0. Put
Lm = sup{j : λj ≤ 2λm}. Then, for any Müntz polynomial f(t) =

∑
k αktλk ∈

[M(Λ)]E we have

||αmtλm ||E ≤




∞∑

j=1

1

λj + 1


 (2λm + 1)2

(
1

c

)2Lm−2 (
(2λm + 1)m−1

(m − 1)!

)2

·

(
(3λm + 1)Lm−m

(Lm − m)!

)2

exp


4

∑

i≥Lm

2λm + 1

λi


 ( sup

d−1/λ1≤ρ≤1

||Tρ||)||f ||E

where d is the constant of 6.1.3.
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Proof. According to 6.1.4 we have

||αmtλm ||E ≤




∞∑

j=1

1

λj + 1


 (2λm + 1)2

∏

i<m

(
λi + λm + 1

λm − λi

)2

·

∏

m<i<Lm

(
λi + λm + 1

λi − λm

)2

exp


2

∑

i≥Lm

2λm + 1

λi − λm


 ( sup

d−1/λ1≤ρ≤1

||Tρ||)||f ||E

The gap condition yields λi − λm ≥ (i−m)c if i > m and λm − λi ≥ (m− i)c
if m > i. Hence

||αmtλm ||E ≤




∞∑

j=1

1

λj + 1


 (2λm + 1)2

(
1

c

)2Lm−2 (
(2λm + 1)m−1

(m − 1)!

)2

·

(
(3λm + 1)Lm−m

(Lm − m)!

)2

exp


4

∑

i≥Lm

2λm + 1

λi


 ( sup

d−1/λ1≤ρ≤1

||Tρ||)||f ||E

⊓⊔

Of course the lemma remains true if Λ is finite. Now we prove the Clarkson-
Erdös Theorem [19].

Theorem 6.2.2 Let
∑∞

j=1 1/λj < ∞ and assume infj(λj+1−λj) > 0. Then,
for any ǫ > 0, there is a constant M > 0 such that

||αmtλm ||E ≤ (1 + ǫ)λm ||f ||E , if m ≥ M ,

for all Müntz polynomials f(t) =
∑

k αktλk .
Moreover, for the constants Lm of 6.2.1 we have limm→∞ Lm/λm = 0.

Proof. Using the Stirling formula n! ≥ nne−n for any positive integer n we
conclude with 6.2.1 that

||αmtλm ||E ≤




∞∑

j=1

1

λj + 1


 (2λm + 1)2

(
1

c

)2Lm−2 (
2λm + 1

m − 1

)2m−2

·

(
3λm + 1

Lm − m

)2Lm−2m

e2Lm−2 exp


4

∑

i≥Lm

2λm + 1

λi


 ( sup

d−1/λ1≤ρ≤1

||Tρ||)||f ||E

where c = infj(λj+1 − λj).
We claim that limm→∞ Lm/λm = 0. Indeed, fix ǫ > 0 and take m0 such

that
∑

k≥m0
1/λk ≤ ǫ/3. Let m1 ≥ m0 be such that m0/λm1

≤ ǫ/3. Then, for
any m ≥ m1, we obtain
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Lm

λm
=

m0

λm
+

m − m0

λm
≤ ǫ

3
+

m∑

j=m0+1

1

λj
+

Lm∑

j=m+1

1

λj
≤ ǫ .

Now, using limx→0 x−x = 1 we see that

lim
m→∞




∞∑

j=1

1

λj + 1




1/λm

(2λm+1)2/λm

(
1

c

)(2Lm−2)/λm
(

2λm + 1

m − 1

)(2m−2)/λm

.

(
3λm + 1

Lm − m

)(2Lm−2m)/λm

e(2Lm−2)/λm exp


4

∑

i≥Lm

2 + 1/λm

λi


 ·

(
sup

d−1/λ1≤ρ≤1

||Tρ||
)1/λm

= 1

which proves the theorem. ⊓⊔

Of course, the assumptions of Theorem 6.2.2 are fulfilled in particular for the
sup-norm and the Lp-norms on [0, 1].

Theorem 6.2.2 has important consequences for the elements in [M(Λ))]E .

Theorem 6.2.3 Suppose that lim infn→∞ ||tλn ||1/λn

E ≥ 1. Moreover, let∑∞
j=1 1/λj < ∞ and infj(λj+1 − λj) > 0. Then, for any f ∈ [M(Λ)]E there

are suitable αk ∈ R such that

f(t) =
∞∑

k=1

αktλk , t ∈ [0, 1[ ,

where the series converges uniformly on all compact subsets of [0, 1[. In par-
ticular, any f ∈ [M(Λ)]E is real-analytic on ]0, 1[. If Λ consists of integers
then any f ∈ [M(Λ)]E is real-analytic on [0, 1[.

Proof. If f ∈ [M(Λ)]E there are fn(t) =
∑mn

k=1 αn,ktλk converging to f with
respect to || · ||E . Since ||tλk ||E �= 0, in view of 6.1.4, this implies that αk :=
limn→∞ αn,k exists for all k. We infer from 6.2.2 that, for every ǫ > 0, there
is M > 0 with

|αk| · ||tλk ||E ≤ (1 + ǫ)λk ||f ||E if k ≥ M

Since lim infk→∞ ||tλk ||1/λk

E ≥ 1 we obtain lim supk→∞ |αk|1/λk ≤ 1. Hence∑∞
k=1 αktλk converges uniformly on all compact subsets of [0, 1[. Moreover,∑∞
k=1 αktλk converges uniformly on compact subsets of {z ∈ C : |z| <

1, Rez > 0}. The functions zλk are analytic on {z ∈ C : Re z > 0}. This
implies that f is real-analytic on ]0, 1[ and even on [0, 1[ if Λ is an integer
sequence. ⊓⊔
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It is remarkable that not only span M(Λ) but even its completion [M(Λ)]E
consists exclusively of real-analytic functions. Again, 6.2.3 can be applied to
the special case of E = C0 or E = Lp, 1 ≤ p < ∞. The converse of the first
part of Theorem 6.2.3 is valid under more restrictive assumptions. We state
this as a corollary only for E = C0 and E = Lp.

Corollary 6.2.4 Assume that
∑∞

j=1 1/λj < ∞ and infj(λj+1 − λj) > 0. Let
E = Lp, 1 ≤ p < ∞, or E = C0. Then f ∈ [M(Λ)]E if and only if f ∈ E and
there are suitable αk ∈ R such that

f(t) =
∞∑

k=1

αktλk , t ∈ [0, 1[ ,

where the series converges uniformly on all compact subsets of [0, 1[.

Proof. In view of 6.2.3 it remains to prove the only-if part. For any ρ ∈ ]0, 1[
the operator Tρ can be extended to E by defining (Tρg)(t) = g(ρt), t ∈ [0, 1],
whenever g ∈ E. For our special E we have limρ→1 ||Tρg − g||E = 0 whenever
g ∈ E. Now consider f ∈ E such that f(t) =

∑∞
k=1 αktλk for some αk and

the series converges compactly on [0, 1[. Then lim supk→∞ |αk|1/λk ≤ 1. For
any ǫ > 0 there is ρ < 1 with ||Tρf − f ||E < ǫ. Put fn(t) =

∑n
k=1 αktλk .

Then Tρfn ∈ [M(Λ)]E for all n and limn→∞ ||Tρfn − Tρf ||E = 0 (because we
have ||Tρ(fn−f)||E ≤ ∑∞

k=n+1 |αk|ρλk). We infer f = limρ→1 Tρf ∈ [M(Λ)]E .⊓⊔

For further applications of 6.2.3 see Sect. 8.4.
If we consider {λk}∞k=0 (with λ0 = 0) instead of Λ = {λk}∞k=1 then all the

results corresponding to the assertions of Sects. 6.1 and 6.2 remain true (with
virtually the same proofs). Instead of E = C0[0, 1] we take here E = C[0, 1].

6.3 Lacunary and Quasilacunary Müntz Sequences

In the preceding sections we saw that M(Λ) is a minimal system if and only
if

∑∞
k=1 1/λk < ∞. However, M(Λ) is not necessarily uniformly minimal or

a basis. For example, if we take the sup-norm || · ||C on [0, 1] then we easily
see that ||tλ − tµ||C ≤ (µ − λ)/µ whenever 0 < λ < µ (see 7.3.1). Hence if
Λ = {λk}∞k=1 and infk λk+1/λk = 1 then M(Λ) need not be even separated.
(For the definition see 2.2.1.)

However, in the special case of lacunary Λ the situation is different. This
will be treated in full detail in 9.2. Here we show, as a first step, that for
lacunary Λ we obtain much better coefficient estimates.

Definition 6.3.1 Λ = {λk}∞k=1 will be called
(1) lacunary if λk+1/λk ≥ q, k = 1, 2, . . ., for some q > 1,
(2) quasilacunary, if for some increasing sequence n̄ = {nk}∞k=1 of integers

and some q > 1 we have λnk+1/λnk
≥ q, k = 1, 2, . . ., and supk(nk+1 −nk) <

∞.
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For example, Λ = {2k}∞k=1 is lacunary while {2k}∞k=1 ∪ {2k + 1}∞k=1 is quasi-
lacunary but not lacunary.

We give a more comprehensive classification of the different types of se-
quences Λ in 7.1. Here we want to discuss some direct applications of the
results in 6.1 and 6.2.

Again let E satisfy the assumptions of the beginning of this chapter.
Consider the function η(y) = 4y(1 − y). We have 0 ≤ η(y) ≤ 1 for all

y ∈ [0, 1] and η(y) = 1 if and only if y = 1/2.

Proposition 6.3.2 Asssume that Λ = {λk}∞k=1 is lacunary. Then there is an
integer M > 0, independent of n, with

∞∑

j=1
j �=n

η(2−λj/λn)M ≤ 1/2 .

Furthermore, for any Müntz polynomial f(t) =
∑

k αktλk ∈ [M(Λ)]E we have

||αntλn ||E ≤ 4M sup
k=1,2,...

(||T2−1/λk || + ||T2−1/λk ||2)M ||f ||E

Proof. We use a trick due to Ingham (see [58], Theorem 115).
Assume that infk λk+1/λk = q > 1. Let n be such that ||αntλn ||E =

maxk||αktλk ||E . Consider the function

η(2−λ/λn) = 4 · 2−λ/λn(1 − 2−λ/λn)

We have

− λj

λn
≤ −qj−n if j > n and − λj

λn
≥ −

(
1

q

)n−j

if j < n .

This implies, since η(y) is increasing if 0 < y < 1/2 and decreasing if 1/2 <
y < 1,

η(2−λj/λn) ≤ η(2−1/qn−j

) = 4 · 2−1/qn−j

(1 − 2−1/qn−j

) ≤ 4

qn−j
if j < n

and
η(2−λj/λn) ≤ η(2−qj−n

) ≤ 4 · 2−qj−n

if j > n .

Taking into account that 0 ≤ η(2−λj/λn) < 1 we find M depending only on q
and not on n such that

∑

j �=n

η(2−λj/λn)M ≤
∞∑

k=1

η(2−1/qk

)M +

∞∑

k=1

η(2−qk

)M ≤ 1

2

Put S = (4T2−1/λn − 4T2−2/λn )M . Then we obtain
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(Sf)(t) =
∑

j

η(2−λj/λn)Mαjt
λj .

Since η(2−λj/λn)M = 1 if j = n we conclude

1

2
||αntλn ||E ≤ ||αntλn ||E − ||

∑

j �=n

η(2−λj/λn)Mαjt
λj ||E

≤ ||Sf ||E
≤ 4M (||T2−1/λn || + ||T2−1/λn ||2)M ||f ||E
≤ 4M sup

k=1,2,...
(||T2−1/λk || + ||T2−1/λk ||2)M ||f ||E

which implies 6.3.2 ⊓⊔

According to 2.2, the preceding proposition implies that, if Λ is lacunary, then
M(Λ) is uniformly minimal. Namely, it is δ-minimal with

δ = 4−M inf{||T2−1/λn ||M (1 + ||T2−1/λn ||)M : n = 1, 2 . . .}

where M is such that

∞∑

k=1

(
η

(
1

21/qk

)M

+ η

(
1

2qk

)M
)

≤ 1

2
.

This means in particular that M(Λ) is uniformly minimal.
If E = Lp, 1 ≤ p < ∞ or E = C0, we even have that M(Λ) is uniformly

minimal if and only if Λ is lacunary. We shall discuss these cases in Sect. 9.2
Here we turn now to the quasilacunary case.

Proposition 6.3.3 Let Λ be quasilacunary such that there are indices 0 =
n0 < n1 < . . ., a positive integer N and q > 1 with nm+1 − nm ≤ N ,
m = 0, 1, . . ., and infm≥1 λnm+1/λnm

≥ q. Then there is a universal constant
c > 0 such that, with f =

∑
k αktλk ∈ [M(Λ)]E and fm =

∑nm+1

k=nm+1 αktλk ,
we have

||fm||E ≤ c||f ||E for all m .

Actually,

c = 2N2+N (sup{4M ||T2−1/λn ||M (1 + ||T2−1/λn ||)M : n = 1, 2, . . .})N2

where M is a positive number satisfying

N
∞∑

k=1

(
η

(
1

21/qk

)M

+ η

(
1

2qk

)M
)

≤ 1

2
.
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Proof. We assume without loss of generality that nl+1 − nl = N for all l. (If
this is not the case then increase Λ suitably.)

Fix m. Consider k with nm < k ≤ nm+1. Let j ≤ nm or j ≥ nm+1 +1 and
consider l such that nl + 1 ≤ j ≤ nl+1. Since Λ is quasilacunary we obtain

λj

λk
≤ ql−m if l < m and

λj

λk
≥ ql−m if l > m .

As before we find M > 0 independent of f and m such that

∑

j≤nm

η(2−λj/λk)M +
∑

j≥nm+1+1

η(2−λj/λk)M

≤ N

m−1∑

l=1

η(2−ql−m

)M + N

∞∑

l=m+1

η(2−ql−m

)M ≤ 1

2

since η(y) is increasing if 0 < y < 1/2 and decreasing if 1/2 < y < 1. Put

b = sup{4M ||T2−1/λn ||M (1 + ||T2−1/λn ||)M : n = 1, 2, . . .} .

a) At first we show the following:
Let nm + 1 ≤ k ≤ nm+1 and

Λ̃ = {λ1, . . . , λnm
, λk, λnm+1+1, λnm+1+2, . . .}

Then, for any f =
∑

λj∈Λ̃ αjt
λj ∈ [M(Λ̃)]E we have

||αktλk ||E ≤ 2N−1bN ||f ||E

Indeed, put

Λj = { λnl+j : l = 1, 2, . . . ,m − 1,m + 1,m + 2, . . .} ∪ {λk}

where j = 1, . . . , N . Moreover, put

Wj = span{tλl : l = nh+j+1, . . . , nh+1, h = 1, . . . , m−1,m+1,m+2, . . .} ,

j = 1, . . . , N − 1, and WN = {0}.
Λ1 is lacunary. Moreover we have ||Tρ||E/W1

≤ ||Tρ||E for any ρ ∈ [0, 1].
Hence 6.3.2 yields

||αktλk + W1||E/W1
≤ b||f + W1||E/W1

≤ b||f ||E

Find w1 = g + w2 with g =
∑

l �=m βlt
λnl+2 and w2 ∈ W2 satisfying

||αktλk + w1||E ≤ 2||αktλk + W1||E/W1

and therefore
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||αktλk + g + W2||E/W2
≤ ||αktλk + w1||E ≤ 2b||f ||E

Λ2 is lacunary. Hence we obtain, by 6.3.2,

||αktλk + W2||E/W2
≤ 2b||αktλk + g + W2||E/W2

≤ 2b2||f ||E
Similarly we infer

||αktλk + W3||E/W3
≤ 22b3||f ||E

Continuation yields after N steps

||αktλk ||E ≤ 2N−1bN ||f ||E ≤ 3N8MNbN ||f ||E
b) Let f and fm be as in the statement of the proposition and assume αj+1 =
. . . = αnm+1

= 0 for some j ≥ nm + 1. Then we prove the proposition by
induction on j. If j = 1 then a) yields

||fm||E = ||αnm+1t
λnm+1 ||E ≤ 2N−1bN ||f ||E

which proves the claim. Put c1 = 2N−1bN .
Now assume we have ||fm||E ≤ cj−1||f ||E if fm =

∑j−1
nm+1 αktλk where

cj−1 is independent of m and f .

Then go over to the case fm =
∑j

nm+1 αktλk and put

V = span{tλnm+1 , . . . , tλj−1} .

Moreover, let

Λ̃(j) = {λ1, . . . , λnm
, λj , λnm+1+1, λnm+1+2, . . .}

and
Λ(j) = Λ̃(j) ∪ {λnm+1, . . . , λj−1}

Put d = ||tλj + V ||−1
E/V and fix v ∈ V with ||dtλj + v||E ≤ 2. According to a)

applied to the norm in E/V we find x∗ ∈ ([M(Λ(j))]E/V )∗ with x∗(dtλj +
V ) = 1 and x∗(tλk + V ) = 0 whenever k �= j, λk ∈ Λ̃(j), where ||x∗|| ≤
2N−1bN . x∗ can be interpreted as element of [M(Λ(j))]∗E vanishing on all tλk ,
λk ∈ Λ(j) \ {λj}. Now we find βk such that

fm(t) =

j∑

k=nm+1

αktλk =

j−1∑

k=nm+1

βktλk + βj(dtλj + v)

and βj = x∗(f). Put hm =
∑j−1

k=nm+1 βktλk . Then, by the induction hypothe-
sis, we obtain

||fm||E ≤ ||hm||E + 2|x∗(f)|
≤ cj−1||f − x∗(f)(dtλj + v)||E + 2|x∗

j (f)|
≤ cj−1||f ||E + (2cj−1 + 2)|x∗

j (f)|
≤ (cj−1 + 2N−1bN (2cj−1 + 2))||f ||E .
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We finish the induction by taking

cj = 2N+1bNcj−1 ≥ cj−1 + 2N−1bN (2cj−1 + 2) .

(Recall b > 1.) Then we have

cj ≤ (2N+1bN )j .

Hence cN = 2N2+NbN2

. ⊓⊔

We finish this section with a corollary which we will apply in 9.3.

Corollary 6.3.4 Consider t0 = 0 < t1 < t2 < . . . with limk→∞ tk = 1. Under
the hypothesis of 6.3.3, if E = Lp for 1 ≤ p < ∞, there is a constant c > 0
such that

(
∞∑

k=1

∫ tk

tk−1

|fk|pdt

)1/p

≤ c||f ||Lp
for all f ∈ Lp .

Proof. Fix m and let E = Lp be endowed with the seminorm

||f ||m =




∞∑

j=0

1

2j
sup

2−j−1≤τ≤2−j

∫ τtm

τtm−1

|f |pdt




1/p

(E, || · ||m) clearly satisfies our general assumptions. If ρ ∈ ]0, 1[ is such that
2−k−1 ≤ ρ < 2−k for some k then we have

||Tρf ||m =


1

ρ

∞∑

j=0

1

2j
sup

2−j−1≤τ≤2−j

∫ τρtm

τρtm−1

|f |pdt




1/p

≤


2k+1

ρ

∞∑

j=0

1

2j
sup

2−j−1≤τ≤2−j

∫ τtm

τtm−1

|f |pdt




1/p

≤
(

2

ρ2

)1/p

||f ||m

Hence ||Tρ||m ≤ (2/ρ2)1/p. 6.3.3 yields a constant c > 0 with

(∫ tm

tm−1

|fm|pdt

)1/p

≤ ||fm||m ≤ c||f ||m

for all m. Let τj ∈ [2−j−1, 2−j ] be such that

∫ τjtm

τjtm−1

|f |pdt = sup
2−j−1≤τ≤2−j

∫ τtm

τtm−1

|f |pdt .
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Then we obtain

(
∞∑

m=1

∫ tm

tm−1

|fm|pdt

)1/p

≤ c

(
∞∑

m=1

||f ||pm

)1/p

= c




∞∑

j=0

1

2j

∞∑

m=1

∫ τjtm

τjtm−1

|f |pdt




1/p

≤ c




∞∑

j=0

1

2j

∫ τj

0

|f |pdt




1/p

≤ 2c||f ||Lp

⊓⊔

6.4 On c̄-Completeness of Müntz Sequences

Here we restrict ourselves to the sup-norm || · ||C on [0, 1] and consider
E = C0[0, 1]. In 6.2 we found coefficient estimates for Müntz polynomials
f(t) =

∑
k αktλk of the form |αk| ≤ aλk ||f ||C for suitable a > 1 provided that∑∞

k=1 1/λk < ∞. Now we consider the initial Müntz sequence M(Λ) where

Λ = {1, 2, 3, . . .} .

In view of 6.1.5 M(Λ) is not a minimal system and hence we do not have
similar estimates for this Λ. It turns out that in connection with uniform
polynomial approximation of a function f ∈ C0 even the approximating poly-
nomials cannot always be arranged to have such “good” coefficient estimates.

In the following let c̄ = {ck}∞k=1 be a sequence of positive numbers with
ck ↑ ∞.

We say that f ∈ C0 admits a c̄-approximation if, for each ǫ > 0, there is a
polynomial Pǫ(t) =

∑
k βktk with ||f −Pǫ||C ≤ ǫ and |βk| ≤ ck||f ||C for all k.

(Compare this with the definition of c̄-completeness preceding 2.1.7.)

Proposition 6.4.1 [56] Let f ∈ C0 be such that there is α, 0 < α < 1, with
f(t) = 0 for t ∈ [0, α]. Then there is some a = a(α) > 0 such that f admits a
c̄-approximation whenever

lim inf
k→∞

ak

ck
= 0 .

Proof. We claim that a = 61/α satisfies the assertion of the proposition (al-
though this value of a is not the best possible).

Indeed, consider ck > 0 with lim infk ak/ck = 0. Then we find a subse-
quence {ks}∞s=1 with lims→∞ aks/cks

= 0. We consider the positive integers
ns with ks = [αns] + 1, s = 1, 2, . . . ([x] is the largest integer ≤ x for x ∈ R).
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At first we estimate the coefficients of the Bernstein polynomials for the
function f(t):

Bns
(t) =

ns∑

k=0

(
ns

k

)
f

(
k

ns

)
tk(1 − t)ns−k = ao + a1t + . . . + ans

tns ,

where, by virtue of the fact that f(k/ns) = 0, k = 0, 1, . . . , ks − 1, the coeffi-
cients of the monomials different from zero begin with that for tks , i.e.

Bns
(t) = aks

tks + . . . + ans
tns .

Put A = max0≤t≤1 |f(t)|. The coefficients of Bns
(t) do not exceed, in absolute

values, those of the polynomial

Pns
(t) = A

ns∑

k=ks

(
ns

k

)
tk(1 + t)ns−k ,

and the coefficients of Pns
(t), in turn, do not exceed those of the polynomial

P̃ns
(t) = A · 2ns

ns∑

k=ks

tk(1 + t)ns−k .

It is not hard to see that an arbitrary coefficient of P̃ns
does not exceed

A · 2ns · 2ns < A · 6ns . Hence,

|ak| < A · 6ns , k = ks, ks + 1, . . . , ns .

Since ks = [αns] + 1 we obtain ks > αns and ns < ks/α. So |ak| < A6ks/α,
k = ks, . . . , ns. Thus, with a = 61/α, |ak| < Aaks , k = ks, . . . , ns. Since
lims→∞ aks/cks

= 0 we find an s0 with Aaks < cks
for all s > s0 and,

consequently, |ak| < cks
, k = ks, . . . , ns. But then, in view of the monotonicity

of c̄,
|ak| < ck, k = ks, ks + 1, . . . , ns .

Moreover, from the approximation property of Bernstein polynomials [112],
we obtain

lim
s→∞

||f − Pns
||C = 0 .

⊓⊔

Lemma 6.4.2 If the function f ∈ C0 admits a c̄-approximation where ck <
Aak, k = 1, 2, . . ., for some A > 0 and a ≥ 1, then f(t) is analytically
extendable to the disk |z| < 1/a.

Proof. For arbitrary ǫ > 0 let

Pn(ǫ)(t) = a
(ǫ)
1 t + . . . + a

(ǫ)
n(ǫ)t

n(ǫ)
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be a polynomial for which

max
0≤t≤1

|f(t) − Pn(ǫ)(t)| < ǫ, |a(ǫ)
k | ≤ ck ≤ Aak, k = 1, 2, . . . , n(ǫ) .

For a given δ > 0 we now show that all the Pn(ǫ)(z) are uniformly bounded
in the disk |z| < (1/a) − δ. We have

|Pn(ǫ)(z)| ≤ Aa

(
1

a
− δ

)
+ Aa2

(
1

a
− δ

)2

+ . . . + Aan

(
1

a
− δ

)n

≤ Aa( 1
a − δ)

1 − a( 1
a − δ)

=
A(1 − aδ)

aδ
.

By the theorem of Montel [112] it is possible to select a subsequence
{Pn(ǫk)(z)}∞k=1 converging uniformly to an analytic function h(z) in the disk
|z| < (1/a) − 2δ for k → ∞, where ǫk → 0. In addition we obtain h(t) = f(t)
if t ∈ [0, (1/a) − 2δ]. Since δ > 0 can be taken arbitarily small we obtain a
function h(z), analytic on the disk |z| < 1/a, such that h(t) = f(t) for all
t ∈ [0, 1/a[. ⊓⊔

Since there are functions in C0 which cannot be extended to an analytic
function on a disk, 6.4.1 and 6.4.2 imply

Theorem 6.4.3 {tk}∞k=1 is c̄-complete in C0[0, 1] if and only if, for any a >
1, the condition

lim inf
k→∞

ak

ck
= 0

is satisfied.

Theorems 6.4.3 and 2.7.3 imply the stability of the initial degree sequence
in C:

Theorem 6.4.4 If the sequence ǭ = {ǫk}∞k=1 satisfies the condition

lim
k→∞

akǫk = 0 for each a > 1

then the completeness of {tk}∞k=1 is ǭ-stable, i.e. each ḡ = {gk}∞k=1 ⊂ C0[0, 1],
with ||gk − tk||C ≤ ǫk for all k, is complete in C0, too.

Proof. By assumption, for any a > 1 we have limn→∞ 3kakǫk = 0. Put
ck = 3−kǫ−1

k . Then {tk}∞k=1 is c̄-complete and we obtain
∑∞

k=1 ǫkck < 1.
Now 2.7.3 completes the proof. ⊓⊔
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6.5 Coefficient Estimates on [a, b] where a > 0

In comparison with the coefficient estimates for polynomial approximation on
[0, 1] we obtain considerable improvements if we restrict ourselves to closed
intervals which do not contain 0.

Theorem 6.5.1 Let 0 < a < b < 1 and λ > 0. Then, for every ǫ > 0 and
every f ∈ C[a, b], there is a function g of the form

g(t) =

n∑

k=1

αkt−λk, t ∈ [a, b], for some αk and n ,

satisfying
sup

a≤t≤b
|f(t) − g(t)| < ǫ and |αk| ≤ ǫ for all k .

Proof. Let T = {z ∈ C : |z| = 1} and consider K := [a, b] ∪ T as a subset of
C. Define F0 : K → R by

F0(t) = 1
2 (tλ + t−λ) if t ∈ [a, b] ,

F0(z) = 1
2 (z + z̄) if z ∈ T .

Of course, F0 is continuous on K. Consider the equivalence relation ∼ on K
defined by

k1 ∼ k2 if and only if F0(k1) = F0(k2) .

Put X = closed span {F k
0 : k = 0, 1, 2, . . .}. By the Weierstraß-Stone theorem

we obtain that X is equal to C(K/ ∼), the space of all continous functions on
K which identify k1 and k2 in K whenever k1 ∼ k2. Now, let z, w ∈ T. Then
we have

z ∼ w if and only if Re z = Re w if and only if z = w or z = w̄ .

Moreover, for s, t ∈ [a, b], we obtain s ∼ t if and only if s = t. This follows from
the fact that the function x �→ x + x−1 is strictly decreasing on [a, b] (recall,
b < 1). Finally, if t ∈ [a, b], z ∈ T, then F0(t) �= F0(z). Indeed, otherwise we
would have tλ + t−λ = z + z̄ and hence

tλ =
z + z̄

2
±

√(
z + z̄

2

)2

− 1 .

This is impossible since 0 < tλ < 1 but the right-hand side is either ±1 or
non-real.

Now, fix ǫ > 0 and f ∈ C[a, b]. Put δ = min((1−bλ)(3bλ)−1ǫ, 3−1ǫ). Define
F ∈ C(K/ ∼) by
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F (t) = f(t) if t ∈ [a, b] ,

F (z) = 0 if z ∈ T .

Find a function G of the form G=
∑n

k=0 γkF k
0 for some γk with supk∈K |F (k)−

G(k)| < δ. In particular

G(t) =
∑n

k=0 γk( tλ+t−λ

2 )k if t ∈ [a, b] ,

G(z) =
∑n

k=0 γk( z+z̄
2 )k if z ∈ T .

Hence, for suitable αk, βk,

G(t) = α0 +
∑n

k=1(αkt−λk + βktλk) if t ∈ [a, b] ,

G(z) = α0 +
∑n

k=1(αkz̄k + βkzk) if z ∈ T .

Since supz∈T |G(z)| < δ we obtain |αk| < δ, k = 0, 1, . . . , n, and |βk| < δ,
k = 1, 2, . . . , n. In view of supt∈[a,b] |F (t) − G(t)| < δ we conclude

sup
t∈[a,b]

∣∣∣∣∣f(t) −
n∑

k=1

(αkt−λk + βktλk)

∣∣∣∣∣ < 2δ ≤ 2

3
ǫ .

Finally, ∣∣∣∣∣
n∑

k=1

βktλk

∣∣∣∣∣ ≤
bλδ

1 − bλ
≤ ǫ

3
since tλ ≤ bλ .

So,

sup
t∈[a,b]

∣∣∣∣∣f(t) −
n∑

k=1

αkt−λk

∣∣∣∣∣ < ǫ .

⊓⊔

Corollary 6.5.2 (a) Let 1 < c < d, λ > 0 and f ∈ C[c, d]. Then, for every
ǫ > 0, we find a function of the form

g(t) =
n∑

k=1

αktλk, t ∈ [c, d] ,

with
sup

t∈[c,d]

|f(t) − g(t)| < ǫ and |αk| < ǫ, k = 1, 2, . . . , n .

(b) Let 0 < a < b, λ > 0 and f ∈ C[a, b]. Then, for every ǫ > 0, we find a
function of the form

g(t) =
n∑

k=1

αktλk, t ∈ [a, b] ,
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with

sup
t∈[a,b]

|f(t) − g(t)| < ǫ and |αk| <
ǫ

((1 − ǫ)a)λk
, k = 1, 2, . . . , n .

Proof. (a) follows from 6.5.1 by substituting t = s−1 (with a = d−1 and
b = c−1).

(b) follows from (a) by substituting t = a(1 − ǫ)s (with c = (1 − ǫ)−1,
d = ba−1(1 − ǫ)−1). ⊓⊔
Corollary 6.5.3 Let X be a Banach space with a normalized complete system
{ek}∞k=1. Furthermore, assume that 0 < a < b and λ > 0.
(a) Then, for any ǫ > 0,

{(tλk, aλk(1 − ǫ)λkek) : k = 1, 2, . . .}
is a complete system for C[a, b] ⊕ X.
(b) For any ǫ > 0 and any p ∈ [1,∞[,

{(tλk, aλk(1 − ǫ)λkek) : k = 1, 2, . . .}
is a complete system for Lp[a, b] ⊕ X.

Remark. Note that

{(tλk, aλk(1 − ǫ)λkek) : k = 1, 2, . . .}
is always minimal provided that {ek}∞k=1 is minimal in X. If a > 1, then one
can show with similar arguments that even

{(tλk, ǫek) : k = 1, 2, . . .}
is a complete system for C[a, b] ⊕ X and Lp[a, b] ⊕ X, resp. This system is
uniformly minimal if {ek}∞k=1 is uniformly minimal in X.

Proof of the Corollary. Since C[a, b] is dense in Lp[a, b] we only have to
show that, for any f ∈ C[a, b],

(f, 0) ∈ closed span{(tλk, aλk(1 − ǫ)λkek) : k = 1, 2, . . .}
This follows from the fact that, in view of 6.5.2 (b), for any δ > 0, we find

G(t) =

n∑

k=1

αk(tλk, aλk(1 − ǫ)λkek)

with ∣∣∣∣∣f(t) −
n∑

k=1

αktλk

∣∣∣∣∣ < δ, t ∈ [a, b], and |αk| <
δ

(1 − δ)λkaλk
.

So ∥∥∥∥∥
n∑

k=1

αkaλk(1 − ǫ)λkek

∥∥∥∥∥ < δ
( 1−ǫ
1−δ )λ

1 − ( 1−ǫ
1−δ )λ

= δ
(1 − ǫ)λ

(1 − δ)λ − (1 − ǫ)λ
.

This concludes the proof since δ < ǫ can be chosen arbitrarily small. ⊓⊔



7

Classification and Elementary Properties

of Müntz Sequences

Again we consider Λ = {λk}∞k=1 satisfying 0 < λ1 < λ2 < . . . and∑∞
n=1 1/λk < ∞. At first we will be concerned with different classes of Λ

which are distinguished by special properties. Then we study the underly-
ing Müntz polynomials

∑n
k=1 αktλk . In particular we give estimates for the

inclination of the elements tλk as well as of the differences tλk − tλk+1 . One
of the main results of this chapter is Theorem 7.4.4 where we show that Λ
is non-lacunary if and only if M(Λ) is closing. For E we always consider C0

or Lp.

7.1 Different Classes of Λ

We start with

Definition 7.1.1 A sequence Λ satisfying 0 < λ1 < λ2 < . . . (as well as the
corresponding sequence M(Λ) and the Müntz space [M(Λ)]E) will be called
1. standard , if

lim
k→∞

λk+1

λk
= 1 ,

2. rational , if all λk are non-negative rationals,
3. integer, if all λk are non-negative integers,
4. sparse or non-dense , if

∑
k 1/λk < ∞,

5. dense , if
∑

k 1/λk = ∞.

In 6.3.1 we already introduced lacunary and quasilacunary sequences. Now
we extend this notion.

Definition 7.1.2 Λ will be called block lacunary if, for some increasing se-
quence of integers n̄ = {nk}∞k=1 and some β > 1, we have λnk+1/λnk

≥ β,
k = 1, 2, . . .

If Λ is block lacunary with respect to n̄ and β we also speak of a (n̄, β)-block
lacunary sequence. The intervals

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 93–103 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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Ik = {m : m an integer , nk + 1 ≤ m ≤ nk+1}

will be called block intervals.

Recall that, according to 6.3.1, Λ is quasilacunary if it is (n̄, β)-block lacunary
for some β > 1 and we have supk(nk+1 − nk) < ∞. Moreover, Λ is lacunary
if it is (n̄, β)-block lacunary with nk+1 − nk = 1 for all k.

Proposition 7.1.3 The following are equivalent
(i) Λ is quasilacunary
(ii) There are lacunary Λ1, . . . , Λm such that Λ = ∪m

i=1Λi

(iii) For arbitrary β > 1 there is N such that Λ ∩ [βj , βj+1], j = 1, 2, . . ., has
at most N elements
(iv) There is an increasing sequence of integers n̄ = {nk}∞k=1 and some β > 1
such that

λnk+1
/λnk

≥ β, k = 1, 2, . . . , and sup
k

(nk+1 − nk) < ∞ .

Proof. (i) ⇒ (ii) : If we fix exactly one λj in each block we obtain finitely
many lacunary Λi satisfying (ii).
(ii) ⇒ (iii) : Fix an arbitrary β > 1. Since all Λj are lacunary there are
Nj > 0 such that Λj ∩ [βk, βk+1] has at most Nj elements for all k. Put
N = supj=1,...,m Nj .

(iii) ⇒ (iv) : Fix β > 1 and put mk = sup{i : λi ≤ βk}. Then, by (iii),
supk(mk+1 − mk) < ∞. We may assume Λ∩ ]βk, βk+1] �= ∅ for each k, oth-
erwise enlarge Λ. Hence we have mk �= mk+1 and βk ≤ λmk+1, . . . , λmk+1

≤
βk+1. Put nk = m2k. Then supk(nk+1 − nk) < ∞ and

λnk+1

λnk

≥ β2k+1

β2k
= β .

(iv) ⇒ (i) : By assumption we have

nk+1−1∏

j=nk

(
λj+1

λj

)
=

λnk+1

λnk

≥ β

and the numbers of the factors in the preceding products are uniformly
bounded. Therefore we find δ > 1 and, for each k, some index mk such
that nk ≤ mk ≤ nk+1 and λmk+1/λmk

≥ δ. Since supk(nk+1 − nk) < ∞
we also have supk(mk+1 −mk) < ∞. Now, Λ is quasilacunary with respect to
m̄ = {mk}∞k=1 and δ. ⊓⊔

We also note that block lacunary and standard are opposite properties.

Proposition 7.1.4 The following are equivalent
(i) Λ is not block lacunary
(ii) Λ is standard
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Proof. (i) ⇒ (ii) : Otherwise find δ > 0 and indices n1 < n2 < . . . with
λnk+1/λnk

≥ 1 + δ for all k.
(ii) ⇒ (i) is obvious. ⊓⊔
We conclude this section with two more classes of Λ.

Definition 7.1.5 1. Let, for some a > 0a, δ > 0 and s ≥ 1

λk = a + δks, k = 1, 2, . . .

Then we call Λ an s-arithmetic sequence. If s = 1 then Λ is simply called an
arithmetic sequence.
2. Let n̄ = {nk}∞k=1 be an increasing sequence of indices and assume that there
are numbers ak > 0 and δk > 0 with

λj = ak + (j − nk)δk, nk + 1 ≤ j ≤ nk+1, k = 1, 2, . . .

Put ā = {ak}∞k=1 and δ̄ = {δk}∞k=1. Then Λ will be called a (n̄, ā, δ̄)-block
arithmetic sequence.

Of course, an s-arithmetic sequence is non-dense if and only if s > 1.
Virtually nothing is known about the Banach space [M({ks}∞k=1)]C if

s > 1. On the other hand, in 9.3 we will give a complete Banach space
characterization of [M(Λ)]E for E = C and E = Lp, 1 ≤ p < ∞, if Λ is
quasilacunary. (Then [M(Λ)]C ∼ c0 and [M(Λ)]Lp

∼ lp.) Moreover, in 10.2
we show that there is a block lacunary Λ where [M(Λ)]C is not isomorphic
to c0.

Definition 7.1.6 1. Let, for some a > 0 and q > 0, λk = aqk, k = 1, 2, . . .
Then we call Λ a geometric (or (a, q)-geometric) sequence.
2. Let n̄ = {nk}∞k=1 be an increasing sequence of indices and assume that there
are numbers ak > 0 and qk > 0 with

λj = akqj−nk

k , nk + 1 ≤ j ≤ nk+1, k = 1, 2, . . .

Put ā = {ak}∞k=1 and q̄ = {qk}∞k=1. Then Λ will be called a (n̄, ā, q̄)-block
geometric sequence.

7.2 Iterated Differences

For the sequence Λ let dΛ denote the differences dΛ = {λk+1 − λk}∞k=1. Then
go on to define in the same fashion d2(Λ) = d(dΛ), d3(Λ) = d(d2(Λ)) etc. Put
d0(Λ) = Λ.

Definition 7.2.1 The sequence Λ will be called
1. k-regular (or strictly k-regular) if, for some positive integer k, all sequences
dj(Λ), j = 0, 1, . . . , k, consist of non-negative (or strictly positive) numbers,
2. absolutely monotone (or strictly absolutely monotone), if Λ is k-regular
(or strictly k-regular) for all positive integers k.



96 7 Classification and Elementary Properties of Müntz Sequences

For example, the sequence Λ = {qk}∞k=1 is strictly absolutely monotone for
any q > 1. It will turn out that strictly absolutely monotone sequences are
always block lacunary but not necessarily lacunary.

Proposition 7.2.2 Let Λ be a strictly absolutely monotone sequence of inte-
gers. Then we have λk ≥ 2k−1 for all k. Moreover, Λ is block-lacunary.

Proof. Let Λ = {λk}∞k=1 be a strictly absolutely monotone sequence of in-
tegers. Define a1,k = λk, k = 1, 2, . . . and, by induction, am,k = am−1,k −
am−1,k−1, k = m,m+1, . . .. Then all am,k are positive integers. In particular,
am,m ≥ 1 for all m. Induction on k − m yields am,k ≥ 2k−m for all k and m.

Assume that Λ is not block lacunary. Then, according to 7.1.4, Λ is stan-
dard and we have limm→∞ λm+1/λm = 1. Fix ǫ ∈ ]0, 1[ and find m0 such that
λm+1/λm ≤ 1 + ǫ for all m ≥ m0. With the first part of Proposition 7.2.2 we
obtain

2m−1 ≤ λm ≤ (1 + ǫ)m−m0λm0

for all m ≥ m0 and hence

1 ≤ lim
m→∞

(
1 + ǫ

2

)m−m0
(

1

2

)m0−1

λm0
= 0 ,

a contradiction. ⊓⊔

Proposition 7.2.3 There exists a strictly absolutely monotone non-lacunary
sequence Λ of integers.

Proof. At first we observe that, if {αk}∞k=1 is strictly absolutely monotone
and {βk}∞k=1 is absolutely monotone then {αk + βk}∞k=1 is strictly absolutely
monotone. This is a straightforward consequence of the definitions.

Now we use induction to introduce strictly absolutely monotone sequences
{am,j}∞j=1, m = 1, 2, . . ., and indices j1 = 1 < j2 < . . .. Put a1,j = 2j and
j1 = 1.

If we have already {am,j}∞j=1 and jm for some m then let jm+1 > jm be
such that

jm+1 − jm

jm+1 − 1 − jm
≤ 1 +

1

2(m + 1)
.

Let b be a positive integer with am,jm+1
/b ≤ 2−1(m + 1)−1. Put

am+1,j =

{
am,j , j ≤ jm

am,j + b(j − jm), j > jm
.

Since 0, . . . , 0︸ ︷︷ ︸
jm times

, b, 2b, 3b, . . . is absolutely monotone, {am+1,j}∞j=1 is strictly ab-

solutely monotone and we obtain

am+1,jm+1

am+1,jm+1−1
≤ 1 +

1

m + 1
.
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Finally, put λj = am,j if jm−1 < j ≤ jm. It follows from the construction that
Λ = {λj}∞j=1 is a strictly absolutely monotone sequence of integers and we
have

lim
m→∞

λjm

λjm−1
= lim

m→∞

am,jm

am,jm−1
= 1 .

Hence Λ is not lacunary. ⊓⊔

7.3 Elementary Properties of Müntz Sequences
and Polynomials

Now we focus on M(Λ) instead of Λ. We want to discuss elementary properties
of M(Λ) where Λ satisfies some of the preceding conditions. We start with a
technical lemma.

Lemma 7.3.1 Let g(t) = tλ − tµ, where 0 < λ < µ, and put ρ = µ/λ. Then
we obtain

||g||C = ν(ρ) ·
(

1 − 1

ρ

)
with ν(ρ) = ρ

1
1−ρ .

ν(ρ) is a strictly increasing function on ]1,∞[ satisfying 1/e < ν(ρ) < 1
and limρ→1 ν(ρ) = 1/e. Moreover, t0 := (λ/µ)1/(µ−λ) is the unique maximum
point of |g(t)|.

Proof. It follows from simple calculus that g attains its unique maximum at
t0 and that ||g||C = ν(ρ)(1 − 1/ρ). We have

d log ν

dρ
=

1/ρ − 1 + log ρ

(1 − ρ)2

and
d(1/ρ − 1 + log ρ)

dρ
=

1

ρ

(
1 − 1

ρ

)
> 0 for ρ > 1 .

Since 1/ρ − 1 + log ρ = 0 if ρ = 1 we obtain d log ν
dρ > 0 and hence log ν and ν

are strictly increasing. ⊓⊔

Lemma 7.3.1 has a number of consequences. At first we note

Proposition 7.3.2 The Müntz sequences {tλk}N
k=1 and {tµk}N

k=1 are isomet-
rically equivalent in C[0, 1] if and only if

λj+1

λj
=

µj+1

µj
for j = 1, 2, . . . , N − 1 .

Proof. The sufficiency of the condition for isometric equivalence follows easily
by substituting τ = tλ1 and τ = tµ1 .

For the necessity assume that ||tλ1 − tλj ||C = ||tµ1 − tµj ||C . With Lemma
7.3.1 we conclude λj/λ1 = µj/µ1. ⊓⊔
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As a direct consequence of 2.7.2 we have

Proposition 7.3.3 Let E be either Lp, for 1 ≤ p < ∞, or C. Then span
{tλk}n

k=1 ⊂ E is a continuous function of (λ1, . . . , λn) with respect to (the
logarithm of) the Banach-Mazur distance and the ball opening Θ of subspaces
in E.

Using the last two propositions we obtain

Proposition 7.3.4 Let Λ be a (a, q)-geometric sequence with q > 1. Then

(a) {tλk}∞k=1 is isometrically equivalent in C to {tλk}∞k=l for all l = 1, 2, . . ..,
(b) If Λ is finite, i.e. if Λ = {aq, aq2, . . . , aqn} for some n, then Ma,q =
[M(Λ)]C is a continuous function of the parameters a and q with respect to
the ball opening Θ as metric. Furthermore, for some ǫ > 0 we find a Lipschitz
constant c(q, ǫ) with

Θ(Ma,q,Ma,τ ) ≤ c(q, ǫ) · |q − τ |, τ ∈ [q − ǫ, q + ǫ] .

We finish this section with an estimate of the values of a Müntz polynomial
which has only two summands.

Lemma 7.3.5 There is a constant κ > 0 satisfying the following: Let 0 <
λ < µ and g(t) = tλ − tµ. Then, for any t ∈ [0, 1], we have

|g(t)| ≤ κtλ/2||g||C .

Proof. Put ρ = λ/µ. Then, according to 7.3.1, we obtain

||g||C = ρ
ρ

1−ρ (1 − ρ) .

Put f(t) = tλ/2 − tµ−λ/2. Then, with the preceding ρ, 7.3.1 implies

||f ||C =

(
ρ

2 − ρ

) ρ
2(1−ρ) 2 − 2ρ

2 − ρ
.

Put

τ(s) =

(
1

s(2 − s)

) s
2(1−s) 2 − 2s

2 − s
, s ∈ ]0, 1[ .

Then τ is continuous and we have

lim
s→0

τ(s) = 1 and lim
s→1

τ(s) = lim
x→∞

τ

(
x

1 + x

)
= 0 .

Hence there is a constant κ > 0 with τ(s) ≤ κ for all s ∈ ]0, 1[. We obtain, for
any t ∈ [0, 1],
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|g(t)| ≤ tλ/2||f ||C = tλ/2 ||f ||C
||g||C

||g||C

= tλ/2τ(ρ)||g||C
≤ κtλ/2||g||C

⊓⊔

Now we turn to general Müntz polynomials with two summands.

Proposition 7.3.6 Let p(t) = atλ + btµ with 0 < λ < µ. Then for any
t ∈ [0, 1] we have

|p(t)| ≤ (2κ + 1)tλ/2||p||C .

where κ is the constant of Lemma 7.3.5.

Proof. Assume ||p||C = 1. We have

p(t) = atλ + btµ = a(tλ − tµ) + (a + b)tµ .

Hence p(1) = a+b and |a+b| ≤ ||p||C = 1. Put g(t) = tλ−tµ. Then we obtain
|a| · ||g||C = ||a(tλ − tµ)||C ≤ 2. Using 7.3.5 we see that, for any t ∈ [0, 1],

|p(t)| ≤ κtλ/2|a| · ||g||C + tµ ≤ (2κ + 1)tλ/2 .

⊓⊔

Compare Proposition 7.3.6 with Corollary 6.1.3. There the constant depends
on the given exponents λj while here κ is independent of λ and µ.

If t in the preceding proposition is small then |p(t)| is small. In particular
we obtain a lower estimate for

min{t0 ∈ [0, 1] : |p(t0)| = ||p||C}

In the next chapter we extend Proposition 7.3.6 to general Müntz polynomials.

7.4 Differences of Müntz Sequences

Lemma 7.3.1 implies that the elements of a Müntz sequence M(Λ) have, in
general, “bad” mutual disposition. As we have noted already, even if Λ has
“large gaps”, i.e. if

∑∞
k=1 1/λk < ∞, in general M(Λ) is not a basis or uni-

formly minimal. (Lateron in 9.2 we shall see that M(Λ) is a basis if and only
if Λ is lacunary. This is also equivalent to the condition that Λ is uniformly
minimal or separated.) For standard Λ the normalized elements of M(Λ) are
even closing (see 7.4.4, for the definition of closing see 2.2.1).

The situation does not improve if we go over to the sequence of differ-
ences. Again, we obtain a closing sequence in general. However, the geometry
of differences of a Müntz sequence helps to understand more complicated phe-
nomena such as the geometry of octants which we discuss in 7.5
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Lemma 7.4.1 Consider µ > λ > 0 and τ > 0 such that

2µ ≤ λ + τ and τλ ≤ µ2 .

Then for the functions g1(t) = tλ − tµ, g2(t) = tµ − tτ and ∆(t) = g1(t) −
g2(t) = tλ − 2tµ + tτ we have ||∆||C ≤ 5e2||g1||2C .

Proof. By substituting tλ = s we can assume that λ = 1 and hence µ ≥ 1. So
we deal with g1(t) = t − tµ, g2(t) = tµ − tτ where 2µ − 1 ≤ τ ≤ µ2. Consider
two cases.

1. τ = 2µ − 1. Here, τ − 1 = 2(µ − 1) = 2α with α = µ − 1. Moreover,

∆(t) = t − 2tµ + t2µ−1 = t(1 − tα)2 ,

∆′(t) = 1 − 2µtα + (2µ − 1)t2α and µ2 − (2µ − 1) = α2 .

So we have a unique point t0 of maximum for ∆ with tα0 = 1/(2µ− 1). Thus,

||∆||C = (2µ − 1)−1/α

(
1 − 1

2µ − 1

)2

≤
(

2(µ − 1)

2µ − 1

)2

≤
(

2(µ − 1)

µ

)2

.

By Lemma 7.3.1, ||g1||C ≥ e−1(1−1/µ), so ||∆||C ≤ (2(1−1/µ))2 ≤ 4e2||g1||2C .
2. τ > 2µ − 1. Since τ ≤ µ2 we have

||t2µ−1 − tτ || ≤ 1 − 2µ − 1

τ
≤ 1 − 2µ − 1

µ2
=

(
1 − 1

µ

)2

≤ e2||g1||2C .

Now, using the previous case and triangle inequality we finish the proof of
7.4.1 ⊓⊔

As a consequence of Lemma 7.4.1 we obtain estimates for the inclination of
the elements of M(Λ) and their differences with respect to the sup-norm.

Theorem 7.4.2 Let Λ = {λk}∞k=1 and put ek = tλk , gk = ek+1 − ek,
k = 1, 2, . . .. Then we have, with respect to the sup-norm || · ||C ,

(a) ( ̂ek, ek+1) ∼ 1 − λk/λk+1 as k → ∞. In particular, if Λ is a standard
sequence, then M(Λ) is closing.

(b) ( ̂gk, gk+1) ≤ 10e2( ̂ek, ek+1) provided that

2λk+1 ≤ λk + λk+2 and λkλk+2 ≤ λ2
k+1 .

If the latter conditions hold for all k and Λ is standard then {gk}∞k=1 is closing,
too.

Proof. (a) is a direct consequence of Lemma 7.3.1. To prove (b) fix k. Then
we have
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( ̂gk, gk+1) ≤
||gk − gk+1||C

||gk||C
=

||∆||C
||gk||C

≤ 5e2||gk||C

and, with the notion of angle (see 1.2),

||gk||C = ||ek+1 − ek||C = ϕ(ek, ek+1) ≤ 2( ̂ek, ek+1) .

This finishes part (b) of the theorem. ⊓⊔
For example Λ = {k2}∞k=1 satisfies the assumptions of Theorem 7.4.2 (b).

Now we turn to the Lp-case for 1 ≤ p < ∞. Recall that

||tλ||Lp
= (λp + 1)−1/p .

Lemma 7.4.3 For 0 < λ < µ we obtain

1

2

(
λ

2pµ

) pλ/µ+1/µ

p2(1−λ/µ)

≤ ||(λp + 1)1/ptλ − (µp + 1)1/ptµ||Lp

≤ 1 −
(

λ

µ

)1/p

+ p1/p

(
1 − λ

µ

)1/p

.

Proof. We have, with a = (λp + 1)1/p and b = (µp + 1)1/p,

||btµ − atλ||Lp
≤ (b − a)||tµ||Lp

+ a||tλ − tµ||Lp

≤
(
1 − a

b

)
+ a

(∫ 1

0

(tλ − tµ)dt

)1/p

≤ 1 − a

b
+ a

(
1

λ + 1
− 1

µ + 1

)1/p

≤ 1 −
(

λ

µ

)1/p

+

(
λp + 1

λ + 1

)1/p (
1 − λ

µ

)1/p

≤ 1 −
(

λ

µ

)1/p

+ p1/p

(
1 − λ

µ

)1/p

.

Here we used |tλ − tµ|p ≤ (tλ − tµ) and (λc+1)/(µc+1) ≥ λ/µ for any c > 0.
Put t0 = (a/(2b))1/(µ−λ). Then atλ − btµ ≥ atλ/2 if 0 ≤ t ≤ t0. This

implies

||btµ − atλ||Lp
≥ a

2

(∫ t0

0

tλpdt

)1/p

=
1

2
t
λ+1/p
0

=
1

2

(
λp + 1

2p(µp + 1)

) 1+λp

p2(µ−λ)

≥ 1

2

(
λ

2pµ

) pλ/µ+1/µ

p2(1−λ/µ)

. ⊓⊔
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We obtain, using

̂(x, y) ≤ ||x − y|| ≤ 2 ̂(x, y) if ||x|| = 1 and ||y|| = 1 ,

Theorem 7.4.4 The following are equivalent
(i) Λ = {λk}∞k=1 is standard
(ii) Λ is not block-lacunary
(iii) M(Λ) is closing in C[0, 1]
(iv) M(Λ) is closing in Lp if 1 ≤ p < ∞

Proof. (i) ⇔ (ii) follows from 7.1.2, (i) ⇔ (iii) follows from 7.4.2 (a) and
7.3.1. (i) ⇔ (iv) follows from 7.4.3. Note, if

1

2

(
λk

2pλk+1

)λk/λk+1+1/(pλk+1)

p(1−λk/λk+1)

tends to 0, then limk→∞ λk/λk+1 = 1. ⊓⊔

7.5 The Inclination of Positive Octants
of Müntz Sequences

The results of the preceding section allow us to get estimates of the inclinations
of the positive octants for any Müntz sequence.

For any sequence ē = {ek}∞k=1 in a Banach space and integers n, m with
m ≤ n define the positive (m,n)-octant as

Ωm,n(ē) =

{
n∑

k=m

αkek : αk ≥ 0, k = m, . . . , n

}
,

and positive normed (m,n)-octant as

Ω̃m,n(ē) =

{
x : x =

n∑

k=m

αkek, αk ≥ 0, k = m, . . . , n, ||x|| ≤ 1

}
.

Now we consider again an increasing sequence {λk}∞k=1 of positive real num-
bers and put ek = tλk . The error of approximation of Müntz polynomials with
positive coefficients can be estimated by the following theorem.

Theorem 7.5.1 For all integers n and m with 0 ≤ m < n we have, with
respect to the sup-norm on [0, 1],

(a) ( ̂Ω̃1,m, Ω̃m+1,n) = ||tλm − tλm+1 ||C
(b)

1

2
||tλm − tλm+1 ||C ≤ ( ̂Ω1,m, Ωm+1,n) ≤ ||tλm − tλm+1 ||C
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Hence

( ̂Ω1,m, Ωm+1,n) ∼ 1 − λm

λm+1
and ( ̂Ω̃1,m, Ω̃m+1,n) ∼ 1 − λm

λm+1
as m → ∞

Proof. (a): Put a = ( ̂Ω̃1,m, Ω̃m+1,n). Take polynomials p(t) =
∑m

k=1 αktλk

and q(t) =
∑n

k=m+1 βktλk with

αk ≥ 0, βk ≥ 0 for all k, ||p||C =

m∑

k=1

αk = 1, ( ̂Ω̃1,m, Ω̃m+1,n) = ||p − q||C

and ||q||C ≤ 1. Hence
∑n

k=m+1 βk ≤ 1. We obtain

||tλm − tλm+1 ||C ≥ a ≥ p(t) − q(t) ≥ tλm −
n∑

k=m+1

βktλm+1 ≥ tλm − tλm+1 ≥ 0

for all t ∈ [0, 1]. This implies a = ||tλm − tλm+1 ||C .

(b): Let a be as in (a) and put b = ( ̂Ω1,m, Ωm+1,n). Take polynomials p ∈ Ω1,m

and q ∈ Ωm+1,n such that ||p||C = 1 and b = ||p − q||C . Then we have
||q||C ≤ b + 1. Hence

b ≥
∥∥∥∥p − q

||q||C

∥∥∥∥
C

− ||q||C + 1 ≥ a − b

and we obtain a/2 ≤ b. The right-hand inequality of (b) follows directly from
the definitions.

The last assertion of Theorem 7.5.1 is a consequence of 7.4.2. ⊓⊔

We also obtain the straightforward.

Proposition 7.5.2 Let E = C or E = Lp, 1 ≤ p < ∞. Then for any Müntz
sequence M(Λ) and any Müntz polynomial p(t) =

∑
k αktλk we have

||p||E ≤
∥∥∥∥∥
∑

k

|αk|tλk

∥∥∥∥∥
E

.
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More on the Geometry of Müntz Sequences

and Müntz Polynomials

In this chapter we continue the analysis of Müntz polynomials f(t) =∑n
k=1 αktλk where 0 < λ1 < λ2 < . . .. Here we focus on three deep theo-

rems. At first we give lower estimates for the maximum points of |f(t)| in
[0, 1]. In this context we also compare the sup-norm of the function f(t)t−λ1/2

with the sup-norm of f . In the following section we consider the derivative
f ′ of f and give estimates for ||tf ′(t)||C and ||f ′||C with the help of the sup-
norm of f . Finally, we study the behaviour of a Müntz polynomial on a subset
Ω ⊂ [0, 1]. This leads to versions of the Müntz theorem over Ω.

8.1 Lorentz-Saff-Varga-Type Theorems

Let 0 < λ1 < . . . < λm. Then a Müntz polynomial of the form f(t) =∑m
k=1 αktλk will be close to zero if t is close to zero. Hence the maximum

points of |f(t)| must lie somewhere in the right-hand part of [0, 1]. We want
to find concrete lower bounds for these points.

At first, it is helpful to consider a general (semi-)normed space E contain-
ing the continuous functions such that the operators Tρ with (Tρf)(t) = f(ρt),
t ∈ [0, 1], are bounded for 0 ≤ ρ ≤ 1 and we have sup0≤ρ≤1 ||Tρ|| < ∞. Then
we show

Lemma 8.1.1 Any Müntz polynomial f(t) =
∑m

k=1 αktλk satisfies

||Tρf ||E ≤ 2

(
m∑

k=1

ρλkβk

)
sup

0≤η≤1
||Tηf ||E for any ρ ∈ [0, 1]

and any βk ≥ 0 with
∑m

k=1 βk = 1.

Proof. We use induction on m. The case m = 1 is clear. Then assume that
Lemma 8.1.1 holds for some m.

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 105–116 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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Finally, consider f(t) =
∑m+1

k=1 αktλk . At first we prove the assertion the
sup-norm on [0, 1]. Put G = span{tλm+1},

β̃k =
βk∑m

j=1 βj
, k = 1, . . . , m, and α =

m∑

j=1

βj .

Then we have 1 − α = βm+1. Now fix ρ ∈ [0, 1] and let g ∈ G be such that

||Tραf + g||C = inf
g̃∈G

||Tραf + g̃||C .

We clearly have ||g||C ≤ 2||f ||C . Using the induction hypothesis for E = C/G
we obtain, for any t ∈ [0, ρ],

|f(ρ)| ≤ |Tραf(ρ1−α) + g(ρ1−α)| + |g(ρ1−α)|
≤ inf

g̃∈G
||Tραf + g̃||C + 2||f ||Cρλm+1(1−α)

= ||Tραf + G||C/G + 2||f ||Cρλm+1(1−α)

≤ 2

m∑

k=1

ρλkβ̃kα||f + G||C/G + 2||f ||Cρλm+1(1−α)

≤ 2

m+1∑

k=1

ρλkβk ||f ||C

Hence |f(t)| ≤ 2
(∑m+1

k=1 ρλkβk

)
||f ||C for 0 ≤ t ≤ ρ.

Now let || · ||E be a general (semi-)norm. Fix Φ ∈ E∗ of norm one and
consider

h(ρ) := Φ(Tρf) =

m+1∑

k=1

αkρλkΦ(tλk).

We obtain, by what we just have proved already,

|Φ(Tρf)| = |h(ρ)| ≤ 2

m+1∑

k=1

ρλkβk sup
0≤η≤1

|Φ(Tηf)| .

Taking the sup over all such Φ on both ends yields

||Tρf ||E ≤ 2
m+1∑

k=1

ρλkβk sup
0≤η≤1

||Tηf ||E

which finishes the induction. ⊓⊔

Now we turn to the sup-norm || · ||C on [0, 1]. Reformulating 8.1.1 we obtain
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Corollary 8.1.2 Any Müntz polynomial f(t) =
∑m

k=1 αktλk satisfies

|f(t)| ≤ 2

(
m∑

k=1

tλkβk

)
||f ||C for any t ∈ [0, 1]

and any βk ≥ 0 with
∑m

k=1 βk = 1.

For m = 2 and β1 = β2 = 1/2 we recover the estimate of Proposition 7.3.6.
Now we introduce the notion of Lorentz point.

Definition 8.1.3 Let f ∈ C[0, 1]. The set {t : ||f ||C = |f(t)|} is called the
Chebychev set of f and is denoted by Ch(f).

The smallest element of Ch(f) is called Lorentz point and is denoted by
tL(f). Hence

tL(f) = minCh(f) = min{t : |f(t)| = ||f ||C} .

For general Müntz polynomials we have the following theorem.

Theorem 8.1.4 Let 0 < λ1 < . . . < λm and put f(t) =
∑m

k=1 αktλk . Then

tL(f) ≥ max

((
1

2m

)∑m

k=1
1/λk

,

(
1

3

)∑m

k=1
k/λk

)

Proof. Apply 8.1.2 with βk = (λk

∑m
j=1 1/λj)

−1. This yields

|f(t)| ≤ 2mt
1/

∑m

j=1
1/λj ||f ||C

and hence |f(t)| < ||f ||C whenever t < (2m)
−
∑m

j=1
1/λj .

If we take βk = k(λk

∑m
j=1 j/λj)

−1 then 8.1.2 shows that

|f(t)| ≤
(

m∑

k=1

t
k/

∑m

j=1
j/λj

)
||f ||C .

Hence, for t ≤ 3−
∑m

k=1
k/λk we obtain

|f(t)| ≤ 2

(
m∑

k=1

1

3k

)
||f ||C < ||f ||C .

Combining the two cases proves the theorem. ⊓⊔

Observe that, for fixed m, the lower bound of tL(f) in 8.1.4 tends to 1 if λ1

tends to ∞. For simultaneously large λ1 and m the lower bound in Theorem
8.1.4 is not optimal. In [127] Saff and Varga showed

tL(f) ≥
(

λ1

λ1 + m

)2
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provided that the λk are integers. This is an extension of a result of Lorentz
who proved the same estimate for polynomials of the form

∑n+m
k=n αktk [85].

The proofs for this estimate are more complicated than our proofs of 8.1.1 and
8.1.4. The preceding Theorem 8.1.4 suffices for our applications in Chap. 9.

Corollary 8.1.5 Let f(t) =
∑m

k=1 αktλk and g(t) = t−λ1/2f(t). The we have
(a) ||g||C ≤ d||f ||C
(b) |f(t)| ≤ tλ1/2d||f ||C for any t ∈ [0, 1]

where
d = min

(
(2m)

∑m

k=1
λ1/(2λk−λ1), 3

∑m

k=1
kλ1/(2λk−λ1)

)

Proof. 8.1.4 applied to g yields tL(g) ≥ d−2/λ1 . Since g = t−λ1/2f this implies
||g||C ≤ d||f ||C . Hence |f(t)| = tλ1/2|g(t)| ≤ tλ1/2d||f ||C . ⊓⊔

More generally, we also consider α-Lorentz points.

Definition 8.1.6 For α ∈ [0, 1] and f ∈ C[0, 1] we define the α-Lorentz point
by

tL,α(f) = min{t ∈ [0, 1] : |f(t)| ≥ α||f ||C} .

Then Corollary 8.1.2 implies

Corollary 8.1.7 Let 0 < λ1 < . . . < λm and 0 ≤ α ≤ 1. Then, for f(t) =∑m
k=1 αktλk , we have

tL,α(f) ≥ max

(( α

2m

)∑m

k=1
1/λk

,

(
α

2 + α

)∑m

k=1
k/λk

)

Proof. Again, apply 8.1.2 with βk = (λk

∑m
j=1 1/λj)

−1 and then with βk =

k(λk

∑m
j=1 j/λj)

−1. ⊓⊔

8.2 The Newman Inequality

Here we want to estimate ||f ′||C for a Müntz polynomial f . We start with an
estimate of ||tf ′(t)||C .

Theorem 8.2.1 Let 0 ≤ λ1 < λ2 < . . . < λn. Then any Müntz polynomial
f ∈ span {tλk}n

k=1 satisfies

||tf ′(t)||C ≤ 9

(
n∑

k=1

λk

)
||f ||C



8.2 The Newman Inequality 109

Proof. (See [12]). Without loss of generality we can assume that
∑n

k=1 λk = 1.

(Otherwise go over to f(t1/
∑n

k=1
λk).)

Let τ : [0,∞[→]0, 1] be defined by τ(s) = e−s. Instead of taking f(t) =∑n
k=1 αktλk , t ∈ [0, 1], we consider g(s) = (f ◦ τ)(s) =

∑n
k=1 αke−λks, s ∈

[0,∞[. Let || · || be the sup-norm over [0,∞[. Then we prove

||g′|| ≤ 9||g|| (8.1)

(8.1) yields Proposition 8.2.1 since g′(τ−1(t) ) = −tf ′(t), t ∈ ]0, 1].
At first we use complex analysis to prove a number of claims. Define

B(z) =
n∏

j=1

z − λj

z + λj
and U(s) =

1

2πi

∫

Γ

z2e−sz

(1 − z)B(z)
dz

where Γ = {z ∈ C : |z − 1| = 1}. We claim

|B(z)| ≥ 1

3
for all z ∈ Γ . (8.2)

Indeed, for z ∈ Γ the function |(z − λj)/(z + λj)| attains its minimum at
z = 2. Since 0 ≤ λj ≤ 1 this implies

∣∣∣∣
z − λj

z + λj

∣∣∣∣ ≥
2 − λj

2 + λj
=

1 − λj/2

1 + λj/2
.

Next we use the inequality

(
1 − x

1 + x

)(
1 − y

1 + y

)
=

1 − (x + y)

1 + (x + y)
+

2xy(x + y)

(1 + x)(1 + y)(1 + x + y)

≥ 1 − (x + y)

1 + (x + y)

for all x, y ≥ 0.
For z ∈ Γ we obtain

|B(z)| ≥
n∏

j=1

1 − λj/2

1 + λj/2

≥
1 − 2−1

∑n
j=1 λj

1 + 2−1
∑n

j=1 λj
=

1 − 1/2

1 + 1/2
=

1

3

Moreover we show ∫ ∞

0

|U(s)|ds ≤ 6 (8.3)

Indeed, for z = 1 + eiθ we have |z|2 = 2 + 2 cos θ. Hence (8.2) and Fubini’s
theorem imply
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∫ ∞

0

|U(s)|ds =

∫ ∞

0

1

2π

∣∣∣∣
∫

Γ

z2e−sz

(1 − z)B(z)
dz

∣∣∣∣ ds

≤ 3

2π

∫ ∞

0

∫ 2π

0

(2 + 2 cos θ)e(−1−cos θ)sdθds

=
3

2π

∫ 2π

0

2 + 2 cos θ

1 + cos θ
dθ = 6

Finally, we claim ∫ ∞

0

e−λjsU(s)ds = λj − 3 (8.4)

Indeed, Fubini’s theorem yields

∫ ∞

0

e−λjsU(s)ds =

∫ ∞

0

e−λjs 1

2πi

∫

Γ

z2e−sz

(1 − z)B(z)
dzds

=
1

2πi

∫ ∞

0

∫

Γ

z2e−(z+λj)s

(1 − z)B(z)
dzds

=
1

2πi

∫

Γ

z2

(z + λj)(1 − z)B(z)
dz

=
1

2πi

∫

|z|=2

(
z

z + λj

)(
z

1 − z

)(
1

B(z)

)
dz

Observe that the preceding integrand has only poles at 1 and, by definition
of B(z), at λk for k �= j. (This is the reason why we introduced B(z).) All
singularities lie in the interior of Γ . This explains the validity of the last
equation.

To evaluate this integral we use the residue theorem. We have the following
Laurent series expansions for |z| > 1:

z

z + λj
= 1 − λj

z
+

λ2
j

z2
+ . . .

z

1 − z
= −1 − 1

z
− 1

z2
− . . .

and

1

B(z)
=

n∏

k=1

1 + λk/z

1 − λk/z
=

n∏

k=1

(
1 + 2

∞∑

l=1

(
λk

z

)l
)

= 1 + 2

(
n∑

k=1

λk

)
/z + 2

(
n∑

k=1

λk

)2

/z2 + . . .

= 1 +
2

z
+

2

z2
+ . . .
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Hence (
z

z + λj

)(
z

1 − z

)(
1

B(z)

)
= −1 +

λj − 3

z
+ . . .

Since the value of the integral equals the coefficient of 1/z in the Laurent
series expansion of the integrand we obtain (8.4). To prove the proposition
consider g(s) =

∑n
k=1 αke−λks. We have, for any a > 0,

∫ ∞

0

g(s + a)U(s)ds =

∫ ∞

0

n∑

k=1

αke−λkse−aλkU(s)ds

=

n∑

k=1

αke−λka

∫ ∞

0

e−λksU(s)ds

=

n∑

k=1

αk(λk − 3)e−λka

= −g′(a) − 3g(a)

With (8.5) this implies

|g′(a)| ≤ 3|g(a)| + |
∫ ∞

0

g(s + a)U(s)ds| ≤ 3||g|| + 6||g|| .

Hence ||g′|| ≤ 9||g||. ⊓⊔
In Müntz spaces we obtain better estimates. We prove

Proposition 8.2.2 Let 1 ≤ λ1 < λ2 < . . . such that
∑∞

k=1 1/λk < ∞. Then
there is a constant K > 0 with

||f ′||C ≤ K

(
n∑

k=m

λk

)
||f ||C

whenever f(t) =
∑n

k=m αktλk (for any m and n).

Proof. Since
∑∞

k=1 1/λk < ∞ we can apply Corollary 6.1.3 to g(t) = tf ′(t).
Therefore we obtain a constant d with |g(t)| ≤ dtλ1 ||g||C for all t. Hence
|f ′(t)| ≤ dtλ1−1||g||C . Now Theorem 8.2.1 yields

|f ′(t)| ≤ 9d

(
n∑

k=m

λk

)
||f ||C . ⊓⊔

A version of 8.2.2 remains true if we drop the assumption
∑∞

k=1 1/λk < ∞.
In [12] a proof is outlined for the estimate

||f ′||C ≤ 18

(
n∑

k=1

λk

)
||f ||C

whenever f(t) =
∑n

k=1 αktλk , 1 ≤ λ1 < . . . < λn and infk(λk+1 − λk) ≥ 1.
We note some consequences of Theorem 8.2.2
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Proposition 8.2.3 With the assumptions of Proposition 8.2.2 we have

||f ||C ≤ K1/p

(
1 +

n∑

k=m

λk

)1/p

n2||f ||Lp

if 1 ≤ p < ∞.

Proof. At first, assume that p = 2l for some integer l. Then fp is a Müntz

polynomial with n2l

summands. We obtain, for any x ∈ [0, 1],

∫ 1

0

|f(t)|pdt ≥ |
∫ x

0

fp(t)dt| = |f̃(x)| ,

where f̃ is a Müntz polynomial with f̃ ′ = fp. The Newman inequality, applied
to f̃ , yields

||f ||pC = ||f̃ ′||C ≤ K
∑

j1,...,j
2l

(λj1 + . . . + λj
2l

+ 1)||f̃ ||C

≤ Kn2l


1 +

n∑

j=m

λj




∫ 1

0

|f(t)|pdt.

If p is arbitrary let l be such that 2l ≤ p ≤ 2l+1. Assume without loss of
generality ||f ||C = 1. Then

||f ||Lp
≤ ||f ||L

2l+1
≤ 1 and |f(t)|2l+1 ≤ |f(t)|p ≤ 1

We obtain, by what we have proved already,

1 = ||f ||pC ≤ Kn2l+1


1 +

n∑

j=m

λj




∫ 1

0

|f(t)|2l+1

dt

≤ Kn2p


1 +

n∑

j=m

λj




∫ 1

0

|f(t)|pdt

Thus

||f ||C = 1 ≤ K1/pn2


1 +

n∑

j=m

λj




1/p (∫ 1

0

|f(t)|pdt

)1/p

.

⊓⊔

We conclude this section with a corollary which we will apply in 9.3.
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Corollary 8.2.4 With the assumptions of Proposition 8.2.2 we have, if 1 ≤
p < ∞,

(
1

ρ

∫ ρ

0

|f(s)|pds

)1/p

= ||Tρf ||Lp

≤ ρλm/2

(
2 + 2

∑n
j=m λj

λmp + 2

)1/p

K1/p(2n + 2 − 2m)2n+2−2m||f ||Lp

Proof. Consider g with g(t)tλm/2(pλm/2 + 1)1/p = f(t). Corollary 8.1.5 (a)
implies

||g||C ≤ (2n + 2 − 2m)2n+2−2m

(pλm/2 + 1)1/p
||f ||C .

Hence, by Proposition 8.2.3, with substitution s = ρt,

(
1

ρ

∫ ρ

0

|f(s)|pds

)1/p

= ||Tρf ||Lp

≤ ||g||C
(

1

ρ

∫ ρ

0

(
λm

p

2
+ 1

)
sλmp/2ds

)1/p

= ρλm/2||g||C

≤ ρλm/2K1/p(2n + 2 − 2m)2n+2−2m

(
1 +

∑n
j=m λj

λmp/2 + 1

)1/p

||f ||Lp

⊓⊔

8.3 A Bernstein-Type Inequality in C

Here we discuss a somewhat different estimate for ||f ′||C where f is a Müntz
polynomial. Now we assume that Λ is lacunary.

Theorem 8.3.1 (See [12, 54, 59]) If Λ = {λk}∞k=0 is lacunary with λ0 = 0
then there exists a constant c = c(Λ) such that, for any f ∈ span M(Λ), we
have

|f ′(t)| ≤ c

1 − t
||f ||C for all t ∈ [0, 1[ .

Proof. Let f ∈ span M(Λ), ||f ||C = 1, be such that

f(t) = a0 +
∑

j≥1

ajt
λj .

By 6.3.2 M(Λ) is a uniformly minimal system. So, by 2.2.2, there is a constant
c1 > 0, independent of f , such that, for all j, |aj | ≤ c1. Let [λ] be the largest
integer smaller than or equal to λ. Then we have
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[λj+1 − 1] − [λj − 1] + 1 ≥ λj+1 − λj ≥
(

1 − 1

q

)
λj+1

where q = infk≥1 λk+1/λk > 1. Hence

λj+1t
λj+1−1 ≤ λj+1t

[λj+1−1] ≤ q

q − 1
(t[λj−1] + t[λj−1]+1 + . . . + t[λj+1−1]) .

We conclude, with c2 = c1q/(q − 1),

|f ′(t)| ≤ |
∑

j

ajλjt
λj−1|

≤
∑

j

|aj |λjt
λj−1

≤ c1

∑

j

λjt
λj−1

≤ c2

∞∑

j=0

tj =
c2

1 − t

⊓⊔

8.4 Some Applications of the Clarkson-Erdös Theorem

To conclude this chapter we study the behaviour of a Müntz polynomial on
a given subset of [0, 1]. To this end, let Ω ⊂ [0, 1] be compact and let E be
one of the spaces Lp[0, 1], 1 ≤ p < ∞, or C[0, 1]. Then we denote by E(Ω)
the corresponding space Lp(Ω) (with respect to the Lebesgue measure on Ω)

or C(Ω) (with respect to the sup-norm on Ω). Let
◦

Ω be the interior of Ω
with respect to [0, 1]. Moreover, consider λ0 = 0 < λ1 < λ2 < . . . and put
Λ = {λk}∞k=0. At first we prove

Proposition 8.4.1 Assume that
∑∞

k=1 1/λk < ∞ and infk(λk+1 − λk) > 0.

If 1 ∈
◦

Ω then there is a constant c > 0 such that

||f ||E(Ω) ≤ ||f ||E ≤ c||f ||E(Ω)

for any f ∈ [M(Λ)]E.

Proof. The first inequality is clear.
Assume we find fn ∈ [M(Λ)]E with ||fn||E = 1 and ||fn||E(Ω) ≤ 1/n for

all n. By assumption there is ǫ > 0 with [1 − 2ǫ, 1] ⊂ Ω. By 6.2.3 there are
αn,k with fn(t) =

∑∞
k=0 αn,ktλk . According to 6.2.2 there is a constant M > 0

with
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|αn,k| ≤ M(1 + ǫ)λk(λk + 1) (8.5)

for all k and n (since ||tλk ||E ≥ ||tλk ||L1
= (λk + 1)−1).

This means that the extended functions

f̃n(z) =

∞∑

k=0

αn,kzλk

are uniformly bounded on {z ∈ C : 0 < Re z and |z| < 1 − ǫ}. By Montel’s
theorem there is a subsequence of f̃n which converges uniformly on compact
subsets of {z ∈ C : 0 < Re z and |z| < 1−ǫ} to an analytic function f̃ . Since,
by assumption, limn→∞ ||fn||E([1−2ǫ,1−ǫ]) = 0 we obtain that f̃ |[1−2ǫ,1−ǫ] = 0

and hence f̃ = 0. (8.5) also implies that, for any δ > 0, there is a constant
d > 0 such that sup0≤t≤d |fn(t)| ≤ δ. From the preceding, by perhaps go-
ing over to a suitable subsequence, we see that limn→∞ ||fn||E([d,1−2ǫ]) = 0
and limn→∞ ||fn||E([1−2ǫ,1]) = 0. We conclude lim supn→∞ ||fn||E ≤ δ which
contradicts ||fn||E = 1 if δ is small.

Hence there must be a constant c > 0 with

||f ||E ≤ c||f ||E(Ω) for all f ∈ [M(Λ)]E . ⊓⊔

As a direct consequence of Proposition 8.4.1 we obtain a Müntz theorem on
Ω.

Corollary 8.4.2 Assume that infk(λk+1−λk) > 0. Let Ω ⊂ [0, 1] be compact

such that
◦

Ω �= ∅. Then [M(Λ)]E(Ω) �= E(Ω) if and only if
∑∞

k=1 1/λk < ∞.
Moreover, if

∑∞
k=1 1/λk < ∞ then M(Λ) is a complete minimal system in

[M(Λ)]E(Ω). In this case, for any ρ ∈
◦

Ω and any δ > 0, there is M > 0 such
that

|αk| ≤
(

1 + δ

ρ

)λk

||f ||E(Ω) for all k ≥ M

whenever f(t) =
∑

k αktλk ∈ [M(Λ)]E(Ω).

Proof. Let
∑∞

k=1 1/λk = ∞. Then, by 6.1.5, we have [M(Λ)]E = E. Hence we
also have [M(Λ)]E(Ω) = E(Ω).

Now assume
∑∞

k=1 1/λk < ∞ and let ρ ∈
◦

Ω such that ρ > 0. Ob-
serve that [M(Λ)]E([0,ρ]) is isometric to [M(Λ)]E . Find ǫ > 0 such that
[ρ − ǫ, ρ] ⊂ Ω. 8.4.1 implies that [M(Λ)]E([0,ρ]) and hence [M(Λ)]E are iso-
morphic to [M(Λ)]E([ρ−ǫ,ρ]). Then, in view of 6.2.2, for every δ > 0, there

are constants M > 0 and c > 0 with ||αmtλm ||E([0,ρ]) ≤ c(1 + δ)λm ||f ||E(Ω)

for every f(t) =
∑

k αktλk and every m ≥ M . This proves the last inequal-
ity of the corollary. In particular, M(Λ) is a minimal complete system in
[M(Λ)]E(Ω). If 0 < λ and λ �∈ Λ then M(Λ ∪ {λ}) is a minimal system in
[M(Λ ∪ {λ})]E(Ω). Hence [M(Λ)]E(Ω) �= [M(Λ ∪ {λ})]E(Ω) and therefore
[M(Λ)]E(Ω) �= E(Ω). ⊓⊔
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The if-part of the preceding Müntz theorem is certainly not true for general
infinite Ω ⊂ [0, 1]. It is possible to construct a lacunary sequence Λ of expo-
nents and a sequence Ω = {tn}∞n=1 ⊂ [0, 1] with limn→∞ tn = 1 such that
[M(Λ)]C(Ω) = C(Ω). For other examples see [1].

If one goes deeply into the theory of Chebychev approximation then one
can improve the first statement of Corollary 8.4.2 considerably. Indeed, in [13]
it was shown that this result remains true for the sup-norm on any Ω ⊂ [0, 1]
with positive Lebesgue measure even without the gap condition. The same
holds for the following Remez-type inequality . Since we do not need these
facts lateron we only present the easily proved cases.

Corollary 8.4.3 Assume that
∑∞

k=1 1/λk < ∞ and infk(λk+1 −λk) > 0. Let

Ω ⊂ [0, 1] be compact such that
◦

Ω �= ∅. Then there is a constant c > 0 such
that, for any t ∈ [0, inf Ω] and any Müntz polynomial f , we have

|f(t)| ≤ c||f ||E(Ω)

Proof. We find ρ ∈
◦

Ω such that inf Ω < ρ. Put

δ =
1

2

( ρ

inf Ω
− 1

)

(Of course we can assume inf Ω > 0.) For f(t) =
∑

k αktλk Corollary 8.4.2
yields a constant d > 0, independent of f , such that

|αk| ≤ d

(
1 + δ

ρ

)λk

||f ||E(Ω) for all k .

Hence

|f(t)| ≤
∑

k

|αk|(inf Ω)λk ||f ||E(Ω) ≤
∑

k

(
1

2
+

inf Ω

2ρ

)λk

||f ||E(Ω) .

Then the corollary follows with

c =

∞∑

k=0

(
1

2
+

inf Ω

2ρ

)λk

. ⊓⊔
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Operators of Finite Rank and Bases

in Müntz Spaces

Now we turn to the Banach space [M(Λ)]E where E = Lp, 1 ≤ p < ∞, or
E = C. This chapter is mainly devoted to the question whether every Müntz
space [M(Λ)]Lp

and [M(Λ)]C has a basis or other bounded approximation
properties. At the same time, for special Λ, we clarify the isomorphic character
of [M(Λ)]Lp

and [M(Λ)]C .

9.1 Special Finite Rank Operators

We start discussing the commuting bounded approximation property (CBAP)
for [M(Λ)]E (see 5.1). Here let E = Lp[0, 1], 1 ≤ p < ∞, or E = C[0, 1].

Throughout this section let Λ = {λk}∞k=1 be given with

0 < λ1 < λ2 < . . . , inf
k

(λk+1 − λk) > 0, and

∞∑

k=1

1

λk
< ∞ (9.1)

For f ∈ [M(Λ)]E and 0 < ρ < 1 put, as before, (Tρf)(t) = f(ρt), t ∈ [0, 1].
Then Tρ is a contractive and compact operator on [M(Λ)]C which can be
inferred for example from 6.2.2. Hence [M(Λ)]C has the metric approxima-
tion property which, by [17], implies that [M(Λ)]C has the CBAP. (This is
also true for [M(Λ)]Lp

.) But here we want to discuss an explicit commut-
ing approximating sequence of finite rank operators Rn which are defined on
[M(Λ)]E for all preceding E.

To this end put

ck = ck(E) = sup



|αk| : f(t) =

∑

j

αjt
λj ∈ [M(Λ)]E , ||f ||E ≤ 1



 .

Fix a positive number µ. We introduce indices N0 = 0 < M1 < N1 < M2 <
N2 < M3 < . . . and real numbers 0 < ρ1 < ρ2 < . . . by induction: If Nm−1

has been defined already then fix Mm > Nm−1 and take some ρm < 1 with

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 117–136 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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ρm ≥ 1 −




Mm∑

j=1

cj max(1, λj)




−1

(9.2)

Fix Nm > Mm so large that

∑

k≥Nm

ckρλk
m ≤ µ (9.3)

Such a choice of Nm is always possible. Indeed, let ǫ = 1 − ρm. Then, by
Theorem 6.2.2, there is M > 0 with

ck ≤ (1 + ǫ)λk ≤ eǫλk for all k ≥ M .

We obtain

∑

k≥M

ckρλk
m ≤

∑

k≥M

(1 + ǫ)λk(1 − ǫ)λk ≤
∑

k≥M

e−ǫ2λk .

Hence, for suitable Nm ≥ M the left-hand side of (9.3) is smaller than µ.

Now fix an index m. For a polynomial f(t) =
∑

k αktλk put

(Rmf)(t) =

Mm∑

k=1

αktλk +

Nm∑

k=Mm+1

αkρλk
m tλk . (9.4)

Then Rm is a bounded linear operator which can be uniquely extended to a
bounded operator on [M(Λ)]E . This extension will also be denoted by Rm.
Note that Rm depends on Mm, Nm and ρm (and hence on E).

Definition 9.1.1 Mm, Nm and ρm are called characteristic indices of Rm

with respect to Λ and µ.

The Rm are indeed uniformly bounded. We denote the operator norm on
[M(Λ)]E by || · ||E , too.

Lemma 9.1.2 We have

||Rm||E ≤
{

1 + ρ
−1/p
m + µ if E = Lp

2 + µ if E = C

Moreover, RmRn = Rmin(m,n) if m �= n, and Rm → id pointwise on [M(Λ)]E.
Finally, if 0 ≤ a < b ≤ 1 then

(∫ b

a

|Rmf |pdt

)1/p

≤
(

1

ρm

∫ bρm

aρm

|f |pdt

)1/p

+(1+µ)(b−a)1/p||f ||Lp
. (9.5)
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Proof. Let f(t) =
∑

k αktλk ∈ [M(Λ)]E . Consider Tρm
where ρm is the num-

ber of (9.2). We obtain ||Tρm
f ||Lp

≤ ρ
−1/p
m ||f ||Lp

. According to (9.2) the choice
of ρm yields

Mm∑

k=1

|ρλk
m − 1|ck ≤

Mm∑

k=1

max(1, λk)ck(1 − ρm) ≤ 1 .

Hence, with (9.2) and (9.3), for 1 ≤ p ≤ ∞,

||Rmf − Tρm
f ||Lp

≤
Mm∑

k=1

|ρλk
m − 1||αk| +

∞∑

l=Nm+1

ρλl
m |αl|

≤ (1 + µ)||f ||Lp
.

(Note that ||Rm||L∞
= ||Rm||C .) This implies ||Rm||Lp

≤ 1 + ρ
−1/p
m + µ and

||Rm||C ≤ 2 + µ. We obtain similarly, with

bλkp+1 − aλkp+1

λkp + 1
≤ (b − a) ,

(∫ b

a

|Rmf − Tρm
f |pdt

)1/p

≤
Mm∑

k=1

|ρλk
m − 1||αk|

(∫ b

a

tλkpdt

)1/p

+

∞∑

l=Nm+1

|αl|ρλl
m

(∫ b

a

tλkpdt

)1/p

≤ (1 + µ)(b − a)1/p||f ||Lp
.

Using the Minkowski inequality and the substitution s = ρmt we derive (9.5).
The remaining assertions follow directly from the definition of Rm. ⊓⊔

In the following we also consider

[M(Λ)]0C := closed span{tλk+1 − tλk : k = 1, 2, . . .}
= {f ∈ [M(Λ)]C : f(1) = 0}

Since [M(Λ)]0C is one-codimensional in [M(Λ)]C it will turn out that the
Banach space nature (i.e. the isomorphic character) of both spaces is the same.
(Indeed, according to 9.1.6, [M(Λ)]0C contains a complemented isomorphic
copy of c0. This implies that [M(Λ)]C ⊕ c0 ∼ [M(Λ)]0C ⊕ c0 ∼ [M(Λ)]0C .)

We modify Rm to obtain a finite rank operator mapping into [M(Λ)]0C as
follows: For a Müntz polynomial f(t) =

∑
k αktλk put

(R̄mf)(t) =

Mm∑

k=1

αktλk +

Nm−1∑

k=Mm+1

αkρλk
m tλk −

(
Mm∑

k=1

αk +

Nm−1∑

k=Mm+1

αkρλk
m

)
tλNm
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Lemma 9.1.3 We have R̄mR̄n = R̄min(m,n) if m �= n and limm→∞ R̄mf = f
for every f ∈ [M(Λ)]0C . Moreover,

||R̄m||C ≤ 2||Rm||C .

Proof. (9.4) and the definition of R̄m yield

(R̄mf)(t) = (Rmf)(t) − (Rmf)(1) · tλNm .

From this we derive the lemma. ⊓⊔

Proposition 9.1.4 Fix E = Lp, 1 ≤ p < ∞ or E = C. Then there are
d1, d2 > 0 and indices m1 < m2 < . . . (depending on E) such that

d1

(∑

k

||(Rmk+1
− Rmk

)f ||pLp

)1/p

≤ ||f ||Lp

≤ d2

(∑

k

||(Rmk+1
− Rmk

)f ||pLp

)1/p

if f ∈ [M(Λ)]Lp
,

and

d1 sup
k

||(R̄mk+1
− R̄mk

)f ||C ≤ ||f ||C

≤ d2 sup
k

||(R̄mk+1
− R̄mk

)f ||C if f ∈ [M(Λ)]0C

Proof. Put R0 = 0. We define 0 = t0 < t1 < t2 < . . . < 1 and integers
0 = m0 < m1 < m2 < . . . by induction: Put m1 = 1. Assume we have already
tk−1 and mk. Then find tk ∈ ]tk−1, 1[ such that

||(Rmk
f)1[tk,1]||E ≤ 6−k−1||f ||E for all f ∈ [M(Λ)]E if E = Lp (9.6)

or ||(R̄mk
f)1[tk,1]||C ≤ 6−k−1||f ||C for all f ∈ [M(Λ)]0C if E = C .

This is possible since we have

dim (Rmk
[M(Λ)]E) < ∞ and lim

t→1

∫ 1

t

|(Rmk
f)|p(s)ds = 0 if E = Lp

and limt→1 ||(R̄mk
f)1[t,1]||C = 0 if f ∈ [M(Λ)]0C .

Then take mk+1 > mk such that

||((id−Rmk+1
)f)1[0,tk]||E ≤ 6−k||f ||E for all f ∈ [M(Λ)]E if E = Lp (9.7)

or ||((id− R̄mk+1
)f)1[0,tk]||C ≤ 6−k||f ||C for all f ∈ [M(Λ)]0C if E = C. Again

this is possible since, for f(t) =
∑

j αjt
λj , by definition of Rmk+1

, there is
some M such that
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((id − Rmk+1
)f)(t) =

∑

j>M

αjγjt
λj

for certain numbers γj ∈ [0, 1]. (To be more precise, according to (9.4), M =

Mmk+1
, γj = 1 − ρ

λj
mk+1 , if Mmk+1

< j ≤ Nmk+1
, and γj = 1, if Nmk+1

< j.)
Let ǫ > 0 be such that tk + ǫ < 1. Using 6.2.2, for large enough M and hence
mk+1, we obtain |αj | ≤ (1 − ǫ)−λj ||f ||E , if j > M . Thus we have

||((id − Rmk+1
)f)1[0,tk]||E ≤


∑

j>M

1

(1 − ǫ)λj
t
λj

k


 ||f ||E if E = Lp

and, similarly,

||((id−R̄mk+1
)f)1[0,tk]||C ≤ ||((id−Rmk+1

)f)1[0,tk]||C + |(Rmk+1
f)(1)|t

λNmk+1

k

≤


(2 + µ)t

λNmk+1

k +
∑

j>M

1

(1 − ǫ)j
t
λj

k


 ||f ||C if f ∈ [M(Λ)]0C .

We take mk+1 and M = Mmk+1
so large that

(2 + µ)t
λNmk+1

k +
∑

j>M

(1 − ǫ)−jt
λj

k ≤ 6−k .

Now, with (9.6) and (9.7), we have

||f1[tk−1,tk]||Lp
≤ ||((Rmk+1

− Rmk−1
)f)1[tk−1,tk]||Lp

+

||((Rmk−1
)f)1[tk−1,tk]||Lp

+ ||((id − Rmk+1
)f)1[tk−1,tk]||Lp

≤ ||((Rmk+1
− Rmk−1

)f)1[tk−1,tk]||Lp
+

2

6k
||f ||Lp

.

Summation yields, using (a + b)p ≤ 2(ap + bp) for a, b > 0,

∫ 1

0

|f |pdt ≤ 2
∞∑

k=1

(∫ tk

tk−1

|(Rmk+1
− Rmk−1

)f |pdt +
2p

6kp
||f ||pLp

)
.

This implies, with the Minkowski inequality and the fact that

Rmk+1
− Rmk−1

= (Rmk+1
− Rmk

) + (Rmk
− Rmk−1

),

(
1

2
− 2

5

)
||f ||pLp

≤
∑

k

||(Rmk+1
− Rmk−1

)f ||pLp

and hence
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||f ||Lp
≤ 10

(∑

k

||(Rmk+1
− Rmk−1

)f ||pLp

)1/p

≤ 20

(∑

k

||(Rmk
− Rmk−1

)f ||pLp

)1/p

(9.8)

Similarly, for E = C, if f ∈ [M(Λ)]0C , we obtain,

||f ||C ≤ sup
k

||f1[tk−1,tk]||C

≤ 10 sup
k

||(R̄mk+1
− R̄mk−1

)f1[tk−1,tk]||C

≤ 20 sup
k

||(R̄mk
− R̄mk−1

)f ||C (9.9)

Here we also have

sup
k

||(R̄mk
− R̄mk−1

)f ||C ≤ 2(sup
k

||R̄mk
||C)||f ||C .

It remains to show the left-hand inequality of the proposition for the case
E = Lp. At first, (9.6) and (9.7) yield

∫ 1

0

|(Rmk+1
−Rmk

)f |pdt ≤ 2

∫ tk+1

tk−1

|(Rmk+1
−Rmk

)f |pdt+
4

6kp
||f ||pLp

(9.10)

(9.5) implies

∫ tk+1

tk−1

|(Rmk+1
−Rmk

)f |pdt ≤ 2

∫ tk+1

tk−1

|Rmk+1
f |pdt+2

∫ tk+1

tk−1

|Rmk
f |pdt ≤

4

ρmk

∫ tk+1ρmk

tk−1ρmk

|f |pdt+
4

ρmk+1

∫ tk+1ρmk+1

tk−1ρmk+1

|f |pdt+8(1+µ)p(tk+1−tk−1)||f ||pLp

Since ρ1 < ρ2 < . . . and t1 < t2 < . . . the intervals [tkρmk
, tk+1ρmk

], k =
1, 2, . . ., are mutually disjoint. Similarly the intervals [tkρmk+1

, tk+1ρmk+1
] are

mutually disjoint. Hence, with (9.10),

∑

k

||(Rmk+1
− Rmk

)f ||pLp
≤ 32

ρ1
||f ||pLp

+ 32(1 + µ)p||f ||pLp
+ 5||f ||pLp

⊓⊔

In the preceding proof, in (9.6) and (9.7), we did not use the fact that the Rm

are uniformly bounded. The argument can be applied even in the case where
all ρm are zero. Then we obtain similarly
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Corollary 9.1.5 Let E = Lp, 1 ≤ p < ∞. Then there are constants d1, d2 >
0, indices m1 < m2 < . . . and numbers 0 = t0 < t1 < t2 < . . . < 1 (depending
on E) such that

d1


∑

k

∫ tk+1

tk

∣∣∣∣∣∣

mk+2∑

j=mk+1

αjt
λj

∣∣∣∣∣∣

p

dt




1/p

≤ ||f ||Lp

≤ d2


∑

k

∫ tk+1

tk

∣∣∣∣∣∣

mk+2∑

j=mk+1

αjt
λj

∣∣∣∣∣∣

p

dt




1/p

if f =
∑

k αktλk ∈ [M(Λ)]Lp
.

Proof. Here put Rm

∑
k αktλk =

∑m
k=1 αktλk . Then the Rm are bounded

although not uniformly bounded in general. (6) and (7) yield

||(f − (Rmk+2
− Rmk

)f)1[tk,tk+1]||Lp
≤ 2

6k+1
||f ||Lp

for all f ∈ [M(Λ)]Lp
from which the corollary follows. ⊓⊔

Put Fk = span {tmk+1, . . . , tmk+2}. Then Corollary 9.1.5 suggests that the Fk

are the summands of an FDD of [M(Λ)]Lp
. This is, however, not true since Fk

and Fk+1 are “overlapping”. If Λ is standard then for no choice of {mk}∞k=1

can F2, F4, F6, . . . be summands of an FDD. This is a consequence of 7.4.4.
With the notions of Chap. 5 we obtain

Theorem 9.1.6 Let Λ = {λk}∞k=1 satisfy

∞∑

k=1

1

λk
< ∞ and inf

k
(λk+1 − λk) > 0

Then the following hold.
(a) [M(Λ)]E has the shrinking CBAP if E = C or E = Lp, 1 < p < ∞.
(b) [M(Λ)]L1

has a w∗-shrinking CBAP. In particular, [M(Λ)]L1
is isomorphic

to a dual space.
(c) [M(Λ)]E is isomorphic to a subspace of lp, if E = Lp, 1 ≤ p < ∞, and of
c0, if E = C.
(d) [M(Λ)]E contains a complemented isomorphic copy of lp, if E = Lp, and
of c0, if E = C.

Proof. (a) and (b) follow directly from 9.1.4 and 5.2. (Observe that [M(Λ)]0C⊕
R = [M(Λ)]C .) 9.1.4 yields furthermore finite dimensional subspaces Fn ⊂ E
such that [M(Λ)]E is isomorphic to a subspace of (

∑
n ⊕Fn)(c0) if E = C

and to a subspace of (
∑

n ⊕Fn)(lp) if E = Lp, 1 ≤ p < ∞. We may even

assume that supn d(Fn, ldimFn
p ) < ∞ where d(·, ·) is the Banach-Mazur dis-

tance. Then (
∑⊕Fn)(lp) is isomorphic to lp and (

∑⊕Fn)(c0) is isomorphic to
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c0. This implies (c). Finally, consider mk as in 9.1.4 and find indices jk such
that Rmk

tλjk = 0 and Rmk+1
tλjk = tλjk for each k. Put Gk = span{tλjk }.

Then, in view of 9.1.4, (
∑⊕Gk)(lp) is a complemented subspace of [M(Λ)]Lp

which is isomorphic to lp. Similarly, (
∑⊕Gk)(c0) is a complemented copy of

c0 in [M(Λ)]C . ⊓⊔

9.1.6 (c) was also obtained by different methods in [70], see also [21].

Corollary 9.1.7 There is a subsequence Λ′ ⊂ Λ such that, for some finite
dimensional subspaces Fn ⊂ [M(Λ′)]E, we have

[M(Λ′)]E is isomorphic to

{
(
∑

n ⊕Fn)(c0) if E = C
(
∑

n ⊕Fn)(lp) if E = Lp, 1 ≤ p < ∞

If Λ is non-quasilacunary then Λ′ can be arranged to be non-quasilacunary,
too.

Proof. Take Rm with characteristic indices Mm and Nm. Pick a suitable sub-
sequence of the indices, say m1 < m2 < . . ., such that mk+1 − mk > 2 and

Λ′ := ∪∞
k=1{λj : Nm2k−1

≤ j ≤ Mm2k
}

is non-quasilacunary if Λ is non-quasilacunary. Then consider Rm2k
|[M(Λ′)]E

and R̄m2k
|[M(Λ′)]0

C
. In view of (9.4) and the definition of R̄m, since

Λ′ ∩ {λj : Mm2k
< j ≤ Nm2k

} = ∅,

the Rm2k
and R̄m2k

are FDD-projections on [M(Λ′)]E and [M(Λ′)]0C , resp.
Now, an application of Proposition 9.1.4 concludes the proof. ⊓⊔

9.2 Lacunary Müntz Spaces

Here let us assume again, that E is the completion of C0 under a given semi-
norm || · ||E such that Tρ with (Tρf)(t) = f(ρt), f ∈ C0, is bounded for all
ρ ∈ [0, 1] and that ||tλk ||E �= 0 for all k.

Let Λ = {λk}∞k=1. With 6.3.2 we obtain

Proposition 9.2.1 Let supρ0≤ρ<1 ||Tρ||E < ∞ for all ρ0 > 0. Then M(Λ) is
a basis of [M(Λ)]E provided that Λ is lacunary.

Proof. Let Λ = {λk}∞k=1 be lacunary. We use the same argument as in 9.1.
Put, for f(t) =

∑
k αktλk , (Pnf)(t) =

∑n
k=1 αktλk . Define

ck = sup



|αk| · ||tλk ||E : f =

∑

j

αjt
λj ∈ [M(Λ)]E , ||f ||E ≤ 1




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According to 6.3.2 we have c := supk ck < ∞. Since Λ is lacunary there
is a constant d > 1/λ1 such that

∑n
j=1 cj max(1, λj) ≤ dλn for all n. Put

ρn = 1 − 1/(dλn). Then we have

n∑

j=1

|ρλj
n − 1|cj ≤

n∑

j=1

cj max(1, λj)

dλn
≤ 1 and

∞∑

k=n+1

ckρλk
n ≤

∞∑

k=n+1

c exp

(
− λk

dλn

)
≤ b

for some b depending only on infk λk+1/λk. For f =
∑

k αktλk ∈ [M(Λ)]E we
obtain

||Pnf − Tρn
f ||E ≤

n∑

j=1

|ρλj
n − 1| · |αj | · ||tλj ||E +

∞∑

k=n+1

ρλk
n |αk| · ||tλk ||E

≤




n∑

j=1

cj max(λj , 1)

dλn
+

∞∑

k=n+1

ckρλk

k


 ||f ||E

≤ (1 + b)||f ||E

Hence ||Pn||E ≤ ||Tρn
||E + 1 + b. Since lim supn→∞ ||Tρn

||E < ∞ the Pn are
uniformly bounded. Hence M(Λ) is a basis. ⊓⊔

Let γ be the basis constant of the basis we introduced in the preceding
proof. Then we also have shown that γ depends only on infk{λk+1/λk} and
supρ ||Tρ||E .

The construction of the Pn in the preceding proof is similar to the con-
struction of the Rm in Sect. 9.1 but not identical. Here we used different ck.

Theorem 9.2.2 Let E = Lp, 1 ≤ p < ∞ or E = C. Then the following are
equivalent.

(i) Λ is lacunary
(ii) M(Λ) is separated
(iii) M(Λ) is uniformly minimal
(iv) M(Λ) is a basis of [M(Λ)]E

Proof. (iv) ⇒ (iii) ⇒ (ii) follows from the definitions. (ii) ⇒ (i) is a conse-
quence of 7.4.2 and 7.4.3 and, finally, (i) ⇒ (iv) follows from 9.2.1. ⊓⊔

If E = C then 9.2.2 (i) ⇔ (iv) can be rephrased as follows:

[M(Λ)]C =

{
∞∑

k=1

αktλk :
∞∑

k=1

αktλk converges uniformly on [0, 1]

}

if and only if Λ is lacunary.
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Recall that the summing basis {gk}∞k=1 in c consists of the elements gk =
(0, . . . , 0︸ ︷︷ ︸

k−1

, 1, 1, . . .). This sequence is a conditional basis of c. We have

∥∥∥∥∥
∞∑

k=1

αkgk

∥∥∥∥∥
c

= sup
n

∣∣∣∣∣
n∑

k=1

αk

∣∣∣∣∣ .

Corollary 9.2.3 (See [54]) If Λ is lacunary and E = C then M(Λ) is eqi-
valent to the summing basis of c. In particular [M(Λ)]C is isomorphic to c
and hence to c0. Actually, d([M(Λ)]C , c) ≤ γ where γ is the basis constant of
M(Λ) and d is the Banach-Mazur distance.

Proof. We have

sup
n

∣∣∣∣∣
n∑

k=1

αk

∣∣∣∣∣ ≤ sup
n

∥∥∥∥∥
n∑

k=1

αktλk

∥∥∥∥∥
C

≤ γ

∥∥∥∥∥
∞∑

k=1

αktλk

∥∥∥∥∥
C

if γ is the basis constant of M(Λ). On the other hand, for any m,

m∑

k=1

αktλk =

(
m∑

k=1

αk

)
tλm +

(
m−1∑

k=1

αk

)
(tλm−1 − tλm) + . . . + α1(t

λ1 − tλ2)

and

0 ≤ tλm , 0 ≤ tλk−1 − tλk , tλm +

m∑

k=2

(tλk−1 − tλk) ≤ 1 .

This implies ∥∥∥∥∥
m∑

k=1

αktλk

∥∥∥∥∥
C

≤ sup
n

∣∣∣∣∣
n∑

k=1

αk

∣∣∣∣∣

and proves the corollary. ⊓⊔

Similarly if E = Lp and Λ is lacunary put

ek(t) =
tλk

||tλk ||E
and ē = {ek}∞k=1 .

Then ē is equivalent to the unit vector basis of lp. In particular [M(Λ)]Lp
is

isomorphic to lp [54]. We shall prove this fact in 9.3.3 and 9.3.4.
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9.3 Quasilacunary Müntz Spaces

Here we extend the main results of the preceding section. We want to show
that quasilacunary Müntz spaces are isomorphic to lp if E = Lp and to c0 if
E = C. In particular these spaces have bases although, if Λ is not lacunary,
the quasilacunary Müntz sequence M(Λ) is not a basic sequence (in view of
9.2.2).

At first we consider the sup-norm case.

Theorem 9.3.1 Let E = C. Assume that Λ = {λj}∞j=1 is quasilacunary.
Let 0 = n0 < n1 < . . . be indices, N a positive integer and q > 1 such
that nm+1 − nm ≤ N , m = 0, 1, . . . and infm≥1 λnm+1/λnm

≥ q. Put Fm =

span{tλnm+1, . . . , tλnm+1}.
Then there are constants d1, d2 > 0 such that, for all fm ∈ Fm, we have

d1

(
sup
m

||fm − fm(1)tλnm+1 ||C + sup
m

∣∣∣∣∣
m∑

k=1

fk(1)

∣∣∣∣∣

)
≤

∥∥∥∥∥
∑

m

fm

∥∥∥∥∥
C

≤ d2

(
sup
m

||fm − fm(1)tλnm+1 ||C + sup
m

∣∣∣∣∣
m∑

k=1

fk(1)

∣∣∣∣∣

)

Proof. By perhaps substituting t by sM for large enough M we see that we
may assume without loss of generality λ1 ≥ 1. Let gm ∈ Fm be such that
gm(1) = 0 for all m. Put µm = λnm+1/2 and, moreover, put tm = 1 − 1/µm.
Then let tm ≤ t < tm+1. We have, in view of (b),

|gk(t)| ≤ (2N)2N tµk

m+1||gk||C ≤ (2N)2N exp

(
− µk

µm+1

)
||gk||C .

Since
∑nm+1

j=nm+1 λj ≤ Nλnm+1
for all m the mean-value theorem together with

implies

|gj(t)| = |gj(1) − gj(t)| ≤
||g′j ||C
µm

≤ c1N
µj+1

µm
||gj ||C

for some universal constant c1. Hence we have
∣∣∣∣∣∣
∑

j

gj(t)

∣∣∣∣∣∣
≤

m−1∑

j=1

c1N
µj+1

µm
||gj ||C +

∞∑

k=m

(2N)2N exp

(
− µk

µm+1

)
||gk||C .

Since infj µj+1/µj ≥ q we obtain, with 6.3.3,

c2 sup
j

||gj ||C ≤

∥∥∥∥∥∥
∑

j

gj

∥∥∥∥∥∥
C

≤ c3 sup
j

||gj ||C

for some universal constants c2, c3 > 0.

8.1.5

8.2.2
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For arbitrary fm ∈ Fm put gm(t) = fm(t) − fm(1)tλnm+1 . Then gm ∈ Fm

and gm(1) = 0. Define P (
∑

m fm) =
∑

m gm. Then we obtain, with 6.3.3,

∥∥∥∥∥P

(∑

m

fm

)∥∥∥∥∥
C

≤ c3 sup
m

||gm||C

≤ 2c3 sup
m

||fm||C

≤ 2c3

d1
||
∑

m

fm||C

Hence P is a bounded projection. Moreover

(id − P )

(∑

m

fm

)
=

∑

m

fm(1)tλnm+1 .

Thus, 9.2.3 implies

c4 sup
m

∣∣∣∣∣
m∑

k=1

fk(1)

∣∣∣∣∣ ≤
∥∥∥∥∥(id − P )

∑

m

fm

∥∥∥∥∥
C

≤ c5 sup
m

∣∣∣∣∣
m∑

k=1

fk(1)

∣∣∣∣∣

for some universal c4, c5 > 0. We conclude

min(c2, c4)

2 + 2||P ||

(
sup
m

||gm||C + sup
m

∣∣∣∣∣
m∑

k=1

fk(1)

∣∣∣∣∣

)
≤

∥∥∥∥∥
∑

m

fm

∥∥∥∥∥
C

≤ max(c3, c5)

(
sup
m

||gm||C + sup
m

∣∣∣∣∣
m∑

k=1

fk(1)

∣∣∣∣∣

)

⊓⊔

Corollary 9.3.2 If Λ is quasilacunary then [M(Λ)]C is isomorphic to c0. In
particular [M(Λ)]C has a basis.

Proof. Let, with the notions of 9.2.3,

X =

{
∞∑

m=1

gm : gm ∈ Fm and gm(1) = 0 for all m

}

and Y = closed span{tλnm+1}∞m=1. Then, according to 9.2.3, Y is isomor-
phic to c0. Moreover, by 9.3.1, X is isomorphic to (

∑⊕Gm)(c0) where
Gm = {f ∈ Fm : f(1) = 0}. Since supm dim Gm < ∞ we obtain for the
Banach-Mazur distances supm d(Gm, lkm

∞ ) < ∞ where km = dim Gm. Hence
X is isomorphic to (

∑⊕lkm
∞ )(c0) which is isometrically isomorphic to c0. Fi-

nally we have [M(Λ)]C = X ⊕ Y . Thus [M(Λ)]C is isomorphic to c0 ⊕ c0 and
hence to c0. ⊓⊔

Now we turn to the Lp-case.
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Theorem 9.3.3 Let E = Lp, 1 ≤ p < ∞. Assume that Λ = {λj}∞j=1 is
quasilacunary. Let 0 = n0 < n1 < . . . be indices, N a positive integer and
q > 1 such that nm+1 − nm ≤ N , m = 0, 1, . . ., and infm≥1 λnm+1/λnm

≥ q.

Put Fm = span{tλnm+1, . . . , tλnm+1}.
Then there are constants d1, d2 > 0 such that, for all fm ∈ Fm, we have

d1

(∑

m

||fm||pLp

)1/p

≤
∥∥∥∥∥
∑

m

fm

∥∥∥∥∥
Lp

≤ d2

(∑

m

||fm||pLp

)1/p

.

In particular, [M(Λ)]Lp
is isomorphic to lp and [M(Λ)]Lp

has a basis.

Proof. By substituting t by sM for large enough M we see that it is no loss
of generality to assume λ1 ≥ 1.

We may assume that λn+1/λn ≤ q2 for all n. Indeed, otherwise if, for some
j ≥ 2, qj ≤ λn+1/λn ≤ qj+1, then take Λ ∪ {qλn, q2λn, . . . , qj−1λn} instead
of Λ. (So we add some blocks of block length 1.) Using induction, by enlarging
Λ, we see that Λ can always be arranged to satisfy λn+1/λn ≤ q2 for all n in
addition without distroying the quasilacunarity. In particular we can assume

q ≤ λnm+1

λnm

≤ q2N for all n (9.11)

(If the inequalities of 9.3.3 hold for the extended Λ then certainly also for the
given Λ.)

We can apply 8.2.3 and 8.2.4. 8.2.3 yields a constant c1 > 0 with

||fm||Cλ−1/p
nm+1

≤ c1||fm||Lp
for any m and any fm ∈ Fm (9.12)

For the following estimates we formally define λ0 = λn0
= 1 which implies,

since λn1
≥ 1 by assumption,

1

λn0

≤ 1 and 1 − 1

λn1

≤ 1

λn0

(9.13)

Put t0 = 0 and tk = 1 − 1/λnk
, k = 1, 2, . . .. Then we have, in view of (9.11)

and (9.13),

sup
m≥1

∞∑

k=m+1

(
λnm

λnk−1

)1/p

t
λnm/2
k ≤

∞∑

l=0

q−l/p < ∞

and
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sup
m

m−1∑

k=1

(
λnm

λnk−1

)1/p

t
λnm/2
k ≤ sup

m

m−1∑

k=1

(
λnm

λnk−1

)1/p

exp

(
−1

2

λnm

λnk

)

≤ max(q2N , λn1
) sup

m

m−1∑

k=1

(
λnm

λnk

)1/p

exp

(
−1

2

λnm

λnk

)

≤ max
(
q2N , λn1

) ∫ ∞

1

x1/p exp

(
−1

2
x

)
dx

< ∞

This implies

τ := sup
m≥1

∞∑

k=1
k �=m

(
λnm

λnk−1

)1/p

t
λnm/2

k < ∞ (9.14)

Similarly we obtain

γ := sup
k

∞∑

m=1
m �=k

(
λnm

λnk−1

)1/p

t
λnm/2

k < ∞.

Fix f =
∑

k αktλk ∈ [M(Λ)]E . To prove the right-hand inequality of 9.3.3 it
suffices to assume f0 = 0. Put

gm(t) =

nm+1∑

k=nm+1

αktλk−λnm/2 and fm(t) = gm(t)tλnm/2, m = 1, 2, . . . .

Then 8.1.5 (b) implies ||gm||C ≤ (2N)2N ||fm||C for all m. We have tk−tk−1 ≤
1/λnk−1

for all k including k = 1 in view of (9.13). We conclude, with the
Hölder inequality and (9.12),

∞∑

k=1

∫ tk

tk−1

|f − fk|pdt ≤
∞∑

k=1




∞∑

m=1
m �=k

||gm||Ct
λnm/2
k




p

(tk − tk−1)

≤ (2N)2Np
∑

k


∑

m �=k

||fm||C
λ

1/p
nm

(
λnm

λnk−1

)1/p

t
λnm/2
k




p

≤ (2N)2Npγp−1
∑

k

∑

m �=k

||fm||pC
λnm

(
λnm

λnk−1

)1/p

t
λnm/2
k

≤ (2N)2Npγp−1q2Nτ
∑

m

||fm||pC
λnm+1

≤ (2N)2Npγp−1q2Ncp
1τ

∑

m

||fm||pLp
(9.15)

(9.15) implies
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||f ||Lp
=

(
∞∑

k=1

∫ tk

tk−1

|f(t)|pdt

)1/p

≤ d2

(∑

m

||fm||pLp

)1/p

for some constant d2 > 0.
To prove the left-hand inequality observe that (9.12) implies, for m =

0, 1, 2, . . . and fm ∈ Fm and any b with 0 ≤ b ≤ 1,

(∫ 1

b

|fm|pdt

)1/p

≤ ||fm||C(1 − b)1/p ≤ c1(1 − b)1/pλ1/p
nm+1

||fm||Lp
.

8.2.4 provides us with a constant c2 > 0 such that, for any m and fm ∈ Fm

and any a with 0 ≤ a ≤ 1 we have

(∫ a

0

|fm|pdt

)1/p

≤ aλnm/2+1/pc2||fm||Lp
.

Fix d ≥ 1 so large that

(
1 − d

λnm

)λnm/2+1/p

c2 ≤ 1

3
, if λnm

> d, and
c1

d1/p
≤ 1

3
.

Put um = max(1 − d/λnm
, 0), vm = 1 − 1/(dλnm+1

), m = 1, 2 . . ., and u0 =
v0 = 0. Then we obtain

(∫ um

0

|fm|pdt

)1/p

≤ 1

3
||fm||Lp

and

(∫ 1

vm

|fm|pdt

)1/p

≤ 1

3
||fm||Lp

.

Hence
1

3
||fm||Lp

≤
(∫ vm

um

|fm|pdt

)1/p

(9.16)

Moreover, since Λ is quasilacunary, there is a positive integer j, independent
of m such that vm−j ≤ um+j . Hence

∫ vm

um

|fm|pdt ≤
∫ um+j

um

|fm|pdt +

∫ vm

vm−j

|fm|pdt (9.17)

It suffices to assume fm �= 0 for only finitely many m. In view of (9.17),
Corollary 6.3.4 (applied 2j-times) yields a constant c > 0 with

(
∞∑

m=1

∫ vm

um

|fm|pdt

)1/p

≤ 2jc||
∞∑

m=1

fm||Lp
.

With (9.16) we find a constant d1 > 0 satisfying

d1

(
∞∑

m=0

||fm||pLp

)1/p

≤ ||
∞∑

m=0

fm||Lp
.
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The inequalities of 9.3.3 show that [M(Λ)]E is isomorphic to (
∑

m ⊕Fm)(lp).

Put km = dim Fm. Then we have km ≤ N for all m. Hence supm d(Fm, lkm
p ) <

∞ and [M(Λ)]E is isomorphic to (
∑

m ⊕lkm
p )(lp) which is lp. ⊓⊔

Put

ek(t) =
tλk

||tλk ||E
and ē = {ek}∞k=1

We obtain in particular the complete isomorphic classification of [M(Λ)]Lp

for lacunary Λ.

Corollary 9.3.4 If E = Lp, 1 ≤ p < ∞, and Λ is lacunary then ē is equiv-
alent to the unit vector basis of lp. In particular, [M(Λ)]Lp

is isomorphic
to lp.

Proof. Take 9.3.3 with N = 1. ⊓⊔

We conclude this section with a number of open problems.

Problems 9.3.5 (1) Does there exist a non-quasilacunary Müntz space with-
out basis? What about Λ = {k2}∞k=1? (B.Shekhtman conjectured that
[M({k2})]C does not have a basis.)
(2) Let Λ be non-quasilacunary. Is it possible to find a non-quasilacunary
subsequence Λ′ ⊂ Λ such that [M(Λ′)]E is isomorphic to lp, if E = Lp, and
[M(Λ′)]C is isomorphic to c0?
(3) Let Λ be non-quasilacunary. Is it possible to find a non-quasilacunary sub-
sequence Λ′ ⊂ Λ such that [M(Λ′)]E has a basis? (See also 10.3)
(4) Let Λ be arbitrarily non-dense. Is it possible to find a non-dense sequence
Λ′′ ⊃ Λ such that [M(Λ′′)]E is isomorphic to lp, if E = Lp, and [M(Λ′′)]C is
ismorphic to c0?
(5) Let Λ be arbitrarily non-dense. Is it possible to find a non-dense sequence
Λ′′ ⊃ Λ such that [M(Λ′′)]E has a basis?

On the other hand it is not easy to find an example of a non-quasilacunary
Müntz space where the existence of a basis can be shown explicitly. In 10.3 we
shall construct a non-quasilacunary Müntz space with basis which is block-
lacunary.

9.4 Non-Existence of Monotone Bases
in Non-dense Müntz Subspaces of C

A sequence ē = {ek}∞k=1 in a Banach E is called monotone if

( ̂L1,n, Ln+1,∞) = 1, n = 1, 2, . . . , where Ln,m = closed span {ek}m
k=n .

(see 2.3.4) If ē is a basis then ē is monotone if and only if the basis constant
is equal to one.
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For studying questions about monotonicity of sequences in C frequently
the following elementary proposition is useful. Recall, for a function f ∈ C[0, 1]
the subset of [0, 1] of all maximum points for |f(t)| is denoted by Ch(f)
(Definition 8.1.6)

Proposition 9.4.1 For given functions f, g ∈ C where f �= 0 �= g, the con-
dition

(f̂, g) < 1

holds provided that, for each t ∈ Ch(f), we have

sign f(t) = sign g(t) .

Proof. Without loss of generality we can assume ||f ||C = 1. Then, by defini-
tion, we have

̂(f, g) = inf
||αf ||C=1

inf
β

||αf − βg||C = inf
β

||f − βg||C .

Put A = {t ∈ [0, 1] : f(t) · g(t) > 0}. Then Ch(f) ⊂ A. A is open in [0, 1]. In
view of our assumptions there is ǫ ∈ ]0, 1[ such that B := {t ∈ [0, 1] : |f(t)| ≥
1 − ǫ} ⊂ A. Since B is compact we find δ ∈ ]0, 1[ such that |g(t)| ≥ δ||g|| for
t ∈ B. Put β = ǫ/(2||g||C). Then we obtain ||f − βg||C ≤ 1 − δ · ǫ/2. ⊓⊔
Now we prove that a Müntz space does not have a monotone basis. We even
obtain more:

Theorem 9.4.2 Let X = [M(Λ)]C be a non-dense Müntz space where
Λ = {λk}∞k=1 satisfies the gap condition infk(λk+1 − λk) > 0. Then X does
not possess a complete linearly independent sequence which is monotone. In
particular, X does not have a monotone basis.

Proof. (See [129], p.244.) Let {ek}∞k=1 be a complete linearly independent
sequence in X and let h ∈ X be a non-negative strictly increasing function
on [0, 1], for example h(t) = tλk for some λk ∈ Λ. Consider two cases:

1. For some integer n ≥ 2 we have h ∈ L1,n. Take a function f ∈ L1,n,
f �= 0, such that f(1) = 0. Let t0 = max{t : t ∈ Ch(f)}. Then, obviously,
t0 < 1 and we can assume f(t0) > 0. Since tλk

0 �= 0 for all k and L1,n is finite
dimensional we find a function g ∈ Ln+1,∞ with g(t0) > 0. Continuity yields
α with 0 < α < 1 − t0 such that g(t) > 0 for t ∈ [t0, t0 + α[. Take 0 < β < α
such that f(t) > 0 if t ∈ [t0, t0 + β[. Put

ǫ =
||f ||C − supβ+t0≤t≤1 |f(t)|

2||h||C
.

Then ǫ > 0 since t0 was the largest maximum point of f . Hence for the function
fǫ = f + ǫh we have fǫ(t) > 0 if t ∈ [t0, t0 + β[ and Ch(fǫ) ⊂ [t0, t0 + β[.

To prove the latter relation observe that fǫ(t0) = ||f ||C + ǫh(t0). Hence
|fǫ(t)| < fǫ(t0) if t < t0 since h is increasing and non-negative. On the other
hand, if t0 + β ≤ t1 then
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ǫ(h(t1) − h(t0)) ≤ ǫ||h||C < ||f ||C − sup
t0+β≤t≤1

|f(t)| .

Hence

|fǫ(t1)| ≤ sup
t0+β≤t≤1

|f(t)| + ǫh(t1)

< ||f ||C + ǫh(t0) = fǫ(t0)

≤ ||fǫ||C .

This proves Ch(fǫ) ⊂ [t0, t0 + β[.

Using Proposition 9.4.1 yields (f̂ǫ, g) < 1 and hence ( ̂L1,n, Ln+1,∞) < 1.
2. h �∈ L1,n for all n. In view of the completeness of {ek}∞k=1 in X we can ap-

proximate h with any given exactness by elements of L1,n if n is suitably large.

Then we can repeat the arguments of case 1 to obtain again ( ̂L1,n, Ln+1,∞) < 1
for suitably large n. This completes the proof. ⊓⊔

Conjecture. There exists an infinite dimensional Müntz space in C without
monotone basic sequence.

It is even unknown whether there exists any infinite dimensional Banach
space without monotone basic sequence.

9.5 Balanced Sequences in C

Here we prove again that a quasilacunary Müntz space [M(Λ)]C has a basis.
This time we use a slightly different approach and, in this context, we discuss
some general properties of sequences in quasilacunary Müntz spaces which are
of independent interest.

Definition 9.5.1 Consider the sequences ē = {ek}∞k=1 ⊂ C[0, 1] and t̄ =
{tk}∞k=1 ⊂ [0, 1] where t1 < t2 < . . . and limk→∞ tk = 1.
(i) Let M < ∞. Then ē is called M-restricted by t̄ if, for each k, we have

∞∑

j=k+1

max
0≤t≤tk

|ej(t)| ≤ M .

(ii) Let 0 < m ≤ 1. Then ē is called m-deflected by t̄ if, for each k and f ∈
span{ej}k

j=1 with ||f ||C = 1, we have

max
0≤t≤tk

|f(t)| ≥ m .

(iii) ē is called balanced if ē is M -restricted and m-deflected by t̄ for some
t̄,M and m.

At first we prove a general theorem about balanced sequences in C.
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Theorem 9.5.2 Let ē = {ek}∞k=1 ⊂ C[0, 1] be a normalized balanced se-
quence. Then the following are equivalent

(i) ē is uniformly minimal in C
(ii) ē is basic in C

Proof. Only “(i) ⇒ (ii)” requires a proof. So assume that ē is ρ-minimal for
some ρ > 0 (see 1.2.6.) and M -restricted and m-deflected by t̄ for some M ,

m and t̄. Fix k and let f =
∑k

j=1 αjej be such that ||f ||C = 1. Furthermore,

let g =
∑∞

j=k+1 αjej . Put α = m(M + ρ)−1. Then we have m−αM = αρ. To
estimate ||f + g||C we consider two cases:
1. |αj | ≤ α for all j. Then take sk ∈ [0, tk] such that |f(sk)| = max0≤t≤tk

|f(t)|.
We obtain

||f + g||C ≥ |f(sk) + g(sk)| ≥ |f(sk)| − |g(sk)|

≥ m −∑∞
j=k+1 |αj | · |ej(sk)| ≥ m − αM = αρ.

2. |αi| > α for some i. Since ē is ρ-minimal we have

||f + g||C = ||αiei +
∑

j �=i

αjej ||C ≥ αρ .

In both cases we obtain ||f + g||C ≥ mρ/(M + ρ). By 1.2.3, ē is a basis with
index γ(ē) ≥ mρ/(M + ρ). ⊓⊔

Now, we turn to Müntz sequences. We consider the quasilacunary sequence
{λk}∞k=1 such that

λnk+1

λnk

≥ β for some β > 1 and s := sup
k

(nk+1 − nk) < ∞

Put n0 = 0. Hence we obtain

nm∑

j=nm−1+1

λj ≤ sλnm
.

We retain the notion of nk, s and β in the following.

Proposition 9.5.3 Let {λk}∞k=1 be a quasilacunary sequence. Put pk(t) =∑nk

j=nk−1+1 αk,jt
λj where ||pk||C = 1, k = 1, 2, . . .. Then, there is a universal

constant d > 0 such that, with tk = 1 − 1/(dsλnk
), the sequence {pk}∞k=1 is

1/2-deflected in C by {tk}∞k=1.

Proof. By the Newman inequality 8.2.2, in view of ||pk||C = 1, we have

||p′k||C ≤ c

nk∑

j=nk−1+1

λj ≤ cλnk s
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for some universal constant c. (We may assume that λ1 ≥ 1.) Put tk =
1 − 1/(2csλnk

). Let uk ∈ [0, 1] be such that |pk(uk)| = 1. Fix ǫ > 0 such that

uk − tk ≤ ǫ ≤ min(uk, 1 − tk) .

Then ǫ ≤ 1/(2csλnk
). The mean value theorem yields

|pk(uk − ǫ)| ≥ 1 − ||p′k||C · ǫ ≥ 1 − csλnk
ǫ ≥ 1

2
.

Since tk ≥ uk − ǫ we obtain

max
t∈[0,tk]

|pk(t)| ≥ |pk(uk − ǫ)| ≥ 1

2
.

This proves Proposition 9.5.3 with d = 2c. ⊓⊔
Now we come to the main result of this section.

Theorem 9.5.4 Assume that Λ = {λj}∞j=1 is a quasilacunary sequence. Con-

sider p̄ = {pj}∞j=1 where pj ∈ span {tλnj+1 , . . . , tλnj+1} and ||pj ||C = 1 for
all j.

Then p̄ is a basic sequence in [M(Λ)]C if and only if p̄ is uniformly mini-
mal.

Proof. In view of 9.5.2 we need to show that p̄ is a balanced sequence. By
9.5.3 it suffices to prove that p̄ is M -restricted by t̄ for

tj = 1 − 1

2dλnj

and some M < ∞ where d is the constant of 9.5.3. We obtain, for any l ≥ j+1,

t
λnl

/2

j ≤
(

1 − 1

2dλnj

)λnl
/2

≤ exp

(
− 1

4d
βl−j

)
.

In view of 8.1.5 we have |pl(t)| ≤ Ktλnl
/2 for all t ∈ [0, 1] and some universal

constant K since
nj+1−nj∑

k=2

λnj+1

2λk+nj
− λnj+1

≤ s .

Then we conclude
∞∑

l=j+1

max
t∈[0,tj ]

|pl(t)| ≤ K

∞∑

l=j+1

t
λnl

/2

j

≤ K

∞∑

l=j+1

exp

(
− 1

4d
βl−j

)
=: M < ∞

which shows that M(Λ) is M -restricted by t̄. ⊓⊔
Combining 9.5.4 with 6.3.3 we obtain again that [M(Λ)]C has a basis.



10

Projection Types and the Isomorphism

Problem for Müntz Spaces

This chapter is mainly dedicated to the negative solution of the following

Problem of isomorphisms. Are all sparse infinite dimensional Müntz spaces
pairwise isomorphic?

We give a negative answer for Müntz spaces in C which follows from the fact
that there are Müntz spaces having C-projection type and Müntz spaces with
L-projection type (see 1.6). This negative answer was recently obtained by
the first named author and B.Shekhtman during discussions of the problems
of geometry of Müntz spaces.

We also show that there is an uncountable number of pairwise non-
isometric Müntz spaces in C.

10.1 The Projection Function of Müntz Spaces

At first we consider the geometric properties of Müntz spaces and Müntz
sequences in C. We begin with the lacunary case. As a consequence of 9.2.3
and 1.5.1 we obtain

Theorem 10.1.1 In C[0, 1] every lacunary Müntz space is isomorphic to c0.
Hence lacunary Müntz spaces in C have the C-projection type.

We shall see in the next section that there are also Müntz spaces in C of L-
projection type. Müntz spaces in Lp, if 1 ≤ p < ∞, can only have L-projection
type. This is an easy consequence of Theorem 9.1.6 (d).

Recall, λ(A) is the absolute projection constant of a finite dimensional
Banach space A and λ(A,B) is the relative projection constant if A is a
subspace of B (see 1.6). d(·, ·) is the Banach-Mazur distance.

Theorem 10.1.2 Let Λ = {λk}∞k=1 satisfy the gap condition infk(λk+1 −
λk) > 0. Then X = [M(Λ)]Lp

, for 1 ≤ p < ∞, has L-projection type.

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 137–145 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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Proof. 9.1.6 (d) yields a complemented subspace Y ⊂ X such that d(Y, lp) <
∞. Let Yn ⊂ Y correspond to the span of the first n elements of the unit
vector basis in lp. Then supn d(Yn, lnp ) < ∞ and supn λ(Yn, X) < ∞. On the
other hand, we have supn λ(Yn) = ∞ by 1.5.2. ⊓⊔

10.2 Some Müntz Spaces of L-Projection Type

For finite Müntz sequences in C[0, 1] we need the following fact.

Theorem 10.2.1 (Almost Orthogonality) Let m , n be positive integers,
q1, q2 > 1 and a > 0. Then, for any ǫ > 0 there is an integer-valued function
N = N(ǫ, a,m, n, q1, q2) > 0 such that, for all numbers µ1, . . . , µm with µ1 <
. . . < µm ≤ a and infj µj+1/µj ≥ q1 and all numbers ν1, . . . , νn with N <
ν1 < ν2 < . . . < νn and infk νk+1/νk ≥ q2, we have

̂(span {tµj}m
j=1, span {tνi}n

i=1 ) > 1 − ǫ .

Proof. According to 6.3.2 there are numbers cj(q) such that

cj(q) ≥ sup



|αj | :

∥∥∥∥∥∥

p∑

j=1

αjt
λj

∥∥∥∥∥∥
C

≤ 1



 for all j

whenever Λ = {λj}n
j=1 satisfies inf λj+1/λj ≥ q. (Recall that ||Tρ||C ≤ 1

whenever ρ ∈ [0, 1].) Fix ǫ > 0 and consider Λ1 = {µj}m
j=1 with infj µj+1/µj ≥

q1 and µ1 < . . . < µm ≤ a. We find t0 ∈ ]0, 1[ such that

tµj − t
µj

0 ≤ 1 − ta0 ≤ ǫ

2maxj≤m cj(q1)m

if t0 ≤ t ≤ 1 and j = 1, . . . , m, where t0 depends only on ǫ, q1, m and a but
not on Λ1. Find N with

tN0 ≤ ǫ

4maxk≤n ck(q2)n

where N depends only on t0, ǫ, q2 and n. Take any Λ2 = {ν1, . . . , νn} with
N < ν1 < . . . < νn and inf νk+1/νk ≥ q2. Put A = span{tµj}m

j=1 and B =
span{tνk}n

k=1. If f ∈ A with ||f ||C = 1 then, in view of the choice of t0,
supt≥t0 |f(t)| ≤ |f(t0)| + ǫ/2. Hence supt≤t0 |f(t)| ≥ ||f ||C − ǫ/2. By the
choice of N , with g ∈ B and ||g||C ≤ 2 we obtain supt≤t0 |g(t)| ≤ ǫ/2 and
hence

||f − g||C ≥ sup
t≤t0

|f(t) − g(t)| ≥ sup
t≤t0

|f(t)| − sup
t≤t0

|g(t)| ≥ 1 − ǫ .

Thus ̂(A,B) > 1 − ǫ. ⊓⊔
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We also need the following classical fact from approximation theory which is
due to Kharshiladze-Lozinski. For a proof see [143].

Theorem 10.2.2 Let Ln =span {tk}n
k=1 ⊂ C[0, 1]. Then, for some absolute

constant c > 0,

λ(Ln, C) = λ(Ln) ≥ c log n, n = 1, 2 . . .

Constructing special block-arithmetic Müntz sequences we prove

Theorem 10.2.3 There exists an infinite dimensional non-dense block-
lacunary Müntz space [M(Λ)]C in C of L-projection type. [M(Λ)]C has an
FDD whose summands are isometrically isomorphic to span{tk}n

k=1, n =
1, 2 . . ..

Proof. Take a positive sequence {βk}∞k=1 such that β :=
∏∞

k=1 βk > 0, and
βk < 1, k = 1, 2, . . .. Consider ǫ > 0. Take N1 such that 1/N1 < ǫ/2. Denote
span {tN1} by B1.

For µ1 = N1, n = 2 and q2 = 2, using Theorem 10.2.1, find N2 such that
1/N2+1/(2N2) < ǫ/4 and, with B2 := span{tN2 , t2N2}, we have ( ̂B1, B2) ≥ β1.

For µ1 = N1, µ2 = N2, µ3 = 2N2, n = 3 and q2 = 3/2 apply Theorem
10.2.1 to find N3 such that 1/N3 + 1/(2N3) + 1/(3N3) < ǫ/8 and, with B3 :=

span {tN3 , t2N3 , t3N3}, we have ( ̂B1 + B2, B3) ≥ β2.
Continuing this process we get the sequence {Nk}∞k=1 and the spaces

{Bk}∞k=1 with dim Bk = k, k = 1, 2, . . ., where Bk = span {tNk , t2Nk , . . . , tkNk}
such that

1

Nk
+ . . . +

1

kNk
≤ ǫ

2k
and ( ̂B1 + B2 + . . . + Bk, Bk+1) ≥ βk ,

for all k. Put
Λ = ∪∞

k=1{Nk, 2Nk, . . . , kNn} .

Since
∑∞

k=1 ǫ/2k = ǫ the Müntz space B := [M(Λ)]C = B1 + B2 + . . . is non-
dense and it has L-projection type. Indeed, using simple substitution we see
that Bn is isometrically isomorphic to span{tk}n

k=1 and, by 10.2.2, λ(Bn) → ∞
as n → ∞. At the same time we have, for any k,

( ̂B1 + . . . + Bk, Bk+1 + Bk+2 + . . .) ≥

( ̂B1 + . . . + Bk, Bk+1) · ( ̂B1 + . . . + Bk + Bk+1, Bk+2) · . . . ≥ β.

Proposition 2.6.1 implies that the Bk are the summands of an FDD of B. So
we obtain supk λ(Bk, B) ≤ ∞. Thus the projection function of B is bounded
which means that B has L-projection type. ⊓⊔

The projection type of a Banach space is preserved if we go over to an isomor-
phic Banach space (see 1.5.6). So the Müntz space [M(Λ)]C of 10.2.3 cannot
be isomorphic to c0. In particular we have, using 10.1.1,
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Corollary 10.2.4 There are at least two non-isomorphic infinite dimensional
sparse Müntz spaces in C[0, 1].

Conjecture. There is a continuum of pairwise non-isomorphic Müntz spaces
in C.

For the isometric analogue of the conjecture see Sect. 10.4. It is known that
there is a continuum of pairwise non-isomorphic subspaces in c0. Indeed,
H.P.Rosenthal communicated to us the following example.

Example. Fix 1 ≤ p < 2 and put

Ep =

(
∞∑

n=1

⊕lnp

)

(c0)

.

In view of 4.1.2, for any ǫ > 0, for any n there is a subspace Fn ⊂ c0 such that
the Banach-Mazur distance satisfies d(lnp , Fn) ≤ 1 + ǫ. Hence Ep is (1 + ǫ)-
isomorphic to (F1 ⊕ F2 ⊕ . . .)(c0) which is isometric to a subspace of c0. We
claim that Ep and Eq are not isomorphic whenever p �= q and 2 ≤ p, q < ∞.
Hence c0 has a continuum of pairwise non-isomorphic subspaces.

To prove the claim let 2 ≤ p < q < ∞ and assume that T : Ep → Eq is
an isomorphism. Fix n and let {ek}n

k=1 be the unit vector basis of the n′th

component of Ep, lnp . Let {ej,l}j
l=1 be the unit vector basis of the j′th compo-

nent of Eq, ljq. Then there are numbers βk,j,l with Tek =
∑∞

j=1

∑j
l=1 βk,j,lej,l.

Hence

n1/p =

∥∥∥∥∥
n∑

k=1

θkek

∥∥∥∥∥
Ep

≤ ||T−1|| sup
j

(
j∑

l=1

∣∣∣∣∣
n∑

k=1

θkβk,j,l

∣∣∣∣∣

q)1/q

for any θk ∈ {1,−1}. The Khintchine inequality [84] yields a universal constant
c > 0 independent of βk,j,l and n with

∑

θk∈{1,−1}

1

2n

∣∣∣∣∣
n∑

k=1

θkβk,j,l

∣∣∣∣∣ ≤ c

(
n∑

k=1

|βk,j,l|2
)1/2

.

This implies, since q > 2,

n1/p ≤ ||T−1||c sup
j




j∑

l=1

(
n∑

k=1

|βk,j,l|2
)q/2




1/q

≤ ||T−1||c sup
j

(
j∑

l=1

n∑

k=1

|βk,j,l|q
)1/q

≤ ||T−1|| · ||T ||cn1/q

This contradicts 1/q < 1/p for large enough n. Hence such an ismorphism T
does not exist. ⊓⊔
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10.3 Bases in Some Müntz Spaces of L-Projection Type

Here we show that the Müntz space of 10.2.3 has a basis. To this end we use
a classical result of Bočkarev ([10], see also [8]). Let

En = span{exp(i2πkϕ) : k = 0, 1, . . . , 2n}

be regarded as subspace of the complex Banach space CC[0, 1]. Then Bočkarev
showed

Theorem 10.3.1 [10] There are real numbers am,l, m, l = 0, 1, . . . , 2n, such
that

gm(ϕ) =

2n∑

l=0

am,l

2n∑

k=0

exp

(
ik

(
2πϕ − πl

n

))
, ϕ ∈ [0, 1],

are the elements of a basis of En whose basis constant does not depend on n.

We need a real version of 10.3.1. Let

An = span{sin(2πkϕ) : k = 1, . . . , n} ⊂ C[0, 1],

Bn = span{cos(2πkϕ) : k = 0, 1, . . . , n} ⊂ C[0, 1]

and
Cn = An + Bn

Then we obtain

Corollary 10.3.2 The spaces An, Bn and Cn, n = 1, 2, . . ., have bases with
uniformly bounded basis constants.

Proof. Let Dn be the complex version of Cn, i.e.

Dn = span{exp(i2πjϕ) : j = −n, . . . ,−1, 0, 1, . . . , n} .

Of course, Dn and En are isometrically isomorphic. With the notation of
10.3.1 we define

hm(ϕ) := exp(−in2πϕ)gm(ϕ) =

2n∑

l=0

am,l(−1)l
n∑

j=−n

exp

(
ij

(
2πϕ − πl

n

))
.

Then Ω := {h0, h1, . . . , h2n} is a basis of Dn and the hm are real-valued. Hence
Ω is as well a basis of Cn whose basis constant does not exceed the preceding
one. Put, for f ∈ Cn, (If)(ϕ) = f(1−ϕ). Then I|An

= −id, I|Bn
= id and we

see that (id − I)Cn = An, (I + id)Cn = Bn. If f ∈ Bn then there are unique
αm ∈ R with

f =

2n∑

m=0

αmhm =

2n∑

m=0

αmIhm = If .
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Hence f =
∑2n

m=0 αm2−1(hm + Ihm). Clearly, for each M < 2n, we have

||∑M
m=0 αm2−1(hm + Ihm)||C ≤ c||f ||C where c is the basis constant of Ω.

This implies that we can choose a suitable subset of 2−1(id + I)(Ω) to ob-
tain a basis of Bn with basis constant smaller than or equal to c. Similarly,
2−1(id − I)(Ω) contains a basis of An whose basis constant is at most equal
to c. ⊓⊔

Proposition 10.3.3 Let Ln = span{tk}n
k=1 ⊂ C[0, 1]. Then we have

supn d(Ln, Bn−1) < ∞ where d(·, ·) is the Banach-Mazur distance. In partic-
ular, the Ln have bases with uniformly bounded basis constants.

Proof. Put L̃n = span{1}+Ln−1 and let Pn : L̃n → span{1} be the projection
with (Pnf)(t) = f(0). Then ||Pn|| = 1 and Pn|Ln−1

= 0. We have Ln =
Ln−1+ span{tn}. Let x + Ln−1 ∈ Ln/Ln−1 be of norm one and find x∗ ∈
(Ln/Ln−1)

∗ = L⊥
n−1 of norm one with x∗(x) = 1. Since dim Ln < ∞ we

can assume that ||x|| = 1 . Put, for g ∈ Ln, Qng = x∗(g)x. Then Qn is a
projection with ||Qn|| = 1 and Qn|Ln−1

= 0. Let S : L̃n → Ln be defined by

Sf = (id − Pn)f + f(0)x

Then ||S|| · ||S−1|| ≤ 9 and thus supn d(L̃n, Ln) ≤ 9.
Now it suffices to show that L̃n+1 is isometrically isomorphic to Bn. To

this end let T1 : L̃n+1 → C[−1, 1] be defined by

(T1f)(s) = f

(
1

2
s +

1

2

)
, s ∈ [−1, 1]

Furthermore, let T2 : T1L̃n+1 → C[0, 1] be the operator with

(T2g)(ϕ) = g(cos(2πϕ)), g ∈ T1L̃n+1 .

It is easily seen by induction that T2T1L̃n+1 ⊂ Cn. Moreover, by definition
we have (T2g)(1 − ϕ) = (T2g)(ϕ). Hence T2T1L̃n+1 ⊂ Bn. Since T2T1 is an
isometry and dimBn = dimL̃n+1 we obtain T2T1L̃n+1 = Bn. ⊓⊔

As a consequence of 10.3.2, 10.3.3 and 2.6.2 we have

Corollary 10.3.4 Let B be a Banach space with an FDD whose summands
are isometrically isomorphic to Ln, n = 1, 2, . . .. Then B has a basis.

Problems 10.3.5 Let 0 < λ1 < λ2 < . . . be such that
∑∞

k=1 1/λk < ∞. Put
Ln(Λ) = span{tλk}n

k=1 ⊂ C[0, 1]. Do the Ln(Λ), n = 1, 2, . . ., have bases with
uniformly bounded basis constants? Give estimates for λ(Ln(Λ), [M(Λ)]C).
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10.4 Non-Isometric Müntz Spaces in C

Here we give a positive answer to the isometric analogue of the conjecture
at the end of Sect. 10.2. Namely we show that there is a continuum of non-
isometric Müntz spaces in C.

At first, we consider λ0 and λ1 with 0 ≤ λ0 < λ1.

Proposition 10.4.1 If λ0 = 0 then e0(t) = tλ1 and e1(t) = 1 − tλ1 are
isometrically equivalent to the unit vector basis of l2∞. Hence [M(Λ)]C is iso-
metrically isomorphic to l2∞.

Proof. We verify directly that

||α0e0 + α1e1||C = max{|α0|, |α1|} .

for all α0 and α1. ⊓⊔

Definition 10.4.2 The Banach space X is called strictly normed if for any
two non-zero elements x and y in X, with x �= λy for any λ > 0, we have

||x + y|| < ||x|| + ||y|| .

Let us recall (see 3.3.2) that X is polyhedral if the Minkowski curve of any
two-dimensional subspace is a polygon. Of course, if X is strictly normed then
X is non-polyhedral. The converse is false.

Proposition 10.4.3 Let Λ = {λ0, λ1} be such that 0 < λ0 < λ1. Then
[M(Λ)]C is non-polyhedral. But [M(Λ)]C is not strictly normed.

Proof. By substituting s = tλ0 we can reduce the proof to the case where
Λ = {1, 1 + δ} for some δ > 0. An elementary calculation shows that

γ(a) := ||at − t1+δ||C = max

(
|1 − a|, |a|(1+δ)/δ δ

(1 + δ)(1+δ)/δ

)

for any a ∈ [0, 1+δ]. If a is small enough we obtain that ||at− t1+δ||C = 1−a.
Hence γ(a) is affine on ]0, a0[ for sufficiently small a0 > 0 which implies
that [M(Λ)]C is not strictly normed. For a close to one we have γ(a) =
|a|(1+δ)/δδ(1 + δ)−1−1/δ which is non-affine. We conclude that [M(Λ)]C is
non-polyhedral. ⊓⊔

Propositions 10.4.1 and 10.4.3 imply

Theorem 10.4.4 Let Λ = {λ0, λ1, . . .} be finite or infinite with 0 ≤ λ0 ≤
λ1 ≤ . . .. Then [M(Λ)]C is polyhedral if and only if [M(Λ)]C is two-
dimensional and λ0 = 0. [M(Λ)]C is never strictly normed.
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Now we come to the main result of this section. Let X be a Banach space
and, again, for a finite dimensional subspace E of X let λ(E,X) and λ(E)
be the relative and absolute projection constant of E. In connection with the
notion of load (see 1.5.5) we shall use the following quantity

ln(X) = inf

{
λ(E,X)

λ(E)
: E a subspace of X, dim E = n

}
.

Theorem 10.4.5 Let n ≥ 2 be a finite integer or infinite. Then there is a
continuum of pairwise non-isometric n-dimensional Müntz spaces in C.

Proof. We prove the case n = ∞. The case of finite n is almost identical. Let
B0 = span{1, t} and B1 = span{t2, t3}. According to 10.4.1, B0 is isometric
to l2∞ and, by 10.4.3, B1 is not isometric to l2∞. Hence we have λ(B0) = 1 and
λ(B1) > 1 (see 1.5). Fix ǫ > 0 such that

1

(1 − ǫ)λ(B1)
< (1 − ǫ)2 .

Use the theorem on almost orthogonality, 10.2.1, and induction to find a
sequence of real numbers 3 < µ3 < µ4 < . . . such that

̂(B0 + span{tµ3 , . . . , tµm}, span{tµm+1 , tµm+2 , . . .}) > 1 − ǫ ,

for every integer m ≥ 3, and ̂(B1, span{tµk}∞k=3) > 1− ǫ. (This argument was
used already in 10.2.2.) Put

X0 = B0 + span{tµk}∞k=3 and X1 = B1 + span{tµk}∞k=3 .

Let Pm be the projection with

Pm

(
α0 + α1t +

∞∑

k=3

αktµk

)
= α0 + α1t +

m∑

k=3

αktµk for all αk

where only finitely many αk are different from zero. By the choice of the µk

we have ||Pm|| ≤ (1 − ǫ)−1 for all m including m = 0 and m = 1. Since

α0+α1t+
m∑

k=3

αktµk =

(
m∑

k=0

αk

)
tµm +

(
m−1∑

k=0

αk

)
(tµm−1−tµm)+. . .+α0(1−t)

for all m we obtain

(1 − ǫ) sup
m

∣∣∣∣∣
m∑

k=0

αk

∣∣∣∣∣ ≤
∥∥∥∥∥α0 + α1t +

∞∑

k=3

αktµk

∥∥∥∥∥
C

≤ sup
m

∣∣∣∣∣
m∑

k=0

αk

∣∣∣∣∣ .

This shows that d(X0, c) ≤ (1 − ǫ)−1 where d(·, ·) is the Banach-Mazur dis-
tance. Since l2(c) = 1 we obtain l2(X0) ≥ (1− ǫ)2 (see 1.5.6). Moreover, since

̂(B1, span{tµk}∞k=3) > 1 − ǫ we have λ(B1, X1) ≤ (1 − ǫ)−1 and so
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l2(X1) ≤
λ(B1, X1)

λ(B1)
≤ 1

(1 − ǫ)λ(B1)
< (1 − ǫ)2 ≤ l2(X0) .

This proves that X0 and X1 are non-isometric. Finally, for α ∈ [0, 1] put
Bα = span{t2α, t1+2α} and Xα = Bα+ span{tµk}∞k=3. Then d(Bα, B0) and
d(Xα, X0) are continuous with respect to α. This implies that l2(Xα) is con-
tinuous with respect to α. Hence l2(Xα) attains all values in [l2(X1), l2(X0)].
So there is an interval [a, b] ⊂ [0, 1] such that, for each α1, α2 ∈ [a, b] with
α1 �= α2, Xα1

and Xα2
are non-isometric. ⊓⊔
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The Classes [M], A, P and Pǫ

In this chapter we study more general classes of subspaces of C[0, 1] which
contain the class of Müntz spaces and we discuss theorems on compactness
(11.1.2 and 11.2.6) as well as on interpolation (11.3.1). Moreover, we inves-
tigate which of these spaces can be embedded into c0. Finally we deal with
notions of universality for Müntz sequences and spaces.

11.1 The Classes [M] and A

We denote by M the class of all non-dense Müntz sequences and by [M]
the class of all non-dense Müntz spaces in C. Let Mgap be the class of all
non-dense Müntz sequences M(Λ) where Λ = {λk}∞k=1 satisfies the gap con-
dition infk(λk+1 − λk) > 0 and let [Mgap] be the class of all corresponding
Müntz spaces in C. Similarly, the class of sparse rational and integer Müntz
sequences will be denoted by Mrat and Mint, resp., and the corresponding
classes of Müntz spaces in C by [Mrat] and [Mint]. We also shall consider
finite sequences and finite dimensional spaces which will be denoted by Mfin

and [Mfin].

Sometimes it is convenient to study more general classes of subspaces of
C[0, 1] than [M]. Closely related to class [M] are the following classes. Let
D = {z ∈ C : |z| < 1}.
Definition 11.1.1 A closed subspace X in C[0, 1] is said to be a subspace of
class A if each function x(t) ∈ X has an analytical extension to

D \ {z ∈ C : Rez ≤ 0}

A closed subspace X in C[0, 1] is said to be a subspace of class AD if each
function x(t) ∈ X has an analytical extension to D.

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 147–154 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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With 6.2.3 we obtain

[Mint] ⊂ AD ⊂ A and [Mint] ⊂ [Mgap] ⊂ A .

For the spaces of class A the following compactness theorem is valid which is
an anlogue of the Montel theorem for normal families of analytical functions.

Theorem 11.1.2 a) Let X ∈ A and let K ⊂ X be a uniformly bounded family
of functions in X. Then there is a subsequence {fn}∞n=1 ⊂ K which converges
uniformly on each interval [a, b] ⊂]0, 1[. In other words, K|[a,b] is relatively
compact with respect to the sup-norm on [a, b] for each [a, b] ⊂]0, 1[.
b) Let X ∈ AD and let K ⊂ X be a uniformly bounded family of functions in
X. Then there is a subsequence {fn}∞n=1 ⊂ K which converges uniformly on
each interval [0, b] ⊂ [0, 1[.

In 11.2.6 we shall give a proof of this theorem for a wider class of subspaces.

11.2 The Class P

Before the introduction of P we need some preliminaries. We state and prove
two propositions which are convenient for applications.

Proposition 11.2.1 Let {fk}∞k=1 be a uniformly bounded sequence of func-
tions in C[a, b] which is not equicontinuous. Then there is a sequence {ak}∞k=1

with
∑

k |ak| < ∞ such that the function f(t) =
∑∞

k=1 akfk(t) is non-differ-
entiable in some point of [a, b].

Proof. Here we find ǫ > 0 and sequences {nk}∞k=1 and {(tk, sk)}∞k=1 where
tk, sk ∈ [a, b] such that t0 = limk→∞ tk = limk→∞ sk exists but

|(fnk
(tk) − fnk

(t0)) + (fnk
(t0) − fnk

(sk))| ≥ 2ǫ for all k .

By going over to a suitable subsequence we may assume without loss of gen-
erality that

|fnj
(tk) − fnj

(t0)| ≤
ǫ

2k
, j = 1, . . . , k − 1, |fnk

(tk) − fnk
(t0)| ≥ ǫ

and |tk − t0| ≤ 1/4k for all k. Furthermore, by induction, take θk ∈ {−1, 1}
such that

k−1∑

j=1

θj

2j
(fnj

(tk) − fnj
(t0)) and

θk

2k
(fnk

(tk) − fnk
(t0))

have the same sign. Finally put f =
∑∞

j=1 θj/2jfnj
. Then, for any k ≥ 3, we

have
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|f(tk) − f(t0)| ≥
1

2k
|fnk

(tk) − fnk
(t0)| −

∞∑

j=k+1

1

2j
|fnj

(tnk
) − fnj

(t0)|

≥ 1

2k
ǫ −

∞∑

j=k+1

1

2j+k
ǫ

≥ 1

2k+1
ǫ.

This implies that limk→∞(f(tk) − f(t0))/(tk − t0) does not exist. ⊓⊔

Definition 11.2.2 A sequence of subsets Ak ⊂ [a, b] is called condensed on
[a, b] if, for some positive sequence {ǫk}∞k=1 with limk→∞ ǫk = 0, each set Ak

forms an ǫk-net on [a, b], i.e. if for each t ∈ [a, b] there is an s ∈ Ak with
|t − s| < ǫk.

The sequence of functions {fk}∞k=1 on [a, b] will be called condensed on
[a, b] if the sequence {Nfk

}∞k=1 is condensed on [a, b] where Nfk
is the set of

all zeros of fk in [a, b].

With these notions and Proposition 11.2.1 we have

Proposition 11.2.3 ([48], Theorem 1) Let fk ∈ C[a, b] be such that ||fk|| = 1
for all k. If {fk}∞k=1 is condensed on [a, b] then there exists a sequence of
real numbers {ak}∞k=1 with

∑
k |ak| < ∞ such that f(t) =

∑∞
k=1 akfk is not

everywhere differentiable on [a, b].

Proof. In view of Proposition 11.2.1 it suffices to asssume that {fk}∞k=1 is
equicontinuous. Let tk ∈ [a, b] be such that |fk(tk)| = 1 for all k. Moreover,
let t0 be an accumulation point of {tk}∞k=1. Using the assumption on the con-
densed zero sets we find, by induction, a subsequence {nk}∞k=1 of the indices
such that, for all k,

|tnk
− t0| ≤

1

4k
, |fnk

(tnj
)| ≤ 1

2k
, j = 1, 2, . . . , k − 1, and |fnk

(t0)| ≤
1

2k
.

Put f =
∑∞

j=1 θj/2jfnj
where θk ∈ {−1, 1} is such that

k−1∑

j=1

θj

2j
(fnj

(tnk
) − fnj

(t0)) and
θk

2k
(fnk

(tnk
) − fnk

(t0))

have the same sign. Exactly as in the proof of 11.2.1 we show

f(tnk
) − f(t0)| ≥

1

2k+1
.

Hence limk→∞(f(tnk
) − f(t0))/(tnk

− t0) does not exist. ⊓⊔

Since the unit ball of an infinite dimensional subspace of C is not equicontin-
uous we obtain
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Corollary 11.2.4 If each element x(t) of a closed subspace X of C is every-
where differentiable on [0, 1] then dim X < ∞.

For [0, 1[ this corollary is no longer valid. Counterexamples are the sparse
Müntz spaces with integer exponents (see 6.2.3).

Definition 11.2.5 A closed subspace X ⊂ C[0, 1] will be called of class P (or
of class P0, resp.) if each function x(t) in X is everywhere differentiable on
]0, 1[ (or on [0, 1[, resp.).

X ∈ P (or X ∈ P0, resp.) will be called P-essential, X ∈ Pe (or P0-
essential, X ∈ P0,e, resp.) if, for any sequence of points tk in [0, 1] with
t1 < t2 < . . . < 1, X|{tk:k=1,2,...} is infinite dimensional.

Obviously we have

[Mint] ⊂ AD ⊂ P0,e ⊂ P and [Mgap] ⊂ A ⊂ Pe ⊂ P

Theorem 11.2.6 (Compactness) Every X ∈ P satisfies the assertion of
Theorem 11.1.2 (a) and every X ∈ P0 satisfies the assertion of Theorem
11.1.2 (b)

Proof. Let K be a uniformly bounded family of functions in X. Suppose that
the restriction K|[a,b], for some b < 1, is not relatively compact. This means
that the family K|[a,b] is not equicontinuous. Then, by Proposition 11.2.1,
there exists a function f ∈ X which is not differentiable in some point of [a, b]
and we get a contradiction. ⊓⊔

11.3 Interpolation and Approximation
in the Spaces of Class P

From Proposition 11.2.1 we get easily

Theorem 11.3.1 [48] Let X ∈ P. Then, for any ǫ > 0, τ ∈ ]0, 1/2[, N > 0
and any function g ∈ X there exists δ = δ(g, ǫ, τ,N) > 0 satisfying the
following:

For any set of nodes in [0, 1] which is a δ-net for [0, 1] and for any f ∈ X
with ||f ||C ≤ N which interpolates g(t) at the given nodes we have

max
t∈[τ,1−τ ]

|g(t) − f(t)| < ǫ .

Proof. By 11.2.1 the set K := {f |[τ/2,1−τ/2] : f ∈ X, ||f ||C ≤ N} is
equicontinuous with respect to the sup-norm on [τ, 1− τ ]. Fix ǫ > 0 and take
0 < δ < τ/2 such that |g(t) − g(s)| < ǫ/2 and |f(t) − f(s)| < ǫ/2 whenever
f ∈ K and t, s ∈ [τ/2, 1 − τ/2], |t − s| < δ. Then we obtain, for every δ-net
Ω ⊂ [0, 1], that |f(t)− g(t)| < ǫ if t ∈ [τ, 1− τ ] and if f ∈ X interpolates g at
the nodes in Ω and satisfies ||f ||C ≤ N . ⊓⊔
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This theorem allows us to split the elements of X into “almost pairwise dis-
joint” summands. In particular, for Müntz spaces, we recover a part of 9.1.6
(d):

Corollary 11.3.2 Every infinite dimensional X ∈ P, for every ǫ > 0, con-
tains a subspace which is (1 + ǫ)-isomorphic to c0.

Proof. Fix 0 < ǫ < 1. Consider functions f1, . . . , fn−1 ∈ X such that ||fk||C =
1 and fk(0) = fk(1) = 0 for k = 1, . . . , n−1. Moreover let τk, k = 1, . . . , n−1,
be elements of ]0, 1/2[ with τ1 > τ2 > . . . > τn−1 such that |fk(t)| < ǫ4−k if
t ∈ [τk, 1−τk] and |fk(t)| < ǫ4−k if t ∈ [0, τm]∪ [1−τm, 1] and m > k. Then fix
0 < τn < τn−1 such that |fk(t)| ≤ ǫ4−n if t ∈ [0, τn]∪[1−τn, 1], k = 1, . . . , n−1.
Apply 11.3.1 with g = 0, N = 1, τ = τn and ǫ4−n. Find δ > 0 satisfying the
assertion of Theorem 11.3.1. Fix any δ−net in [0, 1] including 0 and 1. Since
X is infinite dimensional we find fn ∈ X with fn �= 0 which interpolates 0 at
the given nodes. We may clearly assume that ||fn||C = 1. Hence fn satisfies
fn(0) = fn(1) = 0, ||fn||C = 1 and |fn(t)| ≤ ǫ4−n if t ∈ [τn, 1 − τn]. So,
by induction, we obtain fk ∈ X such that ||fk||C = 1 and |fk(t)| ≤ ǫ4−k if
t ∈ [τm, 1 − τm] \ [τm−1, 1 − τm−1] and k �= m. Hence

(
1 − ǫ

3

)
max

k
|αk| ≤

∥∥∥∥∥
∞∑

k=1

αkfk

∥∥∥∥∥
C

≤
(
1 +

ǫ

3

)
max

k
|αk| for all αk

which proves that span{fk}∞k=1 is (1 + ǫ)-isomorphic to c0. ⊓⊔

In the following section we shall show that X ∈ P is always isomorphic to
a subspace of c0 which implies again that X contains a (1 + ǫ)-isomorphic
copy of c0 ( [84], I.2.a.3. and I.2.e.3.). However the proof of 11.3.2 is more
constructive.

11.4 Embeddings of the Spaces X ∈ P into c0

The following theorem and its proof was communicated to us by P. Wojtaszczyk.

Theorem 11.4.1 If X ∈ P then X is isomorphic to a subspace of c0.

Proof. Fix ǫ > 0. To prove the theorem it suffices to consider

f ∈ X0 = {g ∈ X : g(1) = 0}

since X0 is at most one-codimensional in X. For such f let fn = f |In
, n =

1, 2, . . ., where

In =

[
1 − 1

n
, 1 − 1

n + 1

]
.

According to 11.2.6 the set {fn : f ∈ X, ||f ||C ≤ 1} is a relatively compact
set in Cn := C(In). Let || · ||n be the sup-norm on In. Then there exists a
projection Pn : Cn → Cn with Pn(Cn) ∼= lkn

∞ , ||Pn||C = 1 and
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||Pnfn − fn||n ≤ ǫ||f ||C for all f ∈ X0 .

(Take functions ej ∈ C(In) with suitably small supports and tj ∈ In with

ej(tj) = 1 = ||ej ||n,

kn∑

j=1

|ej | = 1, ej(tk) = 0 if k �= j

and put Png =
∑kn

j=1 g(tj)ej .)
Consider the map

T : X0 →
(∑

n

⊕lkn
∞

)

(c0)

∼= c0

defined by Tf = {Pnfn}∞n=1, f ∈ X0. Clearly, limn ||Pnfn||n = 0 since
limn ||fn||n = 0,

||Tf ||C = sup
n

||Pnfn||n ≤ sup
n

||fn||n = ||f ||C

and

||Tf ||C = sup
n

||Pnfn||n ≥ sup
n

(||fn||n − ǫ||f ||C) ≥ (1 − ǫ)||f ||C .

This proves the theorem. ⊓⊔

The proof shows that it is even possible to construct a (1 + ǫ)-isomorphism
from X onto a suitable subspace of c0 for any ǫ > 0. The assertion of this
stronger version of Theorem 11.4.1 was first suggested to us by Dirk Werner
(Berlin).

In the preceding chapters we also dealt with Müntz spaces in Lp. One can
define analogues of the classes A and P for subspaces of Lp. It is plausible
that one gets results similar 11.4.1 for embeddings in lp.

11.5 Universality for Finite Müntz Sequences

Now we deal with Mfin and [Mfin]. This section is related to questions
about the existence of universal or almost universal sparse Müntz sequences
(or spaces) for the class of all finite Müntz sequences in C (or finite dimensional
Müntz spaces).

At first, in accordance with the notion of a universal Banach space (De-
finition 4.1.1), using Definition 2.7.1, we introduce the notion of universal
sequence in a Banach space.
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Definition 11.5.1 Let ū = {uk}∞k=1 be a normalized sequence in a Banach
space and let B be a set of sequences in some Banach spaces. We call ū a-
universal for B if for any v̄ ∈ B there is a subsequence of ū which is a-
equivalent to v̄. If ū is a-universal for B with respect to every a > 1 then ū is
called almost universal for B. Finally, if ū is 1-universal for B we simply say
that ū is universal for B.

For example, 4.4.1 shows that there are bases which are almost universal for
the class of all monotone bases in Banach spaces.

For finite rational Müntz sequences we have

Theorem 11.5.2 There exists a sparse integer sequence U = {uk}∞k=1 such
that each finite rational Müntz sequence t̄ = {trk}n

k=1, where r1 < . . . < rn,
is isometrically equivalent to a subsequence M({ujk

}n
k=1) of M(U) in C. The

space [M(U)]C is universal for the class of all rational finite dimensional
Müntz spaces in C.

Proof. Let ρ1 = m1/n1, ρ2 = m2/n2, . . ., be the sequence of all positive ra-
tional numbers, where mk and nk are positive integers. Let R1, R2, . . . be the
sequence of all increasing finite rational sequences, say

Rk =

{
mk,1

nk,1
,
mk,2

nk,2
, . . . ,

mk,lk

nk,lk

}
, k = 1, 2, . . . .

Let {bk}∞k=1 and {Nk}∞k=1 be increasing sequences of positive integers such
that

bk ≤ min
1≤j≤lk

Nk
mk,j

nk,j
≤ max

1≤j≤lk
Nk

mk,j

nk,j
< bk+1 for all k and

∞∑

k=1

lk
bk

< ∞

and such that Nk is a common denominator of all fractions in Rk. Put

u
(j)
k = Nk

mk,j

nk,j
, j = 1, . . . , lk, k = 1, 2, . . . .

Finally, let U = {uk}∞k=1 be the result of a renumeration of the u
(j)
k as follows

u
(1)
1 , . . . , u

(l1)
1 , u

(1)
2 , . . . , u

(l2)
2 , . . .

The condition on the bk ensures that U is sparse. It follows from the construc-
tion, with Proposition 7.3.2, that U is a universal sequence of integers. ⊓⊔

The preceding theorem implies

Corollary 11.5.3 Let U be the universal sequence of Theorem 11.5.2. Then
M(U) is almost universal for all finite Müntz sequences in C and [M(U)]C is
almost universal for the class of all finite dimensional Müntz spaces.
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Problems 11.5.4 Does there exist a sparse Müntz sequence in C (or Müntz
space) which is a-universal for all infinite sparse Müntz sequences in C (or
infinite dimensional Müntz spaces)?

Since c0 is almost universal for the class of all finite dimensional Banach
spaces 11.3.2 implies that every X ∈ P, hence every infinite dimensional
sparse Müntz space (satisfying the gap condition), is almost universal for the
class of all finite dimensional Müntz spaces.

11.6 Sequences of Universal Disposition

Presently it is unknown if there are analogues of 11.5.2 and 11.5.3 with respect
to some kind of universal disposition for the class of finite Müntz sequences
or finite dimensional spaces in the spirit of Chap. 4.

Let ū = {uk}∞k=1 be a normalized sequence in a Banach space and B a
set of finite sequences in some Banach spaces. As an analogue of 4.1.3 we
introduce

Definition 11.6.1 Let a ≥ 1. We call ū a sequence of a-universal dispo-
sition with respect to B if for each sequence v̄ = {vi}n

i=1 ∈ B, any subset
{p1, . . . , pm} ⊂ {1, . . . , n} and any isomorphism T : span {vpi

}m
i=1 → span ū

with Tvpi
= uqi

for some qi, i = 1, . . . , m, there exists an extension to an iso-

morphism T̃ : span v̄ → span ū such that Tvj = ukj
for some kj, j = 1, . . . , n

and
||T̃ || ≤ a||T ||, ||T̃−1|| ≤ a||T−1|| .

ū is called of almost universal disposition (or of universal disposition, resp.)
if ū is of a-universal disposition for all a > 1 (or for a = 1, resp.).

Conjecture. There is no sparse Müntz sequence which has almost universal
or a-universal disposition for some a ≥ 1 with respect to the class of all finite
Müntz sequences.

If such a Müntz sequence of almost universal disposition existed then it
would be almost universal for the class of all sparse Müntz sequences.

The situation becomes clearer if we replace “sequence” by “space”. A
Müntz space X ∈ [Mgap] which is of almost universal disposition for all
finite dimensional Müntz spaces in C cannot exist. Indeed, in view of 11.3.1,
since c0 is almost universal for all finite dimensional Banach spaces, X would
be of almost universal disposition for all finite dimensional Banach spaces.
According to 4.3.2, X would contain an isometric copy of C which would
contradict 11.4.1.
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Finite Dimensional Müntz Limiting Spaces

in C

The results of this section were obtained by the first-named author and
B.Shekhtman. They appear here for the first time.

It turns out that many sparse Müntz spaces share some geometric prop-
erties. Here we study the limiting behaviour of a Müntz sequence M(Λ) =
{tλk}∞k=1 in C. Fix n and put Bm

n (Λ) = span{tλm+1 , . . . , tλm+n}. Then we in-
vestigate the limit Bn(Λ) of the sequence Bm

n (Λ), m = 1, 2, . . ., with respect
to log d(·, ·) where d is the Banach-Mazur distance, i.e. where

lim
m→∞

d(Bn(Λ), Bm
n (Λ)) = 1 ,

provided such a limit exists. For surprisingly many different sequences Λ the
corresponding spaces Bn(Λ) (for fixed n) are isometric to each other.

We use the notion of limiting space from 3.3. Recall, for a sequence of
n-dimensional Banach spaces Bm

n with normalized bases ēm = {em
k }n

k=1 the
limiting space of {(Bm

n , ēm)}∞m=1 is Rn endowed with the (semi-)norm

||(α1, . . . , αn)|| = lim
m→∞

∥∥∥∥∥
n∑

k=1

αkem
k

∥∥∥∥∥

provided this limit exists for all (α1, . . . , αn) ∈ Rn. The limiting space co-
incides with the limit with respect to the logarithm of the Banach-Mazur
distance if the bases ēm are totally minimal (see 3.3.4).

12.1 Angle Convergence

At first we introduce the concept of “angle-convergence”. Recall that the angle
between two elements x and y of a Banach space X was defined as

ϕ(x, y) =

∥∥∥∥
x

||x|| −
y

||y||

∥∥∥∥ (see 1.2)

V.I. Gurariy and W. Lusky: Geometry of Müntz Spaces and Related Questions, Lect. Notes
Math. 1870, 155–161 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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Definition 12.1.1 We say that the sequence {xm}∞m=1 of non-zero elements
in X angle-converges to x ∈ X if limm→∞ ϕ(xm, x) = 0. In this case we write

∨ − lim
m→∞

xm = x or xm
∨→ x as m → ∞ .

More generally, let δ ∈ R and δ0 ∈ R ∪ {±∞}. We write xδ
∨→ x as δ → δ0

if ∨ − limj→∞ xδj
= x whenever limj→∞ δj = δ0.

The set {ek}n
k=0 of elements in X is called limiting for the family {eδ

k}n
k=0

if

eδ
k

∨→ ek as δ → δ0 for all k = 0, . . . , n .

We note the straighforward

Lemma 12.1.2 Let x, xδ ∈ X \ {0}. Then x = ∨ − limδ→δ0
xδ if and only if

there are aδ > 0 and a > 0 with limδ→δ0
||ax − aδxδ|| = 0

If we have angle convergence then the limiting spaces and the limits with
respect to log d(·, ·) coincide.

Proposition 12.1.3 Let {ek}n
k=0 be a basis of the n+1-dimensional subspace

Bn+1 ⊂ X and let {Bδ
n+1} be a family of n + 1-dimensional subspaces of X

with bases {eδ
k}n

k=0, j = 1, 2, . . ., such that ek = ∨− limδ→δ0
eδ

k for all k. Then

Θ(Bδ
n+1, Bn+1) → 0 and d(Bδ

n+1, Bn+1) → 1 as δ → δ0

(Here Θ(·, ·) is the ball opening.)
Moreover Bn+1 is the limiting space for δ → δ0 with respect to Bδ

n+1 and
{eδ

k/||eδ
k||}n

k=0.

Proof. By assumption limδ→δ0
eδ

k/||eδ
k|| = ek/||ek|| for every k = 0, 1, . . . , n.

Since { ek/||ek|| : k = 0, . . . , n } is a basis of Bn+1, for some neighbourhood
U of δ0, the bases ēδ = { eδ

k/||eδ
k|| : k = 0, . . . , n }, δ ∈ U , are ρ-minimal for

some common ρ > 0 according to 2.7.2. This implies

lim
δ→δ0

Θ(Bδ
n+1, Bn+1) = 0 and lim

δ→δ0

d(Bδ
n+1, Bn+1) .

Moreover the bases ēδ are totally minimal (see 3.3.4) which proves the last
part of Proposition 12.1.3. ⊓⊔

We call the set {ek}n
k=0 of Proposition 12.1.3 a limiting basis for the bases

{eδ
k}n

k=0.
In the following we are concerned with X = C[0, 1]. Here norm convergence

means uniform convergence on [0, 1].

Example. Consider the finite arithmetic Müntz sequence

t, t1+δ, t1+2δ, . . . , t1+nδ for some δ > 0
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which is a basis for the n + 1-dimensional Müntz space Bδ
n+1 in C. In the

next section we shall prove that, with respect to the logarithm of the Banach-
Mazur distance, Bn+1 := limδ→0 Bδ

n+1 exists and we shall exactly describe
Bn+1. We cannot apply 3.3.4 directly since the bases {t1+kδ}n

k=0 (depending
on δ) are not totally minimal. (The functions t1+kδ converge uniformly to t
for any k as δ → 0. But {t} is not a basis for any n + 1-dimensional space.)
However we can find another family of bases for the spaces Bδ

n+1 which will
be totally minimal for sufficiently small δ.

12.2 Special Limiting Müntz Spaces of Finite Dimension

At first we need some information about finite differences.
Let S0 = {f0, f1, f2, . . .} be a given sequence of elements in a Banach space

X. Put
S1 = {f1 − f0, f2 − f1, f3 − f2, . . .} ,

S2 = {(f2 − f1) − (f1 − f0), (f3 − f2) − (f2 − f1), . . .} etc.

Let Fk be the initial element of the sequence Sk, for example F0 = f0, F1 =
f1 − f0 and F2 = (f2 − f1) − (f1 − f0) = f0 − 2f1 + f2. It is easy to prove by
induction that we have

Fk = (−1)k
k∑

j=0

(−1)j

(
k
j

)
fj

Thus we have an operator ∆ (called ∆-procedure) on the set of all sequences
in X which sometimes improves certain properties of the given sequences S0.
We will call {Fk}∞k=0 the ∆-improvement of the sequence S0. In the following
we always consider the sup-norm || · ||C on [0, 1].

Proposition 12.2.1 Let S0 = {t, t1+δ, t1+2δ, . . . , t1+nδ}, for some positive
integer n and some δ > 0. Furthermore put

eδ
0 = F0, eδ

1 =
1

δ
F1, eδ

2 =
1

δ2
F2, . . . , e

δ
n =

1

δn
Fn .

Then the family of bases {eδ
j}n

j=0 in Bδ
n+1 = span {eδ

j}n
j=0 is totally minimal

for 0 < δ < δ0 and some δ0 > 0. The limiting space Bn+1 = limδ→0 Bδ
n+1

exists and is spanned by

t, t log t, t log2 t, . . . , t logn t .

which is a limiting basis for the family {eδ
k}n

k=0.
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Proof. We have

Fk(t) = (−1)k
k∑

j=0

(−1)j

(
k
j

)
t1+j·δ = (−1)kt(1 − tδ)k ∼ tδk logk t for δ → 0 .

Hence limδ→0 eδ
k(t) = t logk(t) uniformly in t ∈ [0, 1] which, by 12.1.2 and

12.1.3 proves the theorem since t, t log t, . . . , t logn t are linearly independent
and hence form a basis in their span. ⊓⊔

Corollary 12.2.2 Put, for 0 < m,n, Lm
n+1 = span{tm, tm+1, . . . , tm+n} and

let Bn+1 = span{t, t log t, . . . , t logn t}. Then limm→∞ d(Lm
n+1, Bn+1) = 1.

Proof. Take the substitution τ = tm, δ = 1/m and apply 12.2.1. Note that
span{tm, tm log t, . . . , tm logn t} is isometrically isomorphic to Bn+1. ⊓⊔

If we go over from arithmetic to geometric Müntz sequences then we obtain
the same limiting spaces but completely different limiting bases.

Theorem 12.2.3 Let, for some integer n > 0 and some δ > 0,

S0 = { t, t1+δ, t(1+δ)2 , . . . , t(1+δ)n } .

Furthermore put, for the ∆-improved family {Fk}n
k=0 of S0,

eδ
0 = F0, eδ

1 =
1

δ
F1, eδ

2 =
1

δ2
F2, . . . , e

δ
n =

1

δn
Fn .

Then the limiting space Bn+1 = limδ→0 span {eδ
k}n

k=0 exists and again is
spanned by

Ω = { t, t log t, t log2 t, . . . , t logn t } .

However, the limiting basis with respect to the family {eδ
k}n

k=0 is different from
Ω.

Proof. Using the Taylor formula we obtain

tα = eα log t =
k−1∑

l=0

(α log t)l

l!
+

(α log t)k

k!
tθ(α,t)

for some θ(α, t) ∈ [0, α]. Hence

t(1+δ)j−1 =

k−1∑

l=0

logl t

l!

(
(1 + δ)j − 1

)l
+

logk t

k!

(
(1 + δ)j − 1

)k
tθj

=
k−1∑

l=0

l∑

m=0

(
l
m

)
(1 + δ)jm(−1)l−m logl t

l!
+ ((1 + δ)j − 1)ktθj

logk t

k!
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for some θj ∈ [0, (1 + δ)j − 1]. Thus we have, for k ≥ 1,

eδ
k(t) =

(−1)k

δk

k∑

j=0

(
k
j

)
(−1)jt · t(1+δ)j−1

=
(−1)k

δk

k−1∑

l=0

l∑

m=0

k∑

j=0

(
l
m

)(
k
j

)
(−1)l−m(1 + δ)jm(−1)j t logl t

l!

+(−1)k
k∑

j=0

(
k
j

)(
(1 + δ)j − 1

δ

)k

(−1)jtθj
t logk t

k!

=
k−1∑

l=0

l∑

m=0

(
l
m

)
(−1)l−m

(
(1 + δ)m − 1

δ

)k
t logl t

l!

+(−1)k
k∑

j=0

(
k
j

)(
(1 + δ)j − 1

δ

)k

(−1)jtθj
t logk t

k!

Letting δ → 0 we see that eδ
k converges uniformly to

ek(t) =
k−1∑

l=0

l∑

m=0

(
l
m

)
(−1)l−mmk t logl t

l!
+ (−1)k

k∑

j=0

(
k
j

)
(−1)jjk t logk t

k!

Let {ẽk}n
k=0 be the limiting basis of 12.2.1, i.e. ẽk = t logk t for all k. Then

we have ẽk �= ek for k > 1. On the other hand the sequences {ẽk}n
k=0 and

{ek}n
k=0 are similar (see 2.1) which completes the proof of Theorem 12.2.3.⊓⊔

The proof shows that the limiting basis of {eδ
k}n

k=0 in the preceding theorem
consists of the functions

ek(t) :=
k∑

l=0

l∑

m=0

(
l
m

)
(−1)l−mmk t logl t

l!

Using in 12.2.3 the substitution τ = tm
n

and δ = 1/m we derive

Corollary 12.2.4 Put, for m,n > 0,

Hm
n+1 = span{ tm

j(1+m)n−j

: j = 0, 1, . . . , n }

and
Bn+1 = span{ t logj t : j = 0, 1, . . . , n } .

Then limm→∞ d(Hm
n+1, Bn+1) = 1.

More generally we have
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Theorem 12.2.5 Let p(x) =
∑s

j=0 ajx
µj , x > 0, where 0 < µ1 < . . . < µs

and the aj, j = 0, . . . , s, are given real numbers with as �= 0. For fixed m,n > 0
put

S0 = {t, tp(m+1)/p(m), . . . , tp(m+n)/p(m)} .

Let {Fk}n
k=0 be the ∆-improved family of S0 and put

em
k = µk

smk · Fk, k = 0, 1, . . . , n .

Then the limiting space limm→∞ span{em
k }n

k=0 exists and is spanned by

{ t, t log t, . . . , t logn t } .

Proof. Consider the function Φ(x) = tp(x)/p(m). Using induction we obtain,
for each k ≥ 1, Müntz polynomials qk,j of degree less than or equal to jµs −k
which are independent of m and satisfy

dkΦ

dxk
=

k−1∑

j=1

qk,j(x)

p(m)j
tp(x)/p(m) logj t +

(
p′(x)

p(m)

)k

tp(x)/p(m) logk t .

So,

ak,j := lim
m→∞

qk,j(m)

p(m)j
mkµk

s exists.

An application of Taylor’s formula to Φ(x) yields, for each k ≥ 1, a number
θk ∈ [m,m + k] with

Fk(t) =
dkΦ

dxk
|x=θk

(See [31]). Hence

em
k (t) =

k−1∑

j=1

qk,j(θk)

p(m)j
mkµk

s tp(θk)/p(m) logj t +

(
p′(θk)

p(m)

)k

mkµk
s tp(θk)/p(m) logk t

converges to
∑k−1

j=1 ak,jt logj t+ t logk t uniformly on [0, 1] as m → ∞. In view
of 12.1.2 and 12.1.3 this proves the theorem. ⊓⊔

With a suitable substitution we see that 12.2.1 is a special case of 12.2.5.
To illustrate the methods at a simple example we stated and proved 12.2.1
separately.

With the substitution t = τ1/p(m) we obtain

Corollary 12.2.6 Let p be as in 12.2.5. Put Λ = {p(m)}∞m=1. Fix n and put

Bm
n+1(Λ) = span{tp(m), . . . , tp(m+n)}, Bn+1 = span{t, t log t, . . . , t logn t} .

Then limm→∞ d(Bm
n+1(Λ), Bn+1) = 1.
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In particular, Corollary 12.2.6 applies to µ-arithmetic sequences Λ = {mµ}∞m=1.
The preceding proof shows that 12.2.5 remains true if p :]0,∞[→]0,∞[ is

a smooth function with

lim
x→∞

p(x + a)

p(x)
= 1 for every a > 0 and

p(k+1)(x)

p(k)(x)
= O

(
p(k)(x)

p(k−1)(x)

)
as x → ∞

for every k ≥ 1. So in particular 12.2.6 is true for Λ = {m2 log(m + 1)}∞m=1.

Problems 12.2.7 Let

Ln = span{tk}n
k=1, Lm

n = span{tm+k}n−1
k=0 and Bn = span{t logk t}n−1

k=0 .

Is it true that supn supm d(Ln, Lm
n ) < ∞ or supn d(Bn, Ln) < ∞?

The substitution e−s = t might be of some help here. Note that Bn is isometric
to the space span{e−s, se−s, . . . , sne−s} ⊂ C[0,∞].

It might be promising to study other improving procedures, different from
∆, for example in connection with Müntz-Legendre polynomials. For finite
trigonometric sequences much more is known in comparison with finite Müntz
sequences, see [105].
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